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Abstract. Neutrino oscillations are a possible way to probe beyond Standard
Model physics. The propagation of Dirac neutrinos in a massive medium is
governed by the Dirac equation modified with an effective Hamiltonian that de-
pends on the number density of surrounding matter fields. At the same time,
quantum nonlinearities may contribute to neutrino oscillations by further mod-
ifying the Dirac equation. A possible nonlinearity is computationally studied
using Mathematica at low energies. We find that the presence of a uniform,
static background matter distribution may significantly alter the oscillation am-
plitude and wavelength; the considered nonlinearity may further reduce both
oscillation amplitude and wavelength. In addition, the presence of matter al-
lows the effects of the nonlinearity to be more readily observed for the chosen
background densities and neutrino energy.

1 Introduction

Neutrino oscillations are largely regarded as quantum phenomena arising from the mixing
between mass and flavour eigenstates. In the presence of surrounding matter, neutrino oscil-
lations would be affected by charged and neutral current interactions.

At the same time, neutrino phenomena present interesting avenues for probing non-
standard physics, such as quantum nonlinearities. These nonlinearities may be crafted via
information-theoretic considerations, and function as effective theories; such nonlinearities
may manifest as modifications to the effective equations of motion; alternatively, they may
occur at the level of the Lagrangian.

In this paper, we consider both matter effects and quantum nonlinearities using a compu-
tational model.

2 Neutrino Oscillations Theory

Consider the following Lagrangian:

L = L0 + LMatter + LNL (1)

where L0 = ν̄
(
iγµ∂µ − m

)
ν is the usual free Dirac Lagrangian for neutral, spin- 1

2 particles.
LMatter and LNL represent the matter interaction and nonlinearity terms respectively.
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2.1 Matter Interaction

In standard matter, neutrinos can interact with background matter via charged and neutral
current interactions:

LMatter = −
√

2GF ν̄γ
µ[JCC

µ NCC + JNC
µ NNC]

PLν (2)

In the flavour basis, and for standard matter (whereby electron number density dominates
over muon and tau number densities), NCC = diag(1, 0, 0) while NNC = I3×3. Assuming that
the background matter is static and unpolarized, that is Jµ ∝ ρ(x) δµ0, we obtain the following
equations of motion [1]: (

iγµ∂µ − Vintγ
0)νL − mνR = 0 (3a)(

iγµ∂µ
)
νR − mνL = 0 (3b)

Here, Vint = −2 GF
∑

f (T3 f − 2Q f sin2 θW ) ρ f NNC + 2 ρe NCC , where f represents different
fermionic matter fields, T and Q are their isospin, charge and θW is the Weinberg angle, and
ρ f are the number densities of the various fermionic fields.

We further adopt the chiral representation for the γ matrices: γ0 =
(

0 I
I 0

)
and γi =

(
0 σi

−σi 0

)
.

The right-handed field in Equation 3 may be eliminated, as per references [2] and [3],
to obtain a 2nd order equation of motion, which, for energy eigenstates, has the following
conserved quantity:

N ≡ ν†L(−i
←→
∇ −

−→σA)νL (4)

Subsequently, we use the above conserved quantity to normalize our probability distribu-
tion; this gives us the following expression for (electron) neutrino survival probability:

Pe→e =
1
N
ν†eL(−i

←→
∇ −

−→σA)νeL (5)

2.2 Quantum Nonlinearities

As per reference [4] we now proceed to introduce nonlinearities at the level of the Lagrangian.
Here, we consider the following nonlinearity:

LNL =

(
iν̄γκ∂κν − i(∂κν̄)γκν

)2

4Aµν̄γµν
(6)

Here, Aµ =
( 1

A , 0, 0, 0
)

is a constant timelike vector that results in Lorentz violation and A con-
trols the strength of the nonlinearity. The four-dimensional integral of such a nonlinearity is
posited to be an information measure; concomitantly, this nonlinearity satisfies the following
information-theoretic axioms:

Firstly, the nonlinearity is homogeneous under re-scaling of ν, that is LNL(λν̄, λν) =

λ2LNL.
Secondly, the nonlinearity (and consequently the associated information measure) de-

crease in value as ν(t,−→x ) tends to a constant value. This is guaranteed by the derivative term
in the numerator of the nonlinearity, and corresponds to the intuition that spatial information
of a system is lost when the state vector of the system tends to a constant (in the spatial
representation).

