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Abstract. We present an initial attempt to model scattering in freeform optical design. Scattering is modelled
as a convolution of the unperturbed specular distribution and a spreading function. Deconvolution is used to
recover the equivalent specular distribution, for which design procedures are well established.

1 Introduction

Most freeform optical design relies on geometrical optics,
where light is represented by rays which travel in straight
lines in homogeneous media and adhere to the law of re-
flection and Snell’s law of refraction at optical interfaces.
This approach, whilst mathematically appealing, neglects
light scattering, which could negatively affect the perfor-
mance of the optical element. We present an initial attempt
to include these effects via a convolution of an unperturbed
specular distribution and a spreading function. The design
problem would thus entail prescribing a desired distribu-
tion, deconvolving it with the spreading function to get an
“equivalent specular problem” and using previously devel-
oped tools in the rest of the design process.

2 Mathematical model

Our model is currently restricted to two-dimensional prob-
lems, but it may readily be generalised to three dimen-
sions. We propose to model the scattering phenomena
as a two-step process, whereby the incident ray first ex-
periences a specular reflection, followed by a scattering
event. The specular reflection may be described by a map
m: t → θ, [1], where t and θ(t) are the directions of the in-
cident and reflected ray, see Fig. 1. Similarly, the inverse
specular mapping reads t = m−1(θ).

Fix t, such that the energy balance in the associated
specular direction θ = θ(t) becomes

G̃(θ) = I
(
m−1(θ)

) dm−1

dθ
(θ), (1)

where G̃(θ) is the specular intensity distribution as gov-
erned by the mapping m and the initial source distribution
I(t). In reaching (1), we utilised the inverse specular map
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Figure 1. Illustration of the law of reflection.

and its first derivative whilst considering how a small pen-
cil of rays centred about t gets mapped by m.

The scattering event essentially creates a second map

sα: θ → β, β ≡ θ + α,

where α is a stochastic variable representing the angular
deviation from the specular direction. By again fixing t
for the case with scattering included, and considering the
integral over the source distribution I(t), we get∫
T

I(t) dt =

∫
B

∫
A

p(α)I(m−1(β − α)
) dm−1

dθ
(β − α) dα dβ,

(2)
where the spreading function p(α) is a probability density
function, and the limits of the integrals are taken to be the
physically relevant directions.
Next, we state the global energy balance as∫

T

I(t) dt =

∫
B

G(β) dβ, (3)
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Figure 2. Two-dimensional example of reflector design using the proposed method; (a) the given intensity distribution G(β) and the
spreading density function p(α) are deconvolved to get G̃(θ); (b) the corresponding specular reflector yielding G̃(θ) in the far field when
I(t) is taken to be unity for all relevant values of t.

where G(β) is a prescribed intensity distribution after re-
flection and scattering. Comparing (2) and (3), it is clear
that

G(β) =

∫
A

p(α)I
(
m−1(β − α)

) dm−1

dθ
(β − α) dα

=

∫
A

p(α) G̃(β − α) dα, (4)

where

G̃(β − α) := I
(
m−1(β − α)

) dm−1

dθ
(β − α)

is a specular distribution without the effect of scattering.
To reach this expression, recall that β−α = θ, and compare
the above expression to that in (1). The two are clearly
identical.

3 Solution algorithm

The proposed solution algorithm may be outlined as fol-
lows. Given I(t), G(β) and p(α):

1) Compute the deconvolution from (4) to get G̃(θ).

2) Design the specular reflector with target distribution
G̃(θ) using contemporary tools and techniques, such
a Monge-Ampère solver [2].

The critical step for the present discussion naturally be-
comes computing the deconvolution, where physical con-
straints such as positivity are crucial.

4 Two-dimensional example

An example of the proposed method is outlined in Fig. 2,
where the equivalent specular intensity distribution G̃(θ) is
found by deconvolving the spreading function p(α) from
the desired intensity distribution G(β). In this case, the de-
convolution can be carried out via Matlab’s \ operator, but
this is not generally the case as the matrix representation
of p(α) often is nearly singular [3]. Then a simple design
algorithm from Maes [1] based on conservation of energy
is applied to obtain the specular reflectors in (b).

In particular, the desired intensity distribution G(β) is
shown in Fig. 2 (a), together with a normalised bidirec-
tional transmission distribution function measured from a
1.5 mm thick polycarbonate sample with 0.3% (weight)
silicon scatterer particles acting as p(α). The equivalent
specular distribution G̃(θ) = 4π/(π2 + 64 θ2) has com-
pact support −π/8 ≤ θ ≤ π/8. I(t) is taken as unity for
π/4 ≤ t ≤ π/2 and zero for all other t.
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