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Abstract. In this paper, we report numerical calculations of the localization
length in a non-interacting one-dimensional tight-binding model at zero tem-
perature, holding a correlated disorder model with an algebraic power-spectrum
(de Moura-Lyra model). Our calculations were based on a Kernel Polynomial
implementation of the Thouless formula for the inverse localization length of
a general nearest-neighbor 1D tight-binding model with open boundaries. Our
results confirm the delocalization of all eigenstates in de Moura-Lyra model for
α > 1 and a localization length which diverges as ξ ∝ (1 − α)−1 for α → 1−, at
all energies in the weak disorder limit (as previously seen in [12]).

1 Introduction

The kernel polynomial method (KPM) [1] is now recognized as a valuable tool for calculating
the physical properties of quantum systems and has been extensively studied in computational
condensed-matter physics [2]. For our particular interest, this method has been successfully
applied to compute the density of states [3], the inverse localization length [4] and even the
spectral function of disordered one-dimensional systems, which can hold spatially-correlated
disorder models [5].

It is well established that electronic states in the one-dimensional Anderson model are
localized for all energies and any amount of disorder [6–8]. But for spatially correlated
disorder, other possibilities arose. In 1998, de Moura and Lyra [10] analyzed an 1D tight-
binding model with spatially correlated on-site disorder having an algebraic power-spectrum,
S (k) ∝ k−α, uncovering an unexpected insulator-to-metal transition as α = 2 is crossed from
below, accompanied by the appearance of a mobility edge which separates extended states
(near the band center) from localized ones.

This model was revisited recently [12], having been shown to suffer from rather strong
and tricky to handle finite-size effects over the entire parameter region α ∈ [0,∞[. For α > 1,
any finite section of the system becomes ordered in the thermodynamic limit, because the
disorder’s correlator for any two sites at distance r becomes a function of r/N, where N is
the system size [11]. By devising a way to control finite size effects, and suitably take the
thermodynamic limit, a delocalization transition of all eigenstates was proved to happen at
α = 1 in the thermodynamic limit [12]. This work measured the localization length using
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the scaling of the typical mesoscopic conductance with system size, as calculated from the
Landauer formalism.

In this paper, we use the KPM to determine the localization length, based on an old-result
by Thouless, which is valid for 1D systems in the thermodynamic limit [6]. This work is a
sequel of previous work by Santos Pires et al [12], which presents an independent verification
of its results, and also demonstrates the usefulness of the KPM for studying localization
properties on finite disordered lattices, even in the presence of strong finite-size effects. An
excellent agreement is found between the two methods.

The following text is organized as follows. In Sec. 2, we present the tight-binding model
of non-interacting fermions with onsite disorder, and review both Thouless’s [6] and Izrailev
and Krokhin’s [13] results for the localization length of disordered 1D systems. In Sec. 3,
we compute of localization length for the disordered systems of our interest using KPM
implementation of Thouless’s formula. We discuss our findings in Sec. 4 and summarize our
conclusions in Sec. 5.

2 Disorder Models and Formulas for the Localization Length

A system of free fermions on an one-dimensional lattice with N sites has the following gen-
eral tight-binding Hamiltonian

Ĥ =
∑

i

εiĉ
†
i ĉi −

∑
〈i j〉

(
ti jĉ
†
i ĉ j + h.c

)
. (1)

The essential parameters in the model are the hopping integrals t and the on-site values of the
disordered potential, εi. For simplicity we will consider that only nearest-neighbor hoppings
are relevant, i.e. ti j = t = 1, and all energy scales will be measured in units of t. For
the Anderson model, the on-site energies εi are independent random variables uniformly
distributed in the interval [−W

2 ,
W
2 ], where W controls the strength of disorder. For the de

Moura-Lyra model of correlated disorder, the randomness is long-range correlated with a
power-spectrum S (k) ∼ k−α which decays algebraically with an exponent α > 0. Hence, α
is the parameter which loosely controls the roughness of potential landscapes in real-space.
More precisely, the on-site energies are defined by [5, 10],

εi = Aα
N/2∑
k=1

1
kα/2

cos(
2πk
N

i + φk). (2)

whereAα is the normalization constant that ensures a fixed variance of local disorder, and φk

are N/2 independent random phases uniformly distributed in the interval [0, 2π]. In the limit
α → ∞, this potential becomes a cosine potential with vanishing noise and a random overall
phase. In this case, there are clearly eigenstates which are delocalized over the whole sample
due to the effective absence of disorder. One also recovers Anderson’s model of white noise
potential (with a gaussian local distribution)in the limit α→ 0+.

