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Abstract. We propose a new total cross section model including its uncertainty to estimate systematic uncer-
tainty in particle transport simulations. Medians and widths of parameters in the model, which describe the
model uncertainty in the simulation, were determined by using the KALMAN code based on the Bayes’ the-
orem. We implemented the new model in the particle and heavy ion transport code system (PHITS), and then
performed shielding calculations with neutron beams. By using analysis of variance (ANOVA), the systematic
uncertainty associated with the model uncertainty can be estimated from variance in calculated results.

1 Introduction

Particle transport simulations based on the Monte Carlo
technique have been successfully applied to radiation
shielding in accelerator facilities. The reliability of the
simulation results can be usually evaluated by statistical
uncertainties, which depend on the number of trials. In ad-
dition, the results include systematic uncertainties that are
caused by unclear physical quantities such as total cross
sections and reaction cross sections. Therefore, estimation
of the systematic uncertainty is also required to confirm
quantitatively the reliability of results.

Recently, Koning and Rochman proposed the Total
Monte Carlo method[1] to estimate the systematic uncer-
tainty. In the method, many nuclear data libraries are de-
veloped by a nuclear reaction model TALYS[2] with vary-
ing its internal parameters. Thereafter, transport simula-
tions are performed along with the developed libraries.
The systematic uncertainty can be estimated from variance
in results obtained by the simulation. Note that it is diffi-
cult to apply this method to analysis of shielding calcula-
tion for high-energy accelerators because nuclear reaction
models instead of nuclear data libraries are generally em-
ployed in the simulation.

In this study, we proposed a new total cross section
model implemented in the Particle and Heavy Ion Trans-
port code System (PHITS)[3] to estimate the systematic
uncertainty caused by total cross sections of neutrons in
the shielding calculation. We evaluated uncertainties of
internal parameters included in the model by the code
KALMAN[4], which is Bayesian code based on the least
squares technique, comparing with experimental data of
the total cross section for several targets between C and
Pb. In our method, particle transport simulations are per-
formed varying the internal parameters to obtain the vari-
ance in calculated results, and then systematic uncertain-
ties are estimated from the variance based on analysis of
variance (ANOVA)[5, 6]. Computational procedures used
∗e-mail: hashimoto.shintaro@jaea.go.jp

in this study are presented in Sec. 2 and calculation results
and discussion are shown in Sec. 3. Section 4 presents our
conclusions and future works.

2 Computational procedures

2.1 The KALMAN code

The KALMAN code[4] based on Bayes’ theorem has been
used to evaluate covariance data of nuclear data. In this
code, the model calculation f (x) with parameter vector x
is assumed by using a first-order Taylor expansion as fol-
lows:

f (x) = f (xpri) + C(x − xpri), (1)

where xpri is the prior parameter vector, and C is the sen-
sitivity matrix. Elements of the sensitivity matrix are de-
fined as,

Cab =

(
∂ fa(x)
∂xb

)

x=xpri

, (2)

where fa is a calculated cross section of the model f (x) at
the neutron energy Ea, and xb is the b-th parameter of x.
Based on the above assumption and Bayes’ theorem, the
posterior parameter vector xpos is given as,

xpos = xpri + PCtV−1
(
y − f (xpri)

)

= xpri + XCt(CXCt + V)−1
(
y − f (xpri)

)
,(3)

and the covariance matrix of the posterior model parame-
ter P is given by,

P =
(
X−1 + CtV−1C

)−1

= X − XCt
(
CXCt + V

)−1
CX, (4)

where Ct is the transpose matrix of C, V is the covariance
matrix of experimental data, X is the covariance matrix of
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the prior model parameter and y is the vector of experi-
mental data.

The KALMAN code uses xpri,X,C, y, and V as input
data, and then outputs xpos and P. In the present study,
we used xpos and diagonal elements of P, respectively, as
medians and widths of the model parameters in the new
total cross section model.

