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Abstract. We propose a novel mechanism to explain nuclear decay by emis-

sion of an alpha particle. We show that the famous Geiger-Nuttall law can be

explained by post-forming an alpha particle outside the range of the nuclear

interaction with the daughter nucleus. This contrasts with the commonly ac-

cepted mechanism of first alpha particle pre-formation followed by emission

through barrier penetration. We predict that the post-formation mechanism is

more likely to occur for α-particles with higher energy.

1 Introduction

The first application of the quantum mechanical concept of tunneling was made by George

Gamow, who in 1928 calculated the probability for an alpha-particle to tunnel through a

Coulomb barrier and applied it to determine the lifetimes of nuclear alpha-decays [1]. The

calculations by Gamow were able to explain an empirical formula previously known as the

Geiger-Nuttall law [2]:

log10tα1/2 = aQ−1/2
α + b. (1)

Gamow’s theory and its variations are still applied to determine not only alpha-decay life-

times, but also other similar processes such as fission. The decay constant of an unstable

nucleus by alpha- (or any cluster-) decay follows the simple recipe described in the equation

λα =
ln 2

tα1/2
= fpre × νPtun, (2)

where fpre is the preformation factor of the alpha-particle at the nuclear surface, ν is the

assault frequency with which it hits the internal edge of the Coulomb barrier, and Ptun is the

probability (penetrability) that it emerges outside the barrier. The preformation factor fpre

is the least known factor in this theory. Theoretically, and to first order, it is proportional

to the square of a overlap matrix element involving the wave function of daughter, emitted

alpha-particle and parent nucleus.

Intensive theoretical efforts have been carried out to quantify the magnitude of the prefor-

mation factor fpre. The list of theoretical models is extensive; we refer to a recent review [3].
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A theoretical microscopic description of the preformation factor is the most difficult aspect of

the alpha-decay theory. The alpha particle has a diameter of about 3.4 fm, whereas medium

to heavy nuclear alpha-emitters have a larger diameter, of about 10 fm. The difference is

not so large and it is thus difficult to accept that alpha-particles can be treated as point-like

particles, as often assumed in the literature in connection to Eq. (2). The alpha preformation

within a nucleus is certainly due to a subtle correlation involving the four nucleons inside the

nucleus, and is also driven by the large alpha binding energy. Such many-body correlations

may be very sensitive to the structure of the individual nucleus with a dynamical dissolution

of the alpha-particle and a regrouping of nucleons.

Currently accepted microscopic alpha-cluster theories suggest that the alpha clustering

occurs at the nuclear surface. Because the nuclear density at the surface becomes small

with the main contribution from weakly-bound nucleons, binding energy and be gained by

forming alpha clusters locally at the surface [4]. It is also more difficult to keep the alpha

particle intact in the dense and saturated core of the nuclei. A recent theoretical approach to

alpha clustering in heavy nuclei using the generalized relativistic density functional model

[5] studied the isotopic dependence of the number of alpha particles on the mass number of

tin isotopes [4]. It was found that the number of alpha particles decreases with increasing

number of neutrons. The increase of the neutron skin thickness with a smaller probability of

forming an alpha cluster due to the larger neutron-proton asymmetry at the surface. Hence

it is expected that alpha clustering at the surface is directly correlated to neutron skins in

nuclei. A recent experiment [6] confirmed this prediction by measuring the cross sections of

the quasi-free proton-induced alpha knockout reaction on tin isotopes (from 112Sn to 124Sn).

The isotopic dependence on the cross sections reflects the predicted isotopic dependence of

the number of alpha particles in tin isotopes [4, 6]. The extreme case of this phenomenon

appears at the doubly magic self-conjugate tin nucleus 100Sn as a super-allowed α decay[7].

2 A novel approach to alpha-decay

In this article we claim that the Geiger-Nuttall law can be explained with another mech-

anism, involving a “post-formation" factor. It is well-known that tunneling of composite

particles lead to subtle effects such as resonant tunneling, which appears when a matching

occurs of energies in closed and open channels of a multiparticle system. It is a many-body

generalization of the resonant tunneling of a particle through a barrier. This is used in prac-

tical applications such as in the resonant-tunneling diode [8]. We show that instead of a

pre-formation of the alpha-particle it is also possible that neutrons and protons individually

tunnel and clusterize outside the Coulomb barrier. A schematic view of our hypothesis, as

compared to tunneling of a preformed alpha, is shown in Figure 1.

