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How do we infer shell effects at high-excitation energies?
A new spectroscopic probe to search for magic numbers
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Abstract. The nuclear dipole polarizability is mainly governed by the dynamics of the giant dipole resonance

and, assuming validity of the brink-Axel hypothesis, has been investigated along with the eﬀects of the lowenergy enhancement of the photon strength function for nuclides in medium- and heavy-mass nuclei. Cubicpolynomial fits to both data sets extrapolated down to a gamma-ray energy of 0.1 MeV show a significant
reduction of the nuclear dipole polarizability for semi-magic nuclei, with magic numbers N =28, 50 and 82,
which supports shell eﬀects at high-excitation energies in the the quasi-continuum region. This work assigns σ−2
values as sensitive measures of long-range correlations of the nuclear force and provides a new spectroscopic
probe to search for “old” and “new” magic numbers at high-excitation energies.

1 Motivation
Atomic masses are useful measures to study nuclear
structure via nuclear binding energies. Deviations from
the smooth trend presented by two-neutron separation
energies can be associated with a sudden onset of deformation [1] or the rise of a magic number [2]. This
information depends on high-precision measurements of
atomic masses and is limited to ground and isomeric states
of nuclei [3]. In this work, we propose an alternative
spectroscopic probe, namely the nuclear polarizability, to
investigate the rise of magic numbers at high-excitation
energies. This work expands on the data analysis of our
recent publications [4, 5] by doing a systematics study for
the limited available information and assuming that the
enhancement of the photon-strength function continues
at lower gamma-ray energies of Eγ ≧ 0.1 MeV. Overall,
this cutoﬀ shows a greater sensitivity of the nuclear
polarizability to the long-range correlations in the nuclear
wave functions, as realized from relative sharp drops of
the nuclear polarizability in semi-magic nuclei.
The nuclear polarizability is dominated by the dynamics of the isovector giant dipole resonance (GDR) [6, 7],
which is microscopically described as a coherent superposition of 1 particle - 1 hole (1p - 1h) excitations [8], and,
macroscopically, as the inter-penetrating motion of proton
and neutron fluids out of phase. The latter results from the
nuclear symmetry energy, a sym , in the Bethe-Weizsäcker
semi-empirical mass formula [9, 10] acting as a restoring
force [6], a sym (ρN − ρZ )2 /ρA , where ρN , ρZ and ρA are the
neutron, proton and total mass densities, respectively. Using the liquid drop model, with potential energy ρZ , Migdal
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calculated the ground state (g.s.) electric dipole polarizability αE1 = EP , where P is the electric dipole moment and
E the electric field strength, connecting to a sym as follows,
αE1 =

e 2 R2 A
= 2.25 × 10−3 A5/3 fm3 ,
40a sym

(1)

where a sym = 23 MeV was assumed by Migdal as well as
a defined spherical surface of radius R = 1.2A1/3 fm [6].
Hence, αE1 is proportional to the size and diﬀuseness of the
nucleus. As a second-order eﬀect in perturbation theory,
αE1 is related to the total cross section σtotal and its (−2)
moment, σ−2 , in the following manner [11],
αE1 = 2e2

∑ ⟨i ∥ E1
ˆ ∥ n⟩⟨n ∥ E1
ˆ ∥ i⟩
ℏc
= 2 σ−2 , (2)
Eγ
2π
n

ˆ is the electric dipole operator, |i⟩ and |n⟩ are the
where E1
ground and excited state vectors and σ−2 is defined as,
σ−2 :=

∫

0

Eγmax

σtotal (Eγ )
Eγ2

dEγ ,

(3)

where Eγmax is the maximum Eγ available experimentally [12]. Combining Eqs. 1 and 2, Migdal determined,
σ−2 = 2.25A5/3 µb/MeV.

(4)

A new empirical formula for σ−2 [13] has been determined
from the 1988 photoneutron cross-section evaluation using
monoenergetic photons [12], which agrees with Migdal’s
power-law formula,
σ−2 = 2.4κ A5/3 µb/MeV,

(5)

where the polarizability parameter κ is included to account
for deviations from the actual GDR eﬀects to that predicted
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by the hydrodynamic model [6, 14]. The polarizability
parameter κ can therefore be extracted for known σ−2
values and vice versa.