2.2 Total cross section model

We developed the new total cross section model
for neutron-induced reactions based on Pearlstein’s
formulae[7]. The formulae of the total and non-elastic
cross sections at the neutron energy E are defined as fol-
lows:

σtot = σne(1 + k4)

+k1A1/3
2∑

h=1

exp
[
−{k2 log(EPh/E)}2

]
, (5)

and

σne = p1Ap2
[
1 − p3 exp(−E/p4) sin(p5E−p6 )

]
,

× [1 + p7 sin(p8 − p9 log A)
]

(6)

respectively, where EP1 = k3A1/3 and EP2 = EP1 −
82(A/238)1/3. Parameters km(m = 1, · · · , 4) are given as,

km = exp
[
(log qm1) + (log qm2)(log A)

+(log qm3)
(
log A

)2]. (7)

The total number of parameters is 21, pl(l = 1, · · · , 9) and
qmn(m = 1, · · · , 4; n = 1, · · · , 3).

Medians and widths of the 21 parameters shown in Ta-
ble 1 were determined by using the KALMAN code and
available experimental data of total cross sections for natC,
27Al, natFe, natSn, and natPb targets[8]. By changing val-
ues of the 21 parameters randomly and independently, the
uncertainty of the total cross section model is expressed.

Figure 1 shows neutron total cross sections for the se-
lected targets. Closed circles represent experimental data
obtained from the EXFOR database[8]. Calculated total
cross sections of the new model using the medians of the
21 parameters are denoted by the solid line, and model un-
certainties estimated by the calculation with varying the
parameters from a Gaussian distribution with the widths
are represented by the error bars. The agreements between
the model uncertainties and dispersions of experimental
data are generally satisfied, though our model tends to give
smaller and larger uncertainties for lighter and heavier tar-
gets, respectively.

2.3 PHITS particle transport simulation

We performed two shielding calculations with neutron
beams of 100 MeV by using PHITS to confirm the va-
lidity of the new total cross section model for estimation
of the systematic uncertainty in Monte Carlo simulations.
The shielding material was assumed as a cylinder made of
concrete or lead. As calculated results, effective doses in
the material were obtained applying the dose conversion
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Figure 1. Total cross sections of neutron-induced reaction for
natC, 27Al, natFe, natSn, and natPb targets. Solid lines and error
bars denote the total cross sections and their uncertainty calcu-
lated by the new model, respectively. Available experimental
data obtained from EXFOR[8] are also shown.

coefficients[9]. When concrete was assumed as the shield-
ing material, we set the cylinder with a radius of 10 cm and
thickness of 100 cm. Information on atomic fraction and
density of the concrete was taken from ANL-5800[10]. On
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are represented by the error bars. The agreements between
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data are generally satisfied, though our model tends to give
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2.3 PHITS particle transport simulation

We performed two shielding calculations with neutron
beams of 100 MeV by using PHITS to confirm the va-
lidity of the new total cross section model for estimation
of the systematic uncertainty in Monte Carlo simulations.
The shielding material was assumed as a cylinder made of
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Figure 1. Total cross sections of neutron-induced reaction for
natC, 27Al, natFe, natSn, and natPb targets. Solid lines and error
bars denote the total cross sections and their uncertainty calcu-
lated by the new model, respectively. Available experimental
data obtained from EXFOR[8] are also shown.

coefficients[9]. When concrete was assumed as the shield-
ing material, we set the cylinder with a radius of 10 cm and
thickness of 100 cm. Information on atomic fraction and
density of the concrete was taken from ANL-5800[10]. On

Table 1. Medians and widths of the 21 model parameters, pl(l = 1, · · · , 9) and qmn(m = 1, · · · , 4; n = 1, · · · , 3).

p1 p2 p3 p4 p5 p6 p7 p8 p9

Median 0.0390 0.73 0.593 276 8.35 0.235 0.0178 5.71 2.72
Width 0.0008 0.01 0.003 1 0.07 0.002 0.0006 0.15 0.04

q11 q21 q31 q41 q12 q22 q32 q42 q13 q23 q33 q43

Median 1.094 0.599 2.19 0.116 0.569 1.040 2.151 1.71 1.0596 1.0321 0.9279 0.962
Width 0.007 0.005 0.01 0.006 0.001 0.004 0.004 0.07 0.0004 0.0006 0.0002 0.003

the other hand, we set the cylinder with a radius of 10 cm
and thickness of 10 cm, when the material was assumed to
be lead. The axis of the neutron beam was set along the
central axis of the cylinder in the two cases.