As shown in Ref. [12], the localization of eigenstates in the de Moura-Lyra model mostly
depends on the magnitude of the short-scale noise, rather than the power-law tails of the
disorder correlator. The normalized single-bond discontinuity, defined as

DN(α, 1) :=

〈
(εn − εn+1)2

〉

2σ2
ε

= 1 −CN(α, 1), (3)

measures the variance of the nearest-neighbor on-site energy differences for a correlated dis-
order realization with N values. In Eq. (3), CN(α, 1) is the size-dependent two-point space
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i ĉ j + h.c

)
. (1)

The essential parameters in the model are the hopping integrals t and the on-site values of the
disordered potential, εi. For simplicity we will consider that only nearest-neighbor hoppings
are relevant, i.e. ti j = t = 1, and all energy scales will be measured in units of t. For
the Anderson model, the on-site energies εi are independent random variables uniformly
distributed in the interval [−W

2 ,
W
2 ], where W controls the strength of disorder. For the de

Moura-Lyra model of correlated disorder, the randomness is long-range correlated with a
power-spectrum S (k) ∼ k−α which decays algebraically with an exponent α > 0. Hence, α
is the parameter which loosely controls the roughness of potential landscapes in real-space.
More precisely, the on-site energies are defined by [5, 10],

εi = Aα
N/2∑
k=1

1
kα/2

cos(
2πk
N

i + φk). (2)

whereAα is the normalization constant that ensures a fixed variance of local disorder, and φk

are N/2 independent random phases uniformly distributed in the interval [0, 2π]. In the limit
α → ∞, this potential becomes a cosine potential with vanishing noise and a random overall
phase. In this case, there are clearly eigenstates which are delocalized over the whole sample
due to the effective absence of disorder. One also recovers Anderson’s model of white noise
potential (with a gaussian local distribution)in the limit α→ 0+.

As shown in Ref. [12], the localization of eigenstates in the de Moura-Lyra model mostly
depends on the magnitude of the short-scale noise, rather than the power-law tails of the
disorder correlator. The normalized single-bond discontinuity, defined as

DN(α, 1) :=

〈
(εn − εn+1)2

〉

2σ2
ε

= 1 −CN(α, 1), (3)

measures the variance of the nearest-neighbor on-site energy differences for a correlated dis-
order realization with N values. In Eq. (3), CN(α, 1) is the size-dependent two-point space

correlator of the local disorder and, in the thermodynamic limit (N → ∞), the normalized
single-bond discontinuity for α < 1 reduces to

D∞(α, 1) = 1 − 1F2

(
1 − α

2
;

1
2
,

3 − α
2

;−π
2

4

)
. (4)

where 1F2(x) is an hypergeometric function.

The Thouless Formula:

In the Thouless’s 1972 paper [6], an analytical expression for the characteristic decay length
of the single-particle Green’s function for a 1D model Hamiltonian with nearest-neighbor
hoppings, open boundaries and holding an arbitrary on-site disorder. In the thermodynamic
limit, the Thouless formula may be expressed in terms of the density of states of the disor-
dered system —ρ (ε) — as follows:

1
ξ(E)

=

∫
ρ(ε) ln |E − ε | dε. (5)

This formula is rather general and does not involve any perturbative approach.

The Izrailev-Krokhin Formula:

Meanwhile, in the weakly disordered regime and in the thermodynamic limit, ξ−1(E) can
also be calculated by a perturbative formula first derived by Izrailev and Krokhin [13], for a
general model of correlated disorder. Their result, in the first-order on the local variance σε,
reads

1
ξ(k)
≈ σ2

ε

8 sin2 k

1 + 2
∞∑

r=1

C(r) cos 2kr

 , (6)

where Cα(r), is the normalized two-point correlator of the random potential and E = 2 cos k.
Applying this to our two models of interest one gets: (a) ξ ≈ 105.2/W2,for the Anderson
model, at the band center; [8] And (b),

ξ(E) =
8

(1 − α)σ2
ε

(1 − E2

4
)
[
2
π

arccos(
E
2

)
]α
. (7)

for the de Moura-Lyra model [12], at an energy E. The expression of Eq. (7), can be used to
calculate the localization length of the de Moura-Lyra model for any values of the energy and
of the correlation controlling parameter α, in limit N → ∞.