The new scheme proposed above leads to rich possibilities, such as deuterons being pre-

formed inside the nucleus, tunnelling individually, and post-forming an alpha particle within

or outside the Coulomb barrier. Other channels could include the individual tunneling of
3He-n, or t-p pairs followed by alpha post-formation. Here we show that the celebrated

Geiger-Nuttall law also follows from such an alpha-post-formation theory. Our theory can

be used to extract the probability of post-formation of the alpha-particles right outside the

Coulomb barrier. Evidently, this post-formation probability is small as now several parti-

cles have to tunnel through the barrier. But nothing in nuclear structure theory disallows the

possible existence of alpha correlations stemming from the tails of individual nucleon wave

functions within or outside the Coulomb barrier.
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Figure 1. Schematic view of the extreme situations in which an alpha-particle could escape a nucleus.

Left: Tunneling of a single pre-formed alpha-particle through the barrier. In this case, the alpha-particle

is preformed through correlations arising from the interaction between nucleons inside the nucleus.

Right: Tunneling of individual nucleons with the alpha-particle being post-formed outside the nucleus

due to correlations of the four-nucleon interaction and the mean field of the daughter nucleus at the

barrier region. The advantage here is that the Coulomb potential for protons is lower than that for

α-particles and there is no Coulomb barrier for neutrons.

3 Extended Gamow model for alpha-particle constituents

The theoretical problem of tunneling of composite particles is a formidable one. Even with

few particles, the theory has to deal with the rearrangement of energy levels during tunnel-

ing, resonant tunneling, diabatic and adiabatic level crossings, the Landau-Zener effect, etc.

[9, 10]. The probable reason why the Geiger-Nuttall law can be well described by the Gamow

model for the tunneling of a point particle is the strong binding of the α-particle. For loosely-
bound systems, it has been proven that the compositeness of the particles have a strong in-

fluence on, e.g., nuclear fusion reactions [11]. Next we will prove that the Geiger-Nuttall

rule also arises if one assumes tunneling of the α-particle individual constituents followed by
their clusterization at the nuclear surface. This raises intriguing questions associated with the

meaning of alpha formation factors.

Our proof is relatively simple and therefore relates to universal characteristics of parti-

cle formation and decay in nuclei. Gamow used the semi-classical WKB approximation to

calculate the barrier penetrability of an α-particle with reduced mass μα through a potential

Vα(r). The Coulomb potential for radii r larger than the inner barrier radius R is given by,

V(r) =Vα(r) =
2(Z − 2)e2

r

Vp(r) =
(Z − 1)e2

r
Vn(r) = 0, (3)

for alpha particles, protons, and neutrons and a mother nucleus with charge number Z. The
penetrability Pα for an α-particle tunneling through this spherically symmetric Coulomb bar-
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rier is

Pα ∼ exp

{
−2

�

∫ b

R
dr
√
2μα(Vα(r) − Qα)

}

∼ exp

{
−2π

2(Z − 2)e2

�

√
μα

2Qα

}
, (4)

where b is the outer turning point and the last line is valid for b � R.
We extend Gamow’s model to deduce the total transmission coefficients for the individual

nucleons (p, p, n, n) composing the α-particle. The penetration probabilities are given by the

product of each probability, i.e.,

Pppnn = P2
pP2

n. (5)

It is straightforward to show that the probability defined above has exactly the same form as

the Geiger-Nuttall rule, Eq. (1), if one uses the penetrability factors for individual nucleons as

in the WKB Eq. (4) and the nucleon energies as a fraction, i.e., proportional to the Q-value,

Qα. The same reasoning also applies by using and equation similar to (5) for α-particles
post-formed by individual tunneling of a deuteron, a proton, and a neutron (d + p +n), of two

deuterons (d + d), of a triton and a proton (t + p), or of 3He and a neutron (3He + n). The

Qα dependence of the Geiger-Nuttall rule is unaltered because the product of the individual

probabilities are factored out into a sum in the calculation of log10tα1/2.

