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Equilibration dynamics in nuclear reactions
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Abstract. We discuss the equilibration dynamics and time-scales for various quantities that are connected to
the experimentally observable entities. These include the study of mass, isospin, and total kinetic energy (TKE)
equilibration time-scales as well as the time-scale for fluctuations.

1 Introduction
Heavy-ion reactions at low energies carry a wealth of information to investigate the characteristic features of nuclear dynamics. Furthermore, these reactions help explore
the intriguing interplay between quantal dynamics at the
microscopic level and the collective dynamics on timescales that are too short for full equilibration. To fully classify the systematics of these reactions both theoretical and
experimental studies are required for a diverse selection of
systems. With the development of radioactive ion-beam
facilities this goal is rapidly evolving.
In this proceeding we provide a discussion and microscopic calculations to examine the equilibration dynamics
and time-scales for various quantities that are connected
to the experimentally observable entities. These include
the study of mass, isospin, and total kinetic energy (TKE)
equilibration time-scales as well as the time-scale for fluctuations. The phenomena discussed here is directly related
to the transport dynamics between reacting systems that
initially carry a quantal asymmetry. A recent example of
such a study is the experiment to investigate isospin equilibration in the vicinity of the Fermi energy [1,2]. Earlier
studies at lower energies involved deep-inelastic reaction
of systems with large isospin asymmetry [3–5].
Below, we utilize the time-dependent Hartree-Fock
(TDHF) theory [6] to investigate a selected number of systems. A more comprehensive study involving many more
systems will be the subject of a future publication.

2 Equilibration from TDHF
Low-energy nuclear reactions encompass very diverse
time-scales depending on the type of collision studied.
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At times immediately after contact (~10−22 sec.) preequilibrium particle emission can take place. This is followed by the deep-inelastic regime (a few times 10−21 sec.)
and the fast quasifission regime (~10−21 − 10−20 sec.). For
these longer sticking times the outgoing channel begins
to loose the memory of the entrance channel properties.
Yet at longer time-scales the system becomes partially or
fully equilibrated leading to slow quasifission followed by
fusion-fission, and finally compound nucleus formation or
compound nucleus fission. The latter processes are relatively well understood in the context of models relying on
statistical equilibrium physics. The challenging aspect is
the intermediary regime, where the dynamics and shell effects still play a role and equilibration of various quantities
occur at different time-scales. Among these here we study
the equilibration of mass, isospin, kinetic energy, and fluctuations. For numerical calculations we employ a fully 3D
TDHF code [7–9] and the SLy4d [10] Skyrme energy density functional. The plotted results are comprised of calculations involving many partial waves and therefor show
large fluctuations.
2.1 Mass

Quasifission provides a unique probe to quantum manybody dynamics of out-of-equilibrium nuclear systems. For
instance, quasifission studies bring information on mass
equilibration time-scales [11–13], on shell effects in the
exit channels [14–18], dependence on the neutron-toproton ratio N/Z of the compound nucleus [19], as well as
on the nuclear equation of state [20,21]. The TDHF theory
has been employed to study quasifission dynamics with
considerable success [22–29]. The outcome of the calculations strongly depend on the orientation of the deformed
nuclei. Here, we discuss the 48 Ca+249 Bk reaction with the
TDHF approach. Unlike previous calculations where the
TDHF studies of quasifission with actinide targets were
restricted to one or two orientations, we performed calcu-
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lations spanning both a range of orientations and a range of
angular momenta. The orientation of the deformed 249 Bk
was changed by 15◦ steps to cover the full range (0,π) with
orbital angular momentum L changing in units of 10 from
0 to quasielastic collisions.

cate the intervals for the net number of transferred particles
and the dashed line is a possible fit to guide the eye.
From these results and a number of others not shown
here we can conclude that the mass equilibration is substantially longer as expected in comparison to the other
quantities mentioned below. It is also interesting to observe that there is a bunching of results around certain
mass ratios. This is shown to be related to shell effects influencing the dynamical quasifission process in Ref. [30].
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2.2 Isospin and TKE
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Transport properties of isospin asymmetric nuclear matter
can be investigated by studying charge equilibration driven
by the nuclear symmetry-energy in heavy-ion collisions.
For example, collisions at Fermi energies give access to
contact times which are short enough to induce only a
partial charge equilibration [31] and thus can be used to
determine equilibration times [1]. Due to a faster time
scale for equilibration of charge and total kinetic energy
(TKE), deep-inelastic collisions are the preferred venue at
lower energies. We have done a systematic study of the
78,92
Kr + 208 Pb systems at 8.5 MeV/nucleon. In Fig. 3 we
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Figure 1. For the 48 Ca+249 Bk reaction; Mass ratio of fragment masses
as a function of contact time at Ec.m. = 234 MeV. The solid lines show
possible fits.