3 Kernel Polynomial Method implementation of the Thouless
Formula

The kernel polynomial method [1] is a polynomial expansion-based technique for calculating
spectral quantities with a computational effort that scales linearly with system size. The
Chebyshev polynomials are a convenient choice for expanding the desired quantities, due to
the convergence properties of their summations and its relation to Fourier transforms. The
first kind Chebyshev polynomials, Tm(x), are defined as

Tm(x) = cos(m arccos(x)), m ∈ N. (8)
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These polynomials obey the following recursion relation

Tm(x) = 2xTm−1(x) − Tm−2(x), m > 1. (9)
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Figure 1. Left panel: Numerical study of the convergence of the localization length to its thermody-
namic limit value, i.e. plot of ξN(E = 0)/ξ∞ as a function of N/ξ∞ for the 1D Anderson model with
open boundaries. The data were computed using the KPM with M = 2048 Chebyshev moments and
have an estimated error of 1%. The parameter ξ∞ is the analytically calculated localization length in
the perturbative regime for N → ∞ [8]. In the inset, we confirm the convergence of the KPM estimates
of the localization length by comparing with the results calculated by an exact diagonalization of the
disordered Hamiltonian for W/t = 1.
Right panel: Estimates of the normalized localization length σ2

εξ(E = 0), as a function of α for the de
Moura-Lyra model with OBC using the KPM. The computations were carried out for a fixed (a) system
of size ofN = 218sites and various local variances,σε, and (b) σε = 0.289 (i.e. W = t) and for various
system sizes. Once again, M = 2048 Chebyshev moments were used to obtain an 1% estimated error
of convergence. The dashed black curve stands for the Izrailev-Krokhin result (Eq. (7)) and, in (b), the
numerical curves seem to be converging towards this one as N is increased. This reflects the strong
finite-size effects which are known to exist in this problem.

which starts with T0(x) = 1 and T1(x) = x. Additionally, they also satisfy the orthogonality
relation ∫ 1

−1
Tn(x)Tm(x)(1 − x2)−1/2dx =

π

2
δn,m(δn,0 + 1). (10)

Since Thouless’ result [6] expresses the inverse localization length in terms of a density of
states, KPM estimates of the localization length may be obtained from the KPM approxi-
mated density of states [1, 3] as: [4]

1
ξ(E)

= − ln 2 − 2
M−1∑
m=1

µmgm

m
Tm(E). (11)

While this allows the computation of ξ−1(E) for any band energy E, we will focus on the
band center without any loss of generality. The KPM moments in Eq. 11, µm, are defined as

µm =
∫ 1
−1 Tm(ε)ρ(ε) dε = 1

N Tr[Tm(Ĥ)]. (12)

The expression of Eq. (11) is the truncated series with M terms. This abrupt truncation
introduces Gibbs oscillations—signaling non-uniform convergence. This numerical artifact
can be filtered out of the final result by employing an optimized damping factor, such as the
so-called Jackson Kernel gm defined as [1]:

gm =
(M − m + 1) cos( mπ

M+1 )
M + 1

+
sin( mπ

M+1 ) cot( π
M+1 )

M + 1
. (13)

4

EPJ Web of Conferences 233, 05011 (2020) https://doi.org/10.1051/epjconf/202023305011
CMPNC 2019



These polynomials obey the following recursion relation

Tm(x) = 2xTm−1(x) − Tm−2(x), m > 1. (9)

1 10 100 1000
N/ξ

∞

0.5

1

2

4

8

ξ N
(E

 =
 0

)/ξ
∞

W/t = 0.75
W/t = 1.00
W/t = 1.25
x/(x - 0.6)

1 10 100 1000
0.1

1

10

100

ξ N
(E

  =
 0

)/ξ
∞ Exact Diag.

KPM

N/ξ
∞

0 0.2 0.4 0.6 0.8 1
α

0

50

100

150

σ
ε2
ξ(

E 
= 

0)

Analytical
σ
ε
 = 0.500

σ
ε
 = 0.289

0 0.2 0.4 0.6 0.8 1
α

Analytical
N = 218

N = 222

N = 225

(a)   N = 218                                      (b)  σ
ε
 = 0.289

Figure 1. Left panel: Numerical study of the convergence of the localization length to its thermody-
namic limit value, i.e. plot of ξN(E = 0)/ξ∞ as a function of N/ξ∞ for the 1D Anderson model with
open boundaries. The data were computed using the KPM with M = 2048 Chebyshev moments and
have an estimated error of 1%. The parameter ξ∞ is the analytically calculated localization length in
the perturbative regime for N → ∞ [8]. In the inset, we confirm the convergence of the KPM estimates
of the localization length by comparing with the results calculated by an exact diagonalization of the
disordered Hamiltonian for W/t = 1.
Right panel: Estimates of the normalized localization length σ2

εξ(E = 0), as a function of α for the de
Moura-Lyra model with OBC using the KPM. The computations were carried out for a fixed (a) system
of size ofN = 218sites and various local variances,σε, and (b) σε = 0.289 (i.e. W = t) and for various
system sizes. Once again, M = 2048 Chebyshev moments were used to obtain an 1% estimated error
of convergence. The dashed black curve stands for the Izrailev-Krokhin result (Eq. (7)) and, in (b), the
numerical curves seem to be converging towards this one as N is increased. This reflects the strong
finite-size effects which are known to exist in this problem.

