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Abstract. This contribution reports on a shell-model study of nuclei in the 132Sn region employing a realistic
effective interaction derived from the CD-Bonn nucleon-nucleon potential renormalized through the use of
the Vlow−k approach. We shall focus on some selected results for nuclei with a few valence particles and/or
holes with respect to 132Sn, namely Sn isotopes with N > 82 and 130Te, which have, in part, been discussed in
previous papers. Results are compared with experiments, and predictions that may provide guidance to future
experiments are also discussed. It is the aim of this contribution to underline the importance of studying 132Sn
neighbours to acquire a deep understanding of nuclear structure, that may be very useful also in other physics
fields, and to show that the realistic shell model is a very effective tool to conduct these studies.

1 Introduction

During the last decade, nuclei in the mass region of 132Sn
have been the subject of extensive experimental studies
and new spectroscopic data have been made available, al-
though there are still some open questions, whose answer
certainly requires further investigations.

The robustness of the N = 82 shell closure has been
clearly shown by the mass measurement of [1], transfer re-
actions experiments [2] illustrating the single-particle na-
ture of the levels in 133Sn, as well as by other experimental
results (see, for instance, [3, 4]).

Nuclei around 132Sn represent a crucial opportunity
to investigate the evolution of the shell structure around
a heavy, neutron rich doubly-closed shell nucleus far-off

stability. In the light- and medium-mass regions, struc-
tural changes have been evidenced for nuclei with a large
excess of neutrons, leading to the breakdown of the tra-
ditional magic numbers and the appearance of new ones.
These findings have driven a great theoretical effort to un-
derstand the microscopic mechanism underlying the shell
evolution, with special attention to the role of the different
components of the nuclear force (see, for instance, [5]).
It is of great interest to verify if peculiar properties, as
those observed in lighter nuclei, may be also observed in
the 132Sn region.

Apart from the intrinsic importance to nuclear struc-
ture, this region plays a key role in the dynamics of the
rapid neutron-capture process of nucleosynthesis, the so-
called r-process, since some of these nuclei are acting as
a bottleneck for the reaction flow. The unknown evolu-
tion of the shell structure in this region is one of the main
sources of nuclear physics uncertainty in r-process calcu-
lations. Nuclei in this region may also impact on funda-
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mental physical issues as the neutrinoless double-β decay.
In fact, 130Te and 136Xe are currently considered candi-
dates for the observation of this process in some large ex-
perimental collaborations, such as the CUORE Collabora-
tion in Italy [6], the EXO-200 Collaboration in New Mex-
ico [7] and the KamLAND-Zen collaboration in Japan [8].

From the theoretical point of view, the shell model rep-
resents a very useful framework to understand the structure
of these nuclei providing a microscopic description of nu-
clear properties essentially based on the use of effective
interactions. Nuclei in close vicinity of 132Sn may be very
helpful to test shell-model effective interactions and as-
certain their capability to provide reliable predictions for
nuclei still inaccessible for present experiments.

We have conducted several studies on nuclei of this re-
gion in terms of the so-called realistic shell model, where
the employed shell-model effective interactions are de-
rived from modern nucleon-nucleon potentials by means
of many-body techniques (see [9] and references therein).
This represents a more fundamental approach to the shell
model since effective interactions microscopically derived
from the free nuclear potential, without any phenomeno-
logical adjustments, are employed.

In the present work, we report a few examples of
our realistic shell-model calculations, which have partially
discussed in previous papers [10–12]. In particular, we
shall focus on very neutron-rich even-even tin isotopes
with N > 82, from A = 134 to 140. As a matter of fact, little
is known about the first three isotopes, while no informa-
tion is available for 140Sn, owing to the present experimen-
tal difficulties to access such short-lived nuclei, These Sn
isotopes with a large N/Z ratio, going from 1.68 to 1.80,
give the opportunity to better understand the forces that
bind the nucleons together in very extreme conditions. In
this connection, the possible appearance of a new shell at
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N = 90 may be of great interest, in analogy to what hap-
pens in lighter nuclei, for instance at N = 28 in the Ca iso-
topes.

