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Abstract.We report on our investigation of low-energy pion-nucleon scattering from lattice QCD with Wilson-

type fermions. Our focus is on the isospin I = 3/2 channel, which couples to the Delta resonance. We discuss

our calculations aiming at the extraction of the Delta resonance mass, width and effective coupling at pion mass

250 MeV, using the Lüscher finite-volume method to extract the phase shift δJ=3/2,l=1.

1 Introduction

In this proceedings contribution we give an account of

our extraction of low-energy pion-nucleon scattering

properties in the channel I
(
JP

)
= 3

2

(
3
2

+
)
, which features

the Δ resonance, from lattice QCD data at pion mass 250

MeV. We will focus on the well-known parametrization

in terms of Breit-Wigner parameters with resonance mass

mΔ and (energy-dependent) decay width ΓΔ−πN(s). For

the latter we will use the parametrization in leading-order

effective theory of pions and nucleons, which defines the

effective coupling gΔ−πN .
The Δ resonance is the lowest-lying meson-baryon

resonance, which is accessible within purely elastic

scattering, decaying with branching ratio approximately

100% to the QCD-stable ( = lattice QCD ground ) states

of pion and nucleon. It is thus a natural starting point

for a full-fledged scattering analysis based on Lüscher’s

finite-volume method [1], including its generalizations

to moving frames, particles of non-equal mass, multiple
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channels [2–5] and extensions to particles of arbitrary

spin [6, 7].

Even beyond in of itself the lattice QCD scattering

analysis for Δ is of great interest for and a prequel to

the calculation of pion-nucleon transition amplitudes via

electro-weak currents, in the Delta resonance region.

These include in particular the matrix elements for

so-called 2 → 1 and 2 → 2 transitions as depicted

diagrammatically in Fig. 1. Two very prominent examples

Δ
π

N

N

J

2 → 1

Δ
π

N

π

N

Δ

J

2 → 2

Figure 1. Diagrammatic illustration of 2 → 1 and 2 → 2 transi-

tion matrix elements of the Δ

of foremost interest to us for the 2 → 1 case are the

transition via the electromagnetic current J = Vμ and the
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axial vector current J = Aμ. The former gives rise to the

transition amplitude and thus cross-section for resonant

pion-photoproduction off the nucleon, which can be

compared directly to experiment. The lattice calculation

of the radiative decay together with the strong decay,

which is under consideration in this study, then gives in

particular a complete ab-initio theory characterization of

the decay structure of the Δ resonance.

The axial N → Δ transition amplitude is important input

to neutrino reaction cross sections like neutrino-nucleus

scattering, which are investigated in contemporary experi-

ments such as DUNE and MiniBooNE [8].

Common to all these analyses is the requirement to

convert finite-volume lattice amplitudes to their infinite

volume counterpart. This normalization based on the

Lellouch-Lüscher factor [9] or its generalizations [10–14]

in turn requires knowledge of the scattering matrix in

the Δ resonance region, which is the goal our calculation

presented here.

The pion-nucleon elastic scattering in the Δ channel

has been the subject of several lattice QCD calculations.

Among those are the analysis using the Michael/McNeile

method [15, 16], requiring the lattice Hamiltonian to

exhibit a Δ-like state perturbatively close and below

the pion-nucleon threshold and determining the res-

onance coupling based on the leading-order effective

pion-nucleon interaction. The Lüscher method (to all

orders in the effective πN interaction) has been initially

explored in several lattice QCD works [17–19]. However,

the dedicated analysis of partial wave mixing is still to be

achieved.

Here we discuss the first steps of our analysis of pion-

nucleon scattering in the Δ channel [20] from lattice QCD

focusing on the irreps with leading p-wave contribution

and neglecting partial wave mixing.

2 Calculation of Lattice Correlation
functions

We consider QCD with up, down and strange quark on a

Euclidean space-time lattice of spatial and temporal size

L = 2.8 fm and T = 2 L. The gauge field ensemble fea-

tures Nf = 2+1 tree-level clover-improved Wilson quarks

and the tree-level O
(
a2

)
Symanzik-improved gauge action

[21] with two levels of HEX smearing of the gauge links

coupling to the quarks.

For the specific ensemble A7 investigated here, the

pion mass is mπ ≈ 258MeV and with an ensuing mπL ≈
3.6, residual exponential finite volume effects are expected

to be sufficiently suppressed for the pertinent polynomial

finite-volume effects underlying the Lüscher method to be

dominant. For convenience all relevant ensemble parame-

ters are collected in Table 1.

We perform the spectral analysis for the isospin chan-

nel I = 3/2, I3 = +3/2 based on the generalized eigen-

value problem [22] for a matrix of correlation functions

with single-hadron operators of Δ-type and 2-hadron op-

erators of πN type. In detail, we list the operators in Eqs..