Figure 1 shows the mass ratio, MR = M f rag /Mtotal , of
fragment masses as a function of contact time at Ec.m. =
234 MeV for the 48 Ca+249 Bk reaction. We define the contact time as the time interval between the time t1 when the
two nuclear surfaces (defined as isodensities with half the
saturation density ρ0 /2 = 0.07 fm−3 ) first merge into a single surface and the time t2 when the surface splits up again.
The solid lines are a simple fit to the results. We observe
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Figure 3. The (N − Z)/A value of the primary light (full circles)
and heavy (open squares) fragments formed in 78 Kr +208 Pb at
E = 8.5 MeV/nucleon are plotted as a function of the contact
time between the collision partners. The solid lines show fits to
the TDHF results.
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plot the ratio (N − Z)/A as a function of contact time for
the 78 Kr + 208 Pb system. An equilibration time τ ∼ 0.5 zs
is obtained from the fit (N − Z)/A = α + β exp(−T/τ)
to the TDHF results as it was done in Ref. [1]. This is
in agreement with a slightly faster equilibration time obtained (~0.3 zs) for reactions near the Fermi energy [1].

Figure 2. The ratio of the final and initial fragment masses as a
function of contact time for the 48 Ca +249 Bk system at Ec.m. =
234 MeV and for all orientations and orbital angular momenta
discussed in the text. The horizontal bars on the left indicate the
intervals for the net number of transferred particles. The dashed
line shows one possible fit.

In order to study the equilibration of TKE in Fig. 4
we plot the TKE of the final fragments as a function of
contact time for 78,92 Kr + 208 Pb systems. The two orientations of the deformed Kr nuclei are also indicated on the
plot. We observe that the equilibration of the TKE is also
a relatively fast process but somewhat longer than that of
isospin transfer. The TKE seems to reach its equilibrium
value at around 1.5 zs.

that mass equilibration appears to occur for times larger
than about 8−10 zs, starting at about 6 zs. Another perspective of these results can be obtained by plotting the ratio of the final fragment mass difference to the initial mass
difference as a function of contact time, as shown in Fig. 2
for the same system. The horizontal lines on the right indi-
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Figure 4. The exit channel TKE in Kr + Pb reaction at E =
8.5 MeV/nucleon are plotted as a function of the contact time
between the collision partners.

2.3 Fluctuations
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The mean-field description of reactions using TDHF provides the mean values of the proton and neutron drift. It
is also possible to compute the probability to form a fragment with a given number of nucleons [32–35], but the
resulting fragment mass and charge distributions are often
underestimated in dissipative collisions [36,37]. Much effort has been done to improve the standard mean-field approximation by incorporating the fluctuation mechanism
into the description. At low energies, the mean-field fluctuations make the dominant contribution to the fluctuation mechanism of the collective motion. Various extensions have been developed to study the fluctuations of onebody observables. These include the TDRPA approach
of Balian and Vénéroni [38], the time-dependent generator coordinate method [39], or the stochastic mean-field
(SMF) method [40,41]. In the SMF approach the collision dynamics is described in terms of an ensemble of
mean-field events. The single-particle density matrix of
each event, ρλ (r, p, t), is determined by the self-consistent
mean-field of the corresponding event. Here λ indicates
the event label. When a di-nuclear structure is maintained
during the collision, such as deep inelastic and quasifission reactions, we do not need to generate such an ensemble of mean-field events. In this case it is possible to
describe the collision dynamics in terms of a few relevant
macroscopic variables, such as mass and charge asymmetry, the relative linear momentum and the orbital angular momentum. In di-nuclear geometry, we can express
these macroscopic variables in terms of the TDHF solutions with the help of window dynamics [42].
In Fig. 5a we plot the time-evolution of the calculated
SMF co-variances for the collision of 60 Ni + 60 Ni, and in
In Fig. 5b the same quantities for 58 Ni + 60 Ni, at center of
mass energy Ec.m. = 135.6 MeV and initial orbital angular momentum L = 73. As we see all of the co-variances
stabilize around 800−1000 fm/c, which corresponds to approximately 2.6−3.3 zs.
This work has been supported by the U.S. Department of
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Figure 5. Co-variances in the collision of 60 Ni + 60 Ni (a) and in
the collision of 58 Ni + 60 Ni in the side geometry (b) at the center
of mass energy Ec.m. = 135.6 MeV and initial orbital angular
momentum L = 73.
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