We will also discuss the spectroscopic properties of
130Te, which as discussed above is a candidate for the ob-
servation of the zero-neutrino double-β decay. For this nu-
cleus, whose β decay properties are shown in [12], we shall
report the results of a more complete calculation, with ef-
fective transition operators derived within a microscopic
approach consistent with that employed for the effective
shell-model Hamiltonian. Our aim is, in fact, to evaluate
the predictive power of our approach, without introducing
any adjustable parameters, in order to verify the reliabil-
ity of our predictions for still unknown quantities, such
as the nuclear matrix element involved in the neutrinoless
double-β decay.

The paper is organized as follows. In Sect. 2, we
outline the theoretical framework of our approach and
give some details about the derivation of the shell-model
Hamiltonian. Section 3 is devoted to the presentation of
the results of our calculations and to the comparison with
the available experimental data. A summary and some
concluding remarks are given in the last Section.

2 Theoretical framework

Within the shell model the complexity of nuclear many-
body problem is simplified by considering the nucleus as
composed of an inert core, made up of completely filled
neutron and proton shells, plus the remaining nucleons -
valence nucleons - that interact in a truncated model space
spanned in general by a single major proton shell and/or
a single major neutron shell above the inert core. All the
shells above the model space are empty and constitute the
external space.

The shell-model Hamiltonian is written as

Heff = H0 + V . (1)

where H0 is the one-body component, which describes the
independent motion of the nucleons, while V represents
the two-body residual interaction between the valence nu-
cleons in the chosen model space.

The shell-model Hamiltonian should account in an ef-
fective way for the neglected degrees of freedom, namely
for the excitations of core particles into the model and ex-
ternal spaces as well as for the excitations of valence par-
ticles in the external space. In the large majority of shell-
model calculations performed until the beginning of the
2000s, empirical Hamiltonians have been employed, by
considering the single-particle (SP) energies of the one-
body term and the two-body matrix elements of the resid-
ual interaction as free parameters, or by taking an analyti-
cal expression with adjustable parameters for the residual
interaction. In both cases, parameters are fixed by fitting
experimental data.

Large progress has been made in the last 20 years or
so in deriving microscopic shell-model interactions from
realistic free nuclear potentials, especially by means of

many-body perturbation theory. These so-called realis-
tic shell-model calculations have the great advantage to
bridge the gap between the effective shell-model interac-
tions and underlying nuclear forces, while no adjustable
parameters are needed.

A detailed description of the approach we use to de-
rive realistic effective Hamiltonians is reported in [13, 14].
Here we just give a sketch of our procedure, that is out-
lined in the following scheme

1. Choosing the realistic nuclear potential;

2. Determining the model space better tailored to
study the system under investigation;

3. Deriving the effective shell-model Hamilto-
nian;

4. Constructing and diagonalizing the Hamilto-
nian to obtain energies and wave functions;

5. Calculating the physical observables such
as electromagnetic transition probabilities,
Gamow-Teller strengths, etc.

The starting point of a realistic shell-model calculation
is the nuclear potential, that may contain two- and three-
body components. The quantitative role of the latter has
been highlighted especially for light nuclei with A≤ 12
[15]. Recently, notable efforts are being made to study
its effects on medium mass nuclei (see [16] and references
therein), but for heavy nuclei the problem is completely
open and no calculations are available so far. We limit,
here, to consider only the nucleon-nucleon (NN) compo-
nent, VNN, of the nuclear potential.

It is worth mentioning that in general, owing to its
strong short-range repulsive behaviour, VNN cannot be
used to derive effective interactions within the framework
of perturbative approaches. To overcome this problem, use
is made of low-momentum potentials. It is done by start-
ing from a realistic model for VNN and integrating out its
high-momentum components, thus obtaining a smooth po-
tential that preserves exactly the onshell properties of the
original potential [17]. Alternatively, one can resort di-
rectly to a chiral potential based upon the effective field
theory [18]. In both cases, these low-momentum poten-
tials, Vlow−k, may be used as input in the derivation of the
effective shell-model interaction without the need of any
further renormalization.