We can also use a slightly more rigorous method, starting with the radial Schrödinger

equation for a nucleon i with angular momentum l,

d2φi(r)
dr2

+

{
κ2 − l(l + 1)

r2
− 2μi

�2
Vi(r)
}

φi(r) = 0, (6)

and the probability of barrier penetration to the nuclear radius R is obtained from the regular

Fl and irregular Gl solutions of the Eq.(6) as,

Pl = κr

∣∣∣φ+i (∞)
∣∣∣2∣∣∣φ+i (r)∣∣∣2 r=R

=
κr

|Fl(κr)|2 + |Gl(κr)|2 r=R
, (7)

where the φ+i (r) is the outgoing wave function for a nucleon and κ is obtained from Ei ∼
(Qα − Bα)/4 = �

2κ2/2μi (< 0), where Bα is the binding energy of α particle. This does not

contradict the fact that for some nuclei α decay is observed and proton decay is not because

of the energy conservation law. This probability with l = 0 yields for high-energy α-particles
the same result as Eq. (4) in Gamow’s semi-classical approach using positive Qα-values,

Eα(= Qα) = �
2κ2/2μα (> 0).

Since the (bound) nucleons, or other alpha constituents, are assumed to be bound at large

distances, outside the range of the nuclear interaction with the daughter nucleus, we can use

the asymptotic solutions of Eq. (6),

φp(r) = C1

W−η,l+1/2(2κr)
r

φn(r) = C2

√
2κ

r
Kl+1/2(κr), (8)

where the W−η,l+1/2 is the Whittaker function, η = (Z − 1) e2/�vp, and Kl+1/2 is the modi-

fied spherical Bessel function. The coefficients Ci are asymptotic normalization coefficients,

which relate through normalization to the part of the single-particle wave function inside the

 , 0 (2020)Web of Conferences https://doi.org/10.1051/epjconf /20200EPJ 227 10 1 22701001

10
th

European Summer School  on Experimental Nuclear Astrophysics       

4



nucleus. The idea here is that the wave function tails of the bound nucleons post-form an α-
particle, which is emitted by acquiring a kinetic energy equal to the α-binding energy minus

the binding energy of the nucleons. Hence, nucleons close to the threshold would be favored.

Accordingly, the probability to find 2 protons and 2 neutrons at a large distance r is given by

Pppnn(r) = C
[
κrK2

l+1/2(2κr)
]2 [

W2
−η,l+1/2(2κr)

]2
. (9)

In fact, the probability that the α-particle is formed at the outer turning point, b =

ZαZD�cαQ−1
α is fpost × Pppnn(b), where fpost is the post-formation factor. The half-life is

inversely proportional to this probability, i.e., tpost
α1/2

∼
[
fpostνpPppnn(b)

]−1
. Instead of Eq. (9),

we could also obtain Pppnn by solving the Schrödinger equation in the continuum to obtain

the individual tunneling probabilities at the outer turning point, r = b. We have found that

this procedure does not change the qualitative aspects of the results described below.

4 Extended Gamow model for alpha-particle constituents

In Figure 2 we show with red circles the results of a calculation based on the formula (9) for

the even Polonium isotopes (mass number A = 186−208). For simplicity, we assume l=0 and
fpost = 1. The asymptotic normalization coefficients Ci are obtained with a standard Woods-

Saxon potential with V0 obtained by solving the Shrödinger equation, range R = 1.2A1/3 fm

and diffuseness a = 0.65 fm (see, e.g., [12]). The potential depth is adjusted to reproduce

the binding energy of the particle. Experimental values of Qα values have been used. The

black circles are the experimental data for the respective half-lives. One sees that there is

indeed a remarkable similarity between the two results with regard to the dependence on Qα.

In Figure 3, we show the result of the calculation of half-lives of Uranium isotopes (mass

number A = 222 − 238) from Pdd with the post-formation hypothesis of d-d pair tunneling.

Our results show that the tunneling of individual constituents of the α-particle followed by

a post-formation mechanism also reproduces the Geiger-Nuttall law, i.e., the logarithm of

the half-life is inversely proportional to the square root of Qα. Evidently, the assumption of

fpost = 1 is an overestimation and that is why our calculations yield larger half-lives than the

experimental values.

