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Abstract. A new asymptotic theory is proposed for the peripheral transfer A(x,
y)B reaction at low energies within the three-body (A, a and y) model by com-

bining the dispersion theory and DWBA, where x= y + a, B= A + a, and a is a

transferred particle. The results of the analysis of the differential cross sections

of the proton transfer 9Be(10B, 9Be)10B reaction at the 10B projectile energy of

100 MeV populating the ground and excited states of the residual nucleus are

presented. New estimates and their uncertainties are obtained for values of the

asymptotic normalization coefficients for 9Be + p → 10B and for the astrophys-

ical S factors at stellar energy of the radiative capture 9Be(p, γ)10B reaction.

1 Introduction

In the last two decades, a number of methods of analysis of experimental data for dif-

ferent nuclear processes were proposed to obtain information on the “indirect determined”

(“experimental”) values of the specific asymptotic normalization coefficients with the aim

of their application to nuclear astrophysics (see, for example, Refs. [1–3] and the available

references therein). One of such methods uses the modified DWBA [4, 5] for the peripheral

transfer reaction

x + A −→ y + B (1)

considered in the framework of the three-body (A, a and y) model, where x=(y + a) is a
projectile, B=(A + a), and a is a transferred particle. In the modified DWBA, the differential

cross sections (DCSs) are expressed in the terms the product of the square of the asymptotic

normalization coefficients (ANCs), which determine the amplitude of the tail of the overlap

functions corresponding to the wave functions of the B and x nuclei in the binary (A + a) and
(y + a) channels [6], respectively.

In practice, the “post”-approximation and the “post” form of the modified DWBA [4, 5]

are used for the analysis of the specific peripheral proton transfer reactions. They are re-

stricted by the zero- and first-order terms of the perturbation theory over the optical Coulomb

polarization operator ΔVC
f (or ΔVC

i ) in the transition operator, respectively, which are sand-

wiched by the initial and final state wave functions in the matrix element of the reaction

(1). But, as was shown in Refs. [2, 7–9], these restrictions do not guarantee the necessary
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accuracy of the “experimental” ANC extracted for their astrophysical application, when the

residual nucleus B is formed especially in weakly bound states (see, for example, Ref. [9]

and Table 1 in [2]). In this case, in the transition operator an inclusion of all other orders

(the second and higher orders) of the power expansion in a series over ΔVC
f (or ΔVC

i ) is re-

quired for calculations of the DWBA cross section because they strongly change the power

of the peripheral partial amplitudes at li >> 1 [7, 9]. These partial amplitudes right give the

dominate contribution to the amplitude at least in the vicinity of the main peak of the angular

distribution.

In the present work, a new asymptotical theory is proposed for the peripheral transfer

reaction (1) in the framework of a three-body (A, a and y) model. The asymptotic theory

is based on the fact that, firstly, a peripheral reaction (1) is governed by the nearest to the

physical region (-1≤ cos θ ≤1) singularity (ξ) of the reaction amplitude located at the point

cos θ= ξ (θ is the center-of-mass scattering angle). Secondly, the dominant role played by the

nearest singularity is the result of the surface nature of this reaction. Therefore, the dominant

contribution to the peripheral reaction comes from the surface and outer regions of the col-

liding nuclei corresponding to ri � rchi , where ri and rchi (= rx + rA ) are the relative distance

between the center of mass of the colliding nuclei and the channel radius, respectively, and

rD = r0D1/3 in which r0 is the nuclear radius and D is the mass number of the D nucleus.

2 Three-body Coulomb dynamics of the transfer mechanism and
the generalized DWBA

In strict three-body Schrödinger method, the generalized DWBA amplitude for the pe-

ripheral reaction (1), which corresponds to the main charged-particle (a ) transfer mechanism,

can be presented in the form [7, 9]

MTBDW(Ei, cosθ) = MDW
post(Ei, cosθ) + �MTBDW(Ei, cosθ). (2)

Here

MDW
post(Ei, cosθ) =

∑

Ma

〈χ(−)k f
IAa|Vay + VC

yA − VC
f |Iayχ

(+)
ki
〉 (3)

and

�MTBDW(Ei, cosθ) =
∑

Ma

〈χ(−)k f
IAa| � VC

f GC � VC
i |Iayχ

(+)
ki
〉· (4)

Here χ(+)ki
and χ(−)k f

are the optical Coulomb–nuclear distorted wave functions in the entrance

and exit channels with the relative momentum ki and k f , respectively (Ei = k2i /2μAx);

IAa(rAa)(Iay(ray)) is the overlap integral of the bound-state ψA, ψa and ψB (ψy, ψa and ψx)

wave functions [10]; �VC
f = VC

ay + VC
yA − VC

f ; �VC
i = VC

Aa + VC
yA − VC

i ; GC is the operator

of the three-body (A, a and y) Coulomb Green’s function and Ma is the spin projections of

the transferred particle a, where Vi j = VN
i j +VC

i j , VN
i j (V

C
i j ) is the nuclear (Coulomb) interaction

potential between the centers of mass of the particles i and j, which does not depend on the

coordinates of the constituent nucleus; VC
i and VC

f are the optical Coulomb potentials in the

entrance and exit states, respectively; ri j = ri − r j, ri is the radius-vector of the center of

mass of the particle i and μi j = mimj/(mi + mj) is the reduced mass of the i and j particles in
which mi and mj are the masses of the i and j particles, respectively.