We have then to define, taking into account the lim-
its of the available computing devices, the most appro-
priate model space to investigate the nuclei we are inter-
ested in. To this end, an auxiliary one-body potential U
is introduced, that generates a SP energy spectrum orga-
nized in shells. Then, the effective Hamiltonian, Heff , is
derived making use of the well-known Q̂ box-plus-folded-
diagram method, with the Q̂ box defined in terms of the
unperturbed energy ε as
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Q̂(ε) = PH1P + PH1Q
1

ε − QHQ
QH1P . (2)

where H1 = Vlow−k − U, the operator P projects onto the
truncated shell-model space, and Q = 1 − P.

Within this approach, the effective Hamiltonian is writ-
ten in terms of the Q̂ box and its derivatives

Heff =
∑

i

Fi . (3)

with

F0(ε0) = Q̂(ε0)
F1(ε0) = Q̂1(ε0)Q̂(ε0)
F2(ε0) = [Q̂2(ε0)Q̂(ε0) + Q̂1(ε0)Q̂1(ε0)]Q̂(ε0) .
...

(4)

where Q̂n(ε0) is defined as

Q̂n(ε0) =
1
n!

dnQ̂0(ε)
dεn

∣∣∣∣∣∣
ε=ε0

. (5)

ε0 being the model-space eigenvalue of H0.
Once the Q̂ box and its derivatives are calculated, the

effective interaction is obtained by summing the series
in Eq. 3 using the Lee-Suzuki technique [19], which yields
converged results after a small number of iterations. The
calculation of the Q̂ box is performed by using its per-
turbative diagrammatic expansion and including one- and
two-body diagrams up to a finite order. One- and two-body
diagrams up to third order in the interaction are reported
in [14], where the convergence properties of the Q̂-box ex-
pansion are discussed in detail.

In principle, Heff depends on the number of valence
particles and a specific Hamiltonian should be derived for
each system. However, it is usually evaluated only for the
two-valence-particle system. This means that we include
in our Hamiltonian only one- and two-body terms and ne-
glect higher-body terms that come into play for systems
with more than two particles and arise from the interac-
tion via the two-body force between valence nucleons and
excitations outside the model space.

Within this framework, the SP energies of our shell-
model Hamiltonian result from the sum of the eigenvalues
of H0 and the one-body contributions of Heff , while the
two-body contributions of Heff give rise to the two-body
residual interaction. It worth mentioning, however, that a
subtraction procedure can be used, so as to retain only the
two-body terms of Heff , while the SP energies are taken
from experiment. This approach, although less fundamen-
tal, enables to take into account implicitly the effects of
three-body forces on the SP energies.

In concluding this section, it should be pointed out
that a consistent calculation for the observables requires
the use of effective transition operators derived within the
same framework as the effective Hamiltonian. The for-
malism to construct these operators has been developed by

Figure 1. Calculated and experimental excitation energies (full
black symbols) of the yrast 2+, 4+, and 6+ states in tin isotopes
with A = 134, 136, 138, and 140.

Suzuki and Okamoto [20], who have extended the Q̂ box-
plus-folded-diagram method developed for the Hamilto-
nian to this end. A description of our procedure to calcu-
late the effective transition operators, based on Suzuki and
Okamoto method, can be found in [12].

3 Results

As mentioned in the Introduction, we discuss here two
cases, whose results have been partially reported in pre-
vious papers [10–12]. Our aim is to show the reliability of
our approach as well as to illustrate some inconsistencies
whose solution would require further investigations also
from the experimental point of view.