Physics intuition would lead to believe that fpost � fpre. Can we at least predict the

order of magnitude of fpost as compared to that of fpre? Our answer is a resounding no,

except if we could craft an accurate (ab-initio?) microscopic model for the post-formation

factor. This seems to be a far-fetched hope with the theoretical techniques we have presently

at hand. Only very rough estimates can be obtained such as using tpost
α1/2

∼ tpre
α1/2

. In the case of

post-formed α-particles due to the fusion of two deuterons, this leads to

fpost

fpre
∼ ναPα

νdPdd
(10)

∼ να

νd
exp

⎧⎪⎪⎪⎨⎪⎪⎪⎩−
4πZe2

√
mN

�

⎡⎢⎢⎢⎢⎢⎢⎢⎣
√

2

Qα
−
√

1

Qd

⎤⎥⎥⎥⎥⎥⎥⎥⎦
⎫⎪⎪⎪⎬⎪⎪⎪⎭ ,

obtained from Eq. (4), with Z � (Zα, Zd), μα ∼ 4mN , and μd ∼ 2mN , where mN is the

nucleon mass. We can use this equation to draw intuitive conclusions about the magnitude of

the post-formation factor, with Qd ∼ Qα − 20 MeV to account for the energy release as the

deuterons fuse at the nuclear surface. For small values of Qα (� 20 MeV) the second square

root within the exponential dominates, leading to fpost � fpre.

For Qα ∼ 40 MeV, fpost ∼ fpre, and for larger Qα values fpre dominates over fpost. The

known largest Qα values are around 11 MeV for superheavy nuclei, but the α decay from the
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Figure 2. Half-lives, t1/2, of Polonium isotopes as a function of the inverse of the square root of Qα.

The filled black points are the experimental data. The red open circles are the calculations with the

post-formation hypothesis using formula (9) for ppnn individual tunneling case.

Table 1. Estimates for ratio fpost/ fpre with the WKB approximation. Equation (4) for α decay and

for d-d individual tunneling are used for the numerical calculations. The Qd is assumed as Qd ∼ Qα-20

using experimental Qα. The assault frequencies for α and deuteron potentials are assumed to be same

(να = νd) in Equation (10).

188Po 194Po 200Po 206Po

Qα 8.08 6.99 5.98 5.32

Qd ∼ Qα-20 -11.92 -13.01 -14.02 -14.67
fpost
fpre

∼ Pα
Pdd

2.1×1038 2.8×1046 5.2×1056 4.4×1065

excited state of nuclei with large Qα may follow this trend. This is confirmed in the numerical

results presented in Table I using Eq. (10) for the Polonium isotopes. The approximation

tpost
α1/2

∼ tpre
α1/2

is surely a poor one and these results are to be considered cautiously. But, relying

solely on energy conservation and tunneling probabilities, one expects that post-formation

will be favored at low Qα values.
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Figure 3. Half-lives, t1/2, of Uranium isotopes as a function of the inverse of the square root of Qα. The

filled black points are the experimental data. The red open circles are the calculated half-lives from Pdd

with the post-formation hypothesis of d-d pair tunneling. For the deuteron penetrability, the Whittaker

function in Equation (8) was used. Pdd is the product of two deuterons’ penetrabilities.

5 Summary and conclusions

In summary, we have proposed a novel mechanism to explain the Geiger-Nuttall law as the

individual tunneling of nucleons, or other particles which can fuse to form an α-particle at

the nuclear surface. The results of our calculations indicate that the post-formation mecha-

nism cannot be ruled out and might be significant to explain α-decay. The post-formation

factor, fpost, is predicted to be largest at small values of Qα. We suggest further that experi-

ments exploring α-knockout from radioactive projectiles studied in inverse kinematics along

an isotopic chain are probably the best way to test if α-particles are pre-formed in the nuclear

interior or post-formed at the nuclear surface. More experimental information is desired to

assess this long standing problem in nuclear physics: Where and how are α-particles formed

within a nucleus? We hope that this work stimulates further studies to answer this apparently

simple question.
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U.S. NSF Grant No. 1415656.
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