56

σtotal(Eγ ) [mb]

100

Generally, σ−2 values should include both electric (αE1 )
and magnetic (χM1 ) dipole polarizabilities [15],
2π2
(α + χM1 ).
(6)
ℏc E1
Similarly, χM1 is a measure of the magnetic dipole response, M, to a magnetic field, B, i.e. M = χM1 · B [16],
para
and can be decomposed into paramagnetic (χM1
) and diamagnetic (χdia
)
susceptibilities,
M1
σ−2 =

1

0.01

χM1

para

LEE [Larsen (2014)]
σ(γ, n+p)
σ(γ,n) [Borodina (2000)]
σ( γ, p)[Borodina (2000)]
Cubic-spline fit
Extrapolated fit (0.1 MeV)

Fe

dia

= χM1 + χM1
(7)
2
∑ ⟨i ∥ M̂1 ∥ n⟩⟨n ∥ M̂1 ∥ i⟩
Ze
−
⟨r2 ⟩.
= 2
2
E
6mc
γ
n

Permanent magnetic dipole moments, i.e. paramagnetism, is dominant for A < 20 nuclides and may have
a substantial contribution to σ−2 values (e.g. 6 Li and
7
Li), whereas diamagnetism has negligible eﬀects [15, 16].
It would be interesting to have an updated evaluation
of M1 strengths to investigate whether paramagnetism
contributes in heavy nuclei, particularly from mixedsymmetry states recently found in the A ∼ 90 region [17–
19].
Because of the 1/Eγ 2 weighting in Eq. 3, σ−2 values
are not significantly aﬀected by contributions above the
GDR energy (e.g. recent discrepancies found between the
Livermore and Saclay photoneutron data with monochromatic photon beams [20, 21] or nucleon resonances at
Eγ ≳ 140 MeV [22]), and are extremely sensitive measures – unlike σtotal – of long-range correlations in the nuclear wave functions.

5

10

15

20

25

30

35

40

45

Eγ [MeV]
Figure 1. σtotal (Eγ ) vs Eγ on a log scale on the y-axis showing
the interpolation function data (solid blue line) for 56 Fe, the green
squares represent σLEE (Eγ ) and black filled circles the sum of
proton and neutron emission cross sections for the GDR.

3 Systematics of total σ−2 values and
effect in the nuclear polarizability
The LEE is generally observed in medium-mass nuclei
in the A ≈ 50 and 90 mass regions and only for 105 Cd,
138,139
La and 151,153 Sm [39–41] in heavy-mass nuclei.
These nuclei, spanning the mass range A = 45 − 153, have
been considered in order to obtain a systematic study of
LEE + GDR eﬀects on σ−2 values, which requires the combined analysis of LEE and GDR cross sections,
σtotal (Eγ ) = σGDR (Eγ ) + σLEE (Eγ ),

(8)

where σGDR (Eγ ) = σ(γ, p) + σ(γ, n) + σ(γ, 2n) + σ(γ, np)
is given by photo-nuclear absorption reactions at energies above nucleon threshold, and σLEE (Eγ ) is the cross
section contribution from the LEE region below the neutron threshold. The GDR data are obtained from the experimental nuclear-reaction databases EXFOR [42] and
ENDF [43], whereas the LEE data come from the Oslo
compilation of f (Eγ ) [44], in units of MeV−3 . The LEE
data can be converted to cross sections as follows [45],

2 Low-energy enhancement of the photon
strength function
The photon strength function f (Eγ ) characterizes average
EM decay and absorption properties of excited nuclei. Recent measurements of f (Eγ ) by the Oslo group have revealed an enhancement at low Eγ [23–26]. These measurements are performed in the quasi-continuum energy
region and assume the validity of the Brink-Axel hypothesis [27, 28], which states that f (Eγ ) is independent of the
particular structure of the initial and final state [29] and
only depends on Eγ , i.e. GDR properties are similar for
all nuclear states. To date, the EM character of the LEE
remains undetermined experimentally, although polarization asymmetry measurements of γ rays in 56 Fe show an
admixture of M1 and E1 radiation [30]. Various interpretations of the LEE have been proposed, explaining its
dipole origin as M1 [31–36] and E1 [37] dipole radiation [38]. Shell-model (SM) calculations consistently support the M1 nature of the LEE [31–34]. The main purpose
of this work is to quantify the potentially large contribution
from the LEE to the nuclear polarizability and σ−2 values
assuming dipole radiation and validity of the Brink-Axel
hypothesis.