In particular, we discuss the spectra and E2 transitions
rates for Sn isotopes with A = 136 − 140. Then, we report
on the spectroscopic properties of 130Te. In both cases,
the effective interaction is derived starting from the high
precision CD-Bonn NN potential [21], renormalized by
means of the Vlow−k approach, with Λ = 2.2 and 2.6 fm−1

for Sn isotopes and 130Te, respectively.
Calculations have been carried out using the shell-

model code ANTOINE [22].

3.1 Sn isotopes with N > 82

We have considered the doubly magic 132Sn as closed core
and let the valence neutrons occupy the six levels 0h9/2,
1 f7/2, 1 f5/2, 2p3/2, 2p1/2, and 0i13/2 of the 82 − 126 shell.
Starting from the Vlow−k, we have calculated the effective
Hamiltonian by means of the Q̂ box folded-diagram ex-
pansion, with the Q̂ box including all diagrams up to sec-
ond order in the interaction. In this case, as discussed in
Sec. 2, we have employed a subtraction procedure so as to
retain only the two body terms of Heff , while the SP en-
ergies are taken from experiment. The B(E2) values have
been calculated using an effective neutron charge of 0.7e,
whose value is adjusted on the B(E2; 6+ → 4+) in 134Sn.

The calculated excitation energies of the yrast 2+, 4+,
and 6+ states for 134,136,138,140Sn are compared with the
available experimental data [23–25] in Fig. 1, which points
to a very good agreement between theory and experiment.

We predict an almost flat behavior for the energies of
the three excited states, with a slight increase at N = 90
for the 2+ and 4+ states, which becomes more significant
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Figure 2. Percentages of the dominant configurations for the
ground and the yrast 2+, 4+, 6+ states in tin isotopes with A = 134,
136, 138, and 140.

Figure 3. Effective single-particle energies of the orbitals of the
N = 82 − 126 shell from A = 132 to 140.

for the 6+ state. This behavior may be explained by the
closure of the 1 f7/2 orbital. In Fig. 2, we report the per-
centages of the main configurations for the ground and the
yrast 2+, 4+, 6+ states. It can be seen that all the states
are dominated by the (1 f7/2)n configuration up to 138Sn, n
being the number of valence neutrons. In 140Sn, due to the
filling of the 1 f7/2 orbital, excited states derive essentially
from neutron excitations to the 2p3/2 orbital, the 6+ state
requiring the excitation of at least two neutrons.

As a matter of fact, our results are in line with those
of Ref. [26] and do not show a significant upshift of the
2+ state in 140Sn, which excludes the possible existence
of a N = 90 shell closure in contrast to the conclusion
of [28]. In [28], a large shell gap is found at N = 90
by using an empirical interaction or a realistic interac-
tion with monopole corrections accounting for three body
effects. These interactions produce, in fact, a consider-
able increase between the effective single-particle energies
(ESPE) of the 1 f7/2 and 2p3/2 orbitals when going from
132Sn to 140Sn. As it can be seen in Fig. 3, our effective
single-particle energies do not show such an increase, but,
on the contrary, indicate a slight decrease of about 100
keV.

Clearly, we cannot exclude that our results are affected
by the omission of three-body forces. We have studied the
contribution of chiral three-body forces to the monopole
component of the effective shell-model Hamiltonian for
nuclei belonging to f p shell in Ref. [16]. In this paper, we

Figure 4. Calculated and experimental (full black symbols)
B(E2) strengths from the yrast 2+, 4+, and 6+ states in tin iso-
topes with A = 134, 136, 138, and 140.

show that the inclusion of a three-body force leads to an
enlargement of the gap between the 1 f7/2 and 2p3/2 neu-
tron ESPE of 0.7 MeV at N = 28, thus providing good clo-
sure properties in doubly-closed 48Ca. However, even if
these calculations point to the importance of taking into
account three-body forces, they also indicate that their ef-
fect could not be so large as that predicted in [28] for 140Sn.
In any case, the above discussion points at the need of fur-
ther theoretical investigations, as well as of acquiring more
experimental data.