In this study, we implemented the new model in
PHITS, and then applied it to shielding calculations with
neutron beams. The PHITS calculation was performed
with the default setting for describing nuclear reaction pro-
cesses, except for the total cross sections of neutrons with
energies higher than 20 MeV. We used the fourth version
of the Japanese Evaluated Nuclear Data Library (JENDL-
4.0)[11] for neutron energies of below 20 MeV. The Liège
intranuclear cascade model version 4.6 (INCL4.6)[12] was
used to describe the inelastic scattering processes of the
neutrons.

Systematic uncertainties associated with the uncer-
tainty of the total cross section model were estimated
from variance in calculated results by performing ANOVA
(analysis of variance)[5, 6]. This method gives systematic
and statistical uncertainties, usyst and ustat, by calculating

1
J − 1

J∑
j

I∑
i

(x̄ j − x̄)2 = Iu2
syst + u2

stat, (8)

1
J(I − 1)

J∑
j

I∑
i

(xi j − x̄ j)2 = u2
stat, (9)

where xi j is a calculated result in a trial i with a condition
j, which indicates using one set of the 21 parameters of
the new total cross section model. I and J are the total
number of i and j, respectively. x̄ j is the mean value of the
calculated results under the condition j, and x̄ is the mean
value of all results.

3 Results and Discussion

Figure 2-(a) shows depth distribution of effective doses in
the concrete material. Mean values obtained by the PHITS
calculation with J = 103 and I = 106 are denoted by the
solid line, and the systematic uncertainties are represented
by error bars. The numbers J and I are sufficiently large to
obtain the converged results, and the statistical uncertain-
ties are negligible in the results. The uncertainties become
gradually larger as the depth increases, because the doses
at deeper location are more sensitive to the value of the
cross section due to multiple scattering. Relative values
of the uncertainties to the mean values are shown in Fig.
2-(b). It is found that there is an almost linear dependence
of the relative uncertainty on the depth.
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Figure 2. (a) Effective doses in concrete shielding material in-
duced by 100 MeV neutrons. The solid line and error bars de-
note the mean values and systematic uncertainties calculated by
PHITS. (b) Relative values of the uncertainties to the mean val-
ues.

The depth distribution of the effective doses in the lead
material is shown in Fig. 3-(a). The mean values and sys-
tematic uncertainties calculated by PHITS with J = 103

and I = 106 are represented by solid lines and error bars,
respectively. Figure 3-(b) shows the depth distribution of
the relative uncertainties. The large uncertainties are found
in the surface (build-up) region and deep region. On the
other hand, the uncertainties in the intermediate region
around 4 cm are very small. This trend can be under-
stood by considering the influence of the variation of the
total cross sections, as discussed in the previous study[6].
When the cross sections are increased, the effective dose
is suppressed in the deep region, and that in the surface
region is enhanced by the scattered neutrons. On the other
hand, decreasing the cross sections causes the opposite
shift. Therefore, the systematic uncertainties around 4 cm
become small owing to the mechanism.

4 Summary

In this work, we presented a new total cross section model
of neutrons with its uncertainty. Medians and widths of the
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Figure 3. (a) Effective doses in lead shielding material bom-
barded with 100 MeV neutron beam. The mean values and sys-
tematic uncertainties are denoted by the solid line and error bars.
(b) Relative uncertainties of the calculated results.

model parameters, which correspond to the uncertainty of
the model, were determined by the KALMAN code. The
model was implemented in PHITS and then applied to
analyses of two neutron-shielding calculations. Effective
doses in the shielding material were calculated by PHITS
simulation varying the values of the model parameters.
By using ANOVA, we estimated systematic uncertainties
caused by the uncertainty of the total cross section model
in the simulation from variance of calculated results.

We plan to improve this model to revise the underes-
timation in the reactions of light nuclei and consider re-
action cross sections by adding several model parameters.

The uncertainties of the nuclear reaction models such as
intranuclear cascade and evaporation models are also de-
sirable to be considered in future, which requires addi-
tional studies.
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