σLEE (Eγ ) = π2 gJ (ℏc)2 f (Eγ )Eγ [mb],

(9)

2J +1

where gJ is the statistical factor gJ = 2Jif +1 with spins Ji
and J f corresponding to initial and final states, respectively. The magnitude of gJ aﬀects σ−2 and polarizability
values proportionally. Considering the dipole character of
the LEE, an average ⟨gJ ⟩ = 1 is a reasonable approximation for dipole ∆J = 0 and ∆J = 1 transitions.
The combination of GDR and LEE contributions may
be arguable a priori, because σGDR (Eγ ) corresponds to
transitions between excited states |n⟩ in the GDR region
and the g.s. |i⟩, whereas σLEE (Eγ ) results from transitions
between excited states in the quasi-continuum region.
Recent studies of f (Eγ ) by Guttormsen and co-workers
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Figure 2. f (Eγ ) for 45 Sc, 51 V and 56 Fe (left panel) fitted with a cubic polynomial and 138,139 La (right panel) fitted with a 4th -order
polynomial, including extrapolated data to Eγmin = 0.8 MeV (blue dashed line) and Eγmin = 0.1 MeV (red dotted line).

support the validity of the Brink-Axel hypothesis at
diﬀerent bin energies in the quasi-continuum region [46].
This, together with the fact that GDR studies of nuclei at
relatively low temperatures T and spins J and cold nuclei
in their ground state present similar features [47, 48], may
allow for combining the LEE and GDR cross sections [4].
As shown in Figs. 1 and 2, it is somewhat surprising that
the data from the low-energy tail of the GDR generally
merge nicely with the LEE data without applying any
normalization factor. Nonetheless, the validity for the
combination of these data needs further experimental
confirmation.

calculated from upper and lower loci limits of σtotal (Eγ ),
including LEE and GDR contributions, which yield an
uncertainty of 7%. Uncertainties for the interpolation
data spanning the gap and extrapolated data are treated
as three points standard deviation of the mean, in order
to determine the upper and lower limits for these data
sets. Most of the considered nuclei are stable, except
50
V, 138 La and 153 Sm with no experimental GDR cross
sections. Therefore, GDR data of stable neighboring
isotopes were used, i.e. 51 V, 139 La and 152 Sm, under
the assumption that neighboring nuclei present similar
f (Eγ ) [65] and considering the fact that σ−2 values show a
strong dependence on nuclear mass A.

An interpolation method for calculating σtotal (Eγ ) and
σ−2 values has been used in this work. This method is
independent of any physical phenomena and operates by
creating a function – cubic or 4th order polynomial – that
interpolates (add data) between the fixed experimental
data points. As an example, Fig. 1 shows the total cross
section of 56 Fe with a cubic-spline interpolation function
(solid blue line). The resulting functions are integrated
accordingly to obtain σtotal (Eγ ), which yields the σ−2
values listed in Table 1. Most nuclei present an energy
gap with missing data between the LEE and GDR data,
which may include the M1 spin-flip resonance and the
pygmy dipole resonances (PDR) in neutron-rich nuclei.
Therefore, data from ENDF [43] – when available –
have been used to fill the gap [4, 5]. Additionally, data
near nucleon threshold energies generally present large
uncertainties and have been excluded.

Setting up the low-energy cut-oﬀ, Eγmin , for the LEE is
not obvious. In our previous study, we extrapolated the
LEE data down to 800 keV from experimental observations which show Eγmin ≈ 1 MeV for most nuclei, except
for 153 Sm where measurements were carried out down to
Eγmin = 645 keV. Recent SM studies [30, 33, 35] explore,
however, the behavior of f (Eγ ) at very low Eγ , supporting the continuation of the LEE down to Eγmin = 0. We
have investigated this situation extrapolating the data to
Eγmin = 0.1 MeV. It is not obvious to us the physical meaning of going down to Eγmin = 0 without any further experimental evidence. Consequently, Fig. 2 shows extrapolated
fits of f (Eγ ) data down to Eγmin = 0.1 MeV. Similar fits
were done for all the considered nuclei to explore the evolution of f (Eγ ) towards Eγmax ≈ 0. The results are listed in
Table 1.
A large enhancement of σ−2 values is found for 45 Sc
and 56 Fe and 153 Sm as compared with semi-magic nuclei
51
V and 139 La. If these predictions of f (Eγ ) for Eγmin → 0
MeV are consistent with experimental findings, reaction
rates in nucleosynthesis following rapid-neutron capture –
the r-process – may strongly be aﬀected together with the
predicted abundances of nuclei [40, 69–71]. Additional
fits using Eq. 4 in Ref. [69] have been performed, which

Because of minimal RMS errors, a cubic-polynomial
interpolation has been selected as the interpolating
function throughout this work. Similar results are often
obtained using a 4th -order polynomial interpolation.
Lower and higher order polynomial interpolations present
unexpected structures (bumps) in the energy-gap region
and above. The errors associated to σ−2 values are
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Nucleus
45
∗
21 Sc
50
23 V
51
23 V
56
∗
26 Fe
76
32 Ge
92
40 Zr
95
42 Mo
138
57 La
139
57 La
153
62 Sm