We discuss now the E2 transition properties of Sn iso-
topes under investigation. In Fig. 4 we have reported the
B(E2) values from the yrast 2+, 4+, and 6+ states together
with the available experimental data [23, 25, 27]. Unfortu-
nately, no information are available for the B(E2; 4+→ 2+)
transitions and the B(E2; 2+→ 0+) is known only for
134Sn.

We see that the B(E2; 2+→ 0+) in 134Sn and the
B(E2; 6+→ 4+) in 138Sn are well reproduced by the the-
ory (the B(E2; 6+→ 4+) in 134Sn is used to fix the neu-
tron effective charge). On the other hand, the observed
B(E2; 6+→ 4+) in 138Sn is significantly underestimated.
The predicted B(E2; 6+→ 4+) values are close to the
seniority v= 2 pattern, namely to a symmetric positive
parabola with the minimum value at N = 86 corresponding
to a half-filled 1 f7/2 orbital. The experimental behaviour
shows a substantial deviation from the seniority scheme.

As a matter of fact, the calculated spectrum of 136Sn,
shows two 4+ states very close in energy, at 1.020 and
1.180 MeV, which are dominated, respectively, by the v= 2
and 4 component. This means that small changes in the
two-body matrix elements of the shell-model interaction
may produce mixed seniority 4+ states with consequent
changes in B(E2; 6+→ 4+) pattern. On this basis, we have
modified the J = 2, 4, and 6 diagonal matrix elements of
our interaction for the (1 f 2

7/2 configuration by about 50 -
100 keV.

In Table 1 and 2 the available experimental data are
compared with the excitation energies and the B(E2) val-
ues in 136Sn, obtained by the two calculations, without
(Th1) and with (Th2) modified interaction matrix ele-
ments. It may be seen that the B(E2; 6+ → 4+) obtained
with modified matrix elements is in very good agreement
with the experimental value, and also the agreement for
the excitation energies is slightly improved. Very similar
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Table 1. Calculated and experimental excitation energies
(in MeV) for 136Sn.

Jπ Th1 Th2 Expt
0+ 0.0 0.0 0.0
2+ 0.737 0.658 0.688
4+

1 1.020 1.054 1.079
4+

2 1.180 1.176
6+ 1.133 1.280 1.295

Table 2. Calculated and experimental B(E2) strengths (in W.u.)
for 136Sn.

Jπi → Jπf Th1 Th2 Expt
2+ → 0+ 117 119
4+

1 → 2+ 34 90
6+ → 4+

1 5 32 24(4)
6+ → 4+

2 66 41

results are found in [25], where a reduction of 150 keV
was introduced for the (1 f7/2)2 diagonal and off-diagonal
matrix elements to reproduce the B(E2; 6+→ 4+) in 136Sn.
It is clear, however, that a sound test of the two-body ma-
trix elements of the interaction requires more experimental
data, as for instance the B(E2; 4+

1 → 2+) in 136Sn, whose
predictions from Th1 and Th2 are very different.

3.2 130Te

In this Section, we report results for 130Te that have been
obtained with a completely microscopic calculation, with-
out using any empirical input. In fact, both the effective
shell-model Hamiltonian, SP energies as well as two-body
matrix elements, and electromagnetic transition operators
are derived within the many-body perturbative approach
described above by including diagrams up to the third or-
der.

Our aim is to show that such kind of calculations are
able to reproduce quantitatively the spectroscopic proper-
ties of this nucleus, which, as mentioned in the Introduc-
tion, is considered a candidate for the observation of the
neutrinoless double-β decay. As model space, we have
taken the five neutron and proton orbitals of the 50 - 82
shell outside the doubly closed 100Sn, namely 0g7/2, 1d5/2,
1d3/2, 2s1/2, and 0h11/2.