One notes that the amplitudes of the “post”-approximation and the “post” form of the

DWBA are described by the one step pole diagram of figure 1a and the sum of the pole and

tree-angle diagrams of figure 1a, b, respectively. Whereas, the pole diagram of figure 1a cor-

responds to the pole DWBA amplitude MDW
pole

(Ei, cosθ) given by the first term of the transition
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operator in Eq. (3). However, as it is seen from Eqs. (3) and (4), in reality, the power expan-

sion in �VC
f , i series for the Coulomb part of the total three-body transition operator for the

considered peripheral transfer reactions contains higher-order terms (the second and higher)

in �VC
f , i and their contribution can not be ignored. The part of the amplitude corresponding

to one of the higher-order term in the transition operator is plotted in figure 1c in which only

Coulomb interactions (VC
Aa and VC

yA) are taken into account in the vertexes A + a → A + a
and A + y → A + y as well as in the three-body (A − y − a) intermediate state, where GC

is the operator of the three-body (A − y − a) Coulomb Green function. So, the account of

these expansion terms in the modified DWBA calculations is necessary [7, 9] to improve an

accuracy of the DWBA analysis for obtaining of the ANC-values in a correct manner.

The amplitudes given by Eqs. (3) and (4) have the nearest singularity ξ (the type of
branch point), which defines the behaviour of the amplitude MTBDW(Ei, cosθ) at cos θ = ξ [7]
and of the corresponding peripheral partial amplitudes at li � L >> 1 [11], where L ∼ kirchi .

Besides, as it is shown in [12], in the vicinity of the singular point of cos θ = ξ, the exact (in
the framework of the three-body (A, a and y) charged particle model) amplitude (denoted by

MTBDM(Ei, cosθ) below) of the reaction (1) at sub-barrier energies has the same behaviour

(see Ref. [7] also). But, all they differ from each other only by their powers [7, 12]. In this

case, the accuracy of the MTBDW(Ei, cosθ) amplitude at cos θ = ξ (or its peripheral partial

amplitudes at li >> 1) can be defined by the extent of proximity of its power and that of

the exact MTBDM(Ei, cosθ) amplitude near the nearest singular point each other. Therefore,

the ratio of the power of the singular part of the MTBDM(Ei, cosθ) amplitude to that of the

singular part of the pole DWBA amplitude MDW
pole

(Ei, cosθ) (denoted by M(s) DW
pole

(Ei, cosθ)
below) defines the power of the true peripheral partial amplitudes at li >> 1 of the generalized

MTBDW(Ei, cosθ) DWBA amplitude. The contribution of these peripheral partial amplitudes

to the MTBDW(Ei, cosθ) amplitude is dominant at least in the vicinity of the main peak of the

angular distribution [13]. The explicit form of the ratio (denoted by RTBDM below) can be

found from the results of [7, 12].

It follows from here that we should first obtain the singular part of the MDW
pole

(Ei, cosθ)
amplitude by separating the contribution from the nearest singularity ξ to it, similarly to that

as it is done in [14] for the peripheral neutron transfer reaction. Then, from the expression

derived, we obtain the generalized DWBA amplitude in the explicit form, where the contribu-

tion of the three-body (A, a and y) Coulomb dynamics of the main transfer mechanism to the

peripheral partial amplitudes for li � L >> 1 are taken into account in a correct manner. The

latter can be achieved by means of renormalization of the peripheral partial amplitudes of the

expanded in the partial waves of the M(s); DW
pole

(Ei, cosθ) amplitude on the factor of RTBDM. In

this case, the derived amplitude, which has rather the cumbersome form and the free param-

eter r0, is directly parametrized in the term of the product of the ANCs for y + a → x and

A + a → B, similarly to that in [14].
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Figure 1. Diagrams describing transfer of a particle a and taking into account possible subsequent

Coulomb rescattering of particles A, y and a in the intermediate state.

3 Analysis, the asymptotic normalization coefficients for
9Be + p → 10B and their application for the 9Be(p, γ)10B reaction

In this section, we present the results of comparison of the DCSs derived in the present

work with experimental data measured in [5] for the 9Be(10B,9 Be)10B proton transfer reac-

tion populating the ground and first three excited states of the residual 10B nucleus at the

bombarding energy E10B= 100 MeV. For this reaction the orbital (lp) and total ( jp) angular

momentums of the transferred proton are taken equal to lp= 1 for all four bound states and

jp= 3/2 for the ground and second excited (E∗= 1.740 MeV) states as well as 3/2+1/2 for the
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Figure 2. The calculated differential cross sections for the 9Be(10B,9 Be)10B reaction. The points are

the experimental data taken from [5]. The solid and dashed lines are the results of the present work and

the DWBA calculations of [5], respectively, for the ground (a), first ((b) for E∗= 0.718 MeV), second