Eγ(min)
(MeV)
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1

https://doi.org/10.1051/epjconf/201922301045

Eγ(max) (GDR)
(MeV)
28.1
27.8
27.8
40.0
26.5
27.8
27.8
24.3
24.3
20.0

Eγ(max) (LEE)
(MeV)
3.2
3.1
3.1
3.8
2.3
2.2
2.5
1.9
2.5
1.6

σ−2 (total)
(µb/MeV)
2488(602)
1597(105)
1564(273)
2658(354)
3291(1279)
3166(528)
5017(673)
8580(1240)
8183(837)
12998(1638)

C
%
35.1 %
11.7 %
9.1 %
21.4 %
4.1 %
6.3 %
6.8 %
7.3%
2.7%
23.9%

σ−2 (LEE)
(µb/MeV)
873
187
140
568
135
199
340
319
221
3093

κ
1.82(4)
0.98(1)
0.92(2)
1.35(2)
1.00(4)
0.70(1)
1.05(1)
0.97(1)
0.91(1)
1.23(2)

Table 1. Contributions of the LEE with Eγmin = 0.1 MeV represented by C. Eγ(max) (LEE) is the energy at which the LEE starts.
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Figure 3. σ−2 vs A on a log-log scale from the photoneutron cross-section evaluation (solid circles) [12] and σ−2 data listed in Table 1
excluding (squares) and including (diamonds) the LEE contributions down to Eγ = 0.1 MeV. For comparison, the empirical formula
σ−2 = 2.4(1) A5/3 µb/MeV (dashed line) [13] is plotted. Shell eﬀects are noticeable for N = 28 (inset (a)), N = 50 (inset (b)), 82 (inset
(c)) and 126 (inset (d)) isotones.

show an even larger LEE contribution, but no indications
of shell eﬀects when comparing neighboring nuclei.

neighboring nuclides. As listed in Table 1, these semimagic nuclei present smaller polarizability parameters of
κ ≈ 0.90 for 51 V and 139 La and an even smaller κ = 0.70
for 92 Zr. These findings, assuming validity of the BrinkAxel hypothesis, support the continuation of shell eﬀects
in the quasi-continuum region where the LEE of f (Eγ ) occurs. The fact that the nuclear polarizability can change
at higher excitation energies from its ground-state value is
supported by diﬀerent κ values predicted by consistent nocore-shell-model calculations in 12 C – with a larger κ value
determined for the first 2+ excitation at 4.439 MeV with
respect to the ground state – using both 2N and 2N + 3N
chiral forces [72].

4 Discussion
Shell eﬀects arising from σ−2 values are evident in nuclei with or near magic numbers N = 28, 50, 82 and
126. As shown in Fig. 3, a more distinct trend of σ−2
values emerges when the LEE contributions are extrapolated to Eγmin = 0.1 MeV, with a relatively smaller contribution to σ−2 values in 51 V (N = 28), 92 Zr (N = 50
and Z = 40) and 139 La (N = 82), as compared with
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Furthermore, Table 1 shows considerable LEE contributions to σ−2 values for more deformed nuclei such as
45
Sc, 56 Fe and 153 Sm with κ > 1 values, while other nuclei close to magic numbers present consistent values of
κ ≈ 1. Certainly from these results, Eγmin is crucial for
determining how the LEE aﬀects the nuclear polarizability. Additionally, the LEE contribution is aﬀected by the
smaller Eγmax (LEE) for heavy nuclei and the inverse mass
dependence of EGDR [7, 68].
The sudden drop of σ−2 values and κ < 1 for nuclei
with neutron magic numbers N = 28, 50 and 82 supports
the M1 nature of the LEE predicted by large-scale SM calculations and the validity of the generalized Brink-Axel
hypothesis, which seems to allow for structural changes.
This work emphasizes the need for additional f (Eγ ) measurements at low energies below 1 MeV, and opens a new
research avenue to investigate the existence and evolution
of magic numbers at high-excitation energies from σ−2
measurements [4].
Finally, it is relevant to note that the combination of
data sets with such a distinct nature in this study, namely
LEE and GDR data, remains unsettling and needs to be
explored further; for instance, the Brink-Axel hypothesis could additionally be supported with the presence of
LEE associated with GDRs built on excited states, preferably around the quasi-continuum region. More experimental f (Eγ ) measurements and theoretical work are clearly
needed to validate these interesting findings.
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