which starts with T0(x) = 1 and T1(x) = x. Additionally, they also satisfy the orthogonality
relation ∫ 1

−1
Tn(x)Tm(x)(1 − x2)−1/2dx =

π

2
δn,m(δn,0 + 1). (10)

Since Thouless’ result [6] expresses the inverse localization length in terms of a density of
states, KPM estimates of the localization length may be obtained from the KPM approxi-
mated density of states [1, 3] as: [4]

1
ξ(E)

= − ln 2 − 2
M−1∑
m=1

µmgm

m
Tm(E). (11)

While this allows the computation of ξ−1(E) for any band energy E, we will focus on the
band center without any loss of generality. The KPM moments in Eq. 11, µm, are defined as

µm =
∫ 1
−1 Tm(ε)ρ(ε) dε = 1

N Tr[Tm(Ĥ)]. (12)
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Figure 2. (a) Plot of the normalized localization length, σ2
εξ(E = 0), as a function of the parameter

DN(α, 1), for the de Moura-Lyra model with OBC at zero temperature. The numerical computations
were carried out for a disorder variance σε = 0.289 using M = 2048 Chebyshev moments and an
estimated error of 1%. The data can be collapsed into a single curve y = axb(dashed magenta line). (b)
Comparison between the thermodynamic limit values of σ2

εξ(E = 0) predicted by the dashed curve in
(b), with the analytical expression of Eq. (7).

4 Results and Discussion

In order to validate our KPM estimates of ξ−1, we first addressed the numerical convergence
of the localization length for the well-known uncorrelated Anderson model. In the left panel
of Fig. 1, we illustrate the convergence of our finite lattice results towards the perturbative
thermodynamic limit result (ξ = 105.2/W2) as the size of the chain is increased, for different
disorder strengths. All the calculations were done with an estimated error of 1% as deter-
mined by the standard-deviation of the sample-specific fluctuations in the localization length.
In addition, we found the numerical data of Fig. 1 to be well fitted to the scaling function,

ξ(E = 0)
ξ∞

=
x

x − x0
, x0 ∼ 0.6. (14)

where x = N/ξ∞.
The delocalization behavior of the eigenstates in the de Moura-Lyra potential is illustrated

in Fig. 1 (right panel). The rescaled localization length shows large deviation from Izrailev’s
result for σε = 0.5 (non-perturbative regime). However, it starts to converge with decreasing
σε for a fixed-system size as signaled by the approaching curves in (a). Nevertheless, there
are strong system finite-size effects [12], clearly visible in (b), which prevent the observation
of a fully converged curve for sizes as large as N = 225sites. The convergence is then very
slow near the transition point α ∼ 1.

The Fig. 2(a) illustrates the scaled localization length of the model as a function of the
parameter DN(α, 1), instead of α, in the perturbative regime (σε = 0.289). We now find
a perfect collapse of all the data into a curve of the form y = axb(dashed magenta line).
With this collapse, we are able to understand the operation of these finite-size effects — by
increasing the system size, all the data points (σ2

εξ(E = 0)) slide upwards over the dashed
curve Finally, we can read the thermodynamic limit value of σ2

εξ(E = 0) for a given α, as the
ordinate of the dashed curve at x = D∞(α, 1) (see Eq. (4)). A comparison with the analytical
result (Eq. (7)) is depicted in Fig. 2(b). One can clearly see that the extrapolated data shows
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an excellent agreement with the analytical result, thus confirming the delocalization transition
at α = 1 found earlier by the authors.

5 Conclusions

We reported numerical calculations of the localization length in one-dimensional disordered
tight-binding models with uncorrelated (Anderson model) and also spatially correlated (de
Moura-Lyra model) on-site disorder. The calculations were done by applying the very ef-
ficient Kernel Polynomial Method to implement the Thouless formula for the localization
length of a general one-dimensional tight-binding model with open boundaries.

For the Anderson model, we found an excellent agreement of the KPM-estimated local-
ization length with the perturbative analytical results, confirming the validity of our proce-
dure. We also studied the dependence of the measured ξ with the chain’s size, thus checking
its convergence to the well-known value in the thermodynamic limit.

For the trickier de Moura-Lyra model, we showed that our KPM implementation of
the Thouless formula fully confirms results obtained previously with Landauer formal-
ism.Namely, we were able to reproduce the divergent behavior of the localization length ,
ξ ∝ (1 − α)−1, in the vicinity of delocalization transition at “α = 1”, in the perturbative
regime. This observation was done by a finite-size extrapolation similar to the one used by
Santos Pires et al [12].
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