((c) for E∗= 1.740 MeV) and third ((d) for E∗= 2.154 MeV) excited states of 10B.

first (E∗= 0.718 MeV) and third (E∗= 2.154 MeV) excited ones of 10B nucleus. In this case,

the derived expression for the DCS can be presented in the form as

dσ
dΩ

=
∑

jp

C4
jp
σ̃ jp (Ei, θ), (5)

where C jp is the ANC for 9Be + p → 10B and the σ̃ jp (Ei, θ) is a known function of the θ,
which depends also on the (lp, jp) quantum numbers and the cut-off parameters rchi and rchf
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Figure 3. The astrophysical S factor for the 9Be(p, γ)10B reaction. The points are the experimental

data from [17]. The solid and dashed lines are the results of the present work for the total and direct

radiative capture, respectively.

in the initial and final states determined by only the free parameter ro. Calculations were per-

formed for two the different sets of the optical potentials in the initial and final states, which

were taken from Refs. [5]. The ANC values and r0 giving the best fit to the experimental

DCSs have been defined by minimizing the quantity χ2 only in the main peak of the angular

distribution.

The calculations show that the contribution of the three-body Coulomb effects in the

initial, intermediate and final states to the true peripheral partial amplitudes of the reaction

amplitude can not be ignored and changes from 55% to 7% at li ≥ 16. On the other hand, the

contribution from lower partial amplitudes with li < 14 to the reaction amplitude is strongly

suppressed due to the strong absorption in the entrance and exit channels.

The results of the calculations and the comparison between the DCSs obtained for the set

1 of the optical potentials in the present work (the solid curves), the DWBA obtained in Ref.

[5] (the dotted curves) and experimental data are shown in figure 2a − d. The identical de-
scription of the angular distribution occurs for the set 2 of the optical potentials. The square

of the weighted ANC means obtained in the present work by using the sets 1 and 2 of the op-

tical potentials and Ref. [5] are equal to 4.22±0.18 (5.06±0.46 [5]) and 3.13±0.17(4.35±0.59
[5]) fm−1 for the ground and second excited (E∗= 1.74 MeV) states of 10B, respectively,

which correspond to jp= 3/2. For the adopted values of jp= 1/2 and 3/2, those are equal to

1.31±0.07 and 3.54±0.18 fm−1 (1.27±0.21 and 3.43±0.42 fm−1 [5]) for the first excited (E∗=
0.718 MeV) state of 10B, respectively, as well as 0.32±0.02 and 0.91±0.05 fm−1 (0.29±0.06
and 0.82±0.12 fm−1 [5]) for the third excited (E∗= 2.154 MeV) state of 10B, respectively. As

is seen from here, the square of the ANC values for 9Be + p → 10B obtained in the present

work differs noticeably from that of [5] derived from the analysis of the same reaction per-

formed within the framework of the “post” form of the modified DWBA.
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The weighted means of the ANCs obtained for 9Be + p → 10B are used to calculate

the astrophysical S factor (S (E)) for the radiative capture 9Be(p, γ)10B reaction at stellar

energies. The calculations are performed within the modified R-method [15] in which the

direct component of astrophysical S factors for the 9Be(p, γ)10B reaction are determined

by solely the ANC value. The value of the channel radius rc (rc = 3.1 f m) is chosen to

provide the minimum of χ2. In our calculation of the S (E), the γ−widths for the resonances
were considered adjustable parameters. The protonic widths for the ground and first three

excited states of 10B are taken from Ref. [16]. The γ−widths for the first, second and fourth

resonances which obtained in the present work are in an excellent agreement with the results

of [18], but the γ−width for third resonance is equal to Γγ =11 eV and differs noticeably from

that (Γγ =8 eV) which obtained in [18]. The results of the calculations for the total (S (E)) and
direct (S DC(E)) astrophysical S factors are plotted in figure 3 for the second resonance Jπ=
2+. In particular, the S (0)=0.91±0.15 keV·b and S DC(0)= 0.32±0.02 keV·b (S (0)=0.96±0.06
keV·b and S DC(0)= 0.38±0.02 keV·b [18]) and S (25 keV)= 0.96±0.16 keV·b and S DC(25

KeV)= 0.31±0.02 keV·b are obtained.

4 Conclusion

Within the three-body Schrödinger formalism combined with the dispersion theory, a new

asymptotic theory is proposed for the peripheral charged-particle transfer A(x, y)B reaction

at above-barrier energies, where x=(y + a) and B=(A + a), and a is the transferred particle.

There, the contribution of the three-body (A, a and y) Coulomb dynamics of the transfer

mechanism to the reaction amplitude is taken into account in a correct manner, similarly to

that as it is done in the dispersion theory. Whereas, an influence of the distorted effects in the

entrance and exit channels are kept in mind as it is done in the conventional DWBA.

The results of application of the theory above to the analysis of the experimental differen-

tial cross sections of the above-barrier peripheral proton transfer 9Be(10B,9 Be)10B reaction

populating the ground and first three excited states of 10B are presented and new estima-

tion for the ANC values are obtained. The derived ANCs allow to obtain new values of the
9Be(p, γ)10B astrophysical S factors extrapolated at stellar energies.
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