The calculated spectrum of 130Te up to about 2 MeV is
compared with the experimental one [29] in Fig. 5, while
Tables 3 and 4 show the comparison of the calculated and
experimental [29, 30] B(E2) and B(M1) strengths, respec-
tively. The agreement is overall very good. The largest
discrepancy between theoretical and experimental excita-
tion energies is 250 keV for the third 2+ state, while for
all the other states it is below 170 keV. As concerns the
electromagnetic properties, we see that the few certain ex-
perimental values are well reproduced by our calculations.

In Ref. [12] we have reported the Gamow-Teller
strength distributions and the calculated nuclear matrix el-
ement of the two-neutrino double-β decay for 130Te and
compared them with the experimental data. As for the
electromagnetic operators, the Gamow-Teller operator is

Figure 5. Experimental and calculated spectra for 130Te

calculated within an approach that is consistent with the
construction of the corresponding effective Hamiltonian.
It is shown that also the decay properties of this nucleus
are very well reproduced by the theory, without resorting
to an empirical quenching of the axial coupling constant
gA.

Table 3. Calculated and experimental B(E2) strengths (in W.u.)
for 130Te

Jπi → Jπf Th Expt
2+

1 → 0+
1 10.7 15.1(3)

2+
2 → 2+

1 3.6 < 21(1)
0.73(2)

2+
2 → 0+

1 0.1 < 1.3 × 10−2(1)
4+

1 → 2+
2 0.9

4+
1 → 2+

1 10.4
6+ → 4+

1 5.5 6.1(3)
2+

3 → 4+
1 0.9

2+
3 → 2+

2 1.2
2+

3 → 2+
1 10.8 34(3)

2.2(+3,-2)
2+

3 → 0+
1 0.3 2.8 × 10−2(4)

Table 4. Calculated and experimental B(M1) strengths (in nm2)
for 130Te

Jπi → Jπf Th Expt
2+

2 → 2+
1 0.085 < 1.3 × 10−2(1)

4.3 × 10−2(+2,-1)
2+

3 → 2+
2 0.000

2+
3 → 2+

1 0.042 3.7 × 10−3(+3,-4)
9.7 × 10−2(+8,-11)

4 Summary and Conclusions

In this contribution, we have presented results of realis-
tic shell-model calculations for nuclei in the 132Sn region.
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This region is of great interest for studying the evolution
of the shell structure - and how it is driven by the under-
lying nuclear forces - around a heavy, neutron-rich dou-
bly closed-shell nucleus far off stability. It plays also a
key role in the dynamics of the rapid neutron-capture pro-
cess of nucleosynthesis and some nuclei near 132Sn impact
on fundamental physical issues such as the neutrinoless
double-β decay. Relevant data are, however, still missing,
but hopefully they can be provided by future experiments,
thanks to the availability of radioactive ion beams of suffi-
ciently high intensity.

We have employed effective interactions derived
by many-body perturbation theory from the CD-Bonn
nucleon-nucleon potential, whose short-range repulsion is
renormalized by constructing a smooth low-momentum
potential, Vlow−k. First, we have discussed results for very
neutron-rich even-even N > 82 tin isotopes with A = 134 -
140, by employing realistic two-body matrix elements of
the interaction and empirical SP energies as well as ef-
fective neutron charge. Then, we have reported excitation
energies and electromagnetic properties of 130Te obtained
within a more consistent calculation, with a completely
microscopic Hamiltonian and effective transition operators
derived by using the same framework of the effective shell-
model Hamiltonian. In latter case, our aim was to assess
the predictive power of our approach, without introducing
any adjustable parameters, in order to make predictions
for still unknown quantities, as the nuclear matrix element
involved in the neutrinoless double-β decay.

We have shown that realistic shell-model calculations
are able to reproduce quantitatively the available experi-
mental data of these nuclei, testifying that they are a very
effective tool to investigate the nuclear structure proper-
ties of the 132Sn region. Our discussion for Sn isotopes
also points to some remaining open questions, that cer-
tainly need further investigations from both the theoretical
and experimental points of view.
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