Thirdly, the theory is local and thus only depends on ν, ν̄ and their derivatives at a point.
Fourthly, the information measure must be positive for arbitrary ν.
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Finally, the information measure is minimal when the nonlinearity is extremized to obtain
the equations of motion.

From the above nonlinearity, we obtain the following modification to the equations of
motion:

∂µ
∂LNL

∂(∂ν̄)
−
∂LNL

∂ν̄
= iγµν ∂µ

[ (iν̄γκ∂κν − i(∂κν̄)γκν)
2Aσν̄γσν

]
− Aµγ

µν
[ (ν̄γκ∂κν − (∂κν̄)γκν)

2Aσν̄γσν

]2

≈ iγµν ∂µ
[ mν̄ν
Aσν̄γσν

]
+ Aµγ

µν
[ mν̄ν
Aσν̄γσν

]2

≈ Aµγ
µν

[ mν̄ν
Aσν̄γσν

]2
(7)

The first approximation arises from a perturbative calculation using the 0th order Dirac equa-
tion. This allows us to sidestep additional boundary conditions and by preventing the equation
of motion from becoming a 2nd order PDE. The second approximation uses the fact that the
derivatives of the plane-wave solution to the 0th order Dirac equation are null.

3 Methodology

Equations 3 and 7 combined give the effective propagation equation for Dirac neutrinos in
matter. This EOM is studied numerically in Mathematica via a 4th order Runge Kutta method.
The neutrinos are assumed to propagate along 1 dimension only, and are further assumed to
be in a negative spin eigenstate, that is, σxν = −ν. Furthermore, the neutrinos are assumed to
be in an energy eigenstate, such that ν(t,−→x ) ∝ e−iEt. Finally, the neutrinos are chosen to be
initially in the electron flavor eigenstate.

4 Results

For ease of discussion, the results are presented in the following manner: matter interaction
only, nonlinearity only, and finally both matter and nonlinearity.

4.1 Matter Interaction Only

Figure 1. Plot of electron neutrino survival probability, Pe→e, as a function of distance, x, for different
background densities.
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Here, standard matter is assumed (comprised by protons, neutrons and electrons with
equal number densities). In general, the electron neutrino survival probability depends
strongly on the background number densities, with high number densities resulting an al-
most complete suppression of the oscillation phenomena.

4.2 Nonlinearity Only

Figure 2. Plot of electron neutrino survival probability, Pe→e, as a function of distance, x, for various
nonlinearity strengths (different values of A). A larger A value indicates a stronger nonlinearity.

For the chosen range of nonlinearity strengths, we observe that the nonlinearity term
does not significantly affect the oscillation amplitude; even with the largest nonlinearity of
A = 1, we see only a slight shift in the oscillation wavelength with no significant change in
amplitude.

4.3 Both Matter Interaction and Nonlinearity

Figure 3. Plot of electron neutrino survival probability, Pe→e, as a function of distance, x, for various
nonlinearity strengths (different values of A), for nonzero background matter number density. A larger
A value indicates a stronger nonlinearity.

With a nonzero background matter density, we see a much stronger effect with the intro-
duction of the nonlinearity. In particular, we note a noticeable reduction in both wavelength
and amplitude. This is in contrast with the much smaller change in oscillation amplitude
shown in nonlinearity only case, i.e. Figure 2.
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5 Conclusion and Future Works

We implement a modified equation of motion for Dirac particles via quantum nonlinearity
to the case of neutrino oscillations in matter. Through our computation results, we see that
it is in principle possible to use the phenomena of neutrino oscillations to probe quantum
nonlinearities, wherein a sufficiently strong nonlinearity might manifest in a modifications to
the survival probability (as a function of distance).

Further studies may explore how the oscillation probability varies as a function of energy.
This may prove insightful in determining both the optimal energy for experimental probes of
quantum nonlinearities and for placing upper-bounds on nonlinearity values by experiments
with fixed detector distance.
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