Label N3
s × Nt L (fm) a (fm) mπ (MeV) mπL

A7 243 × 48 2.8 0.116 258 3.6

Table 1. Parameters of the ensemble A7 used in this work [].

(1) to (6) below.

For the single-hadron interpolators we use standard

quark-antiquark and three-quark operators with two spin-

structures for nucleon and Delta each.

π(t, �p) =
∑
�x

d̄(t, �x) γ5 u(t, �x) ei�p·�x (1)

N(1)
μ (t, �p) =

∑
�x

εabc (ua(t, �x))μ (uT
b (t, �x) Cγ5 dc(t, �x)) ei�p·�x

(2)

N(2)
μ (t, �p) =

∑
�x

εabc (ua(t, �x))μ (uT
b (t, �x) Cγ0γ5 dc(t, �x)) ei�p·�x

(3)

Δ
(1)
μi (t, �p) =

∑
�x

εabc (ua(t, �x))μ (uT
b (t, �x) Cγi uc(t, �x)) ei�p·�x

(4)

Δ
(2)
μi (t, �p) =

∑
�x

εabc (ua(t, �x))μ (uT
b (t, �x) Cγiγ0 uc(t, �x)) ei�p·�x

(5)

The two-hadron interpolators of Nπ-type are the prod-
uct of the above pion and nucleon operators

(Nπ)(i)(t, �pN , �pπ) = N(i)(t, �pN) π(t, �pπ) ,

�pN + �pπ = �P , i = 1, 2 (6)

with specified total momentum �P. The individual hadron
momenta range in 0 ≤ |�p|/(2π/L) ≤ √

3.

From the operator basis in Eqs. (1) to (6) above we

build all (cross-)correlation functions π − π for the pion,

N(i) − N(k) for the nucleon and Δ(i) − Δ(k), (Nπ)(i) − Δ(k),

(Nπ)(i) − (Nπ)(k) for the Delta channel. The corresponding
types of Wick contractions for the latter are depicted in the

diagrams of Fig. 2, where each diagram-type stands as a

placeholder for 2 to 4 distinct Wick contractions. To com-

pute the diagrams we follow our “sequential + stochastic

+ smearing” method, previously successfully applied in

the calculation of elastic ππ and Kπ scattering amplitudes

[23, 24]: contractions are based on point-to-all, sequential

and stochastic timeslice-to-all propagators as well propa-

gator products from usage of the one-end-trick. The prop-

agators receive Wuppertal source and sink smearing [25]

at each meson and baryon vertex, using the APE smeared

[26] gauge field in the smearing operator.

3 Lattice spectrum determination and
Lüscher analysis

The finite-volume and discretization of the lattice box

lead to the breaking of the continuum S U(2)× parity

rotation-reflection symmetry group down to OD
h (super-

script D denoting double cover) for a system of hadrons
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Figure 2. Topology-types of Wick contractions for Δ/Nπ corre-
lation functions

L
2π
�Pre f [Ndir] Group Nelem Λ(J) : π( 0− )

(0, 0, 0) [1] OD
h 96 A1u( 0 , 4, ...)

(0, 0, 1) [6] CD
4v 16 A2( 0 , 1, ...)

(0, 1, 1) [12] CD
2v 8 A2( 0 , 1, ...)

(1, 1, 1) [8] CD
3v 12 A2( 0 , 1, ...)

Table 2. Little group, lattice irreps and angular momentum

content per moving frame relevant for isospin 1 π operator.

L
2π
�Pre f [Ndir] Group Nelem Λ(J) : N( 1

2

+
)

(0, 0, 0) [1] OD
h 96 G1g(

1
2
, 7
2
, ...) ⊕G1u(

1
2
, 7
2
, ...)

(0, 0, 1) [6] CD
4v 16 G1(

1
2
, 3
2
, ...)

(0, 1, 1) [12] CD
2v 8 G( 1

2
, 3
2
, ...)

(1, 1, 1) [8] CD
3v 12 G( 1

2
, 3
2
, ...)

Table 3. Little group, lattice irreps and angular momentum

content per moving frame relevant for isospin 1/2 nucleon-type

operators.

at rest. A boosted system with non-zero total momen-

tum �P will exhibit an even further reduced symmetry

group depending on the boost vector �P, denoted as the

little group LG(�P) ⊂ OD
h . The interpolators in eqs.(1)

to (6) are thus no longer classified according to contin-

uum S U(2) irreps of orbital and total angular momentum

l, J = l ⊕ 1/2, but according to the lattice irreducible rep-

resentations (irreps) of LG(�P). In our analysis we consider
the rest frame �P = 0 as well the first three moving frames
�P/(2π/L) = (0, 0, 1), (0, 1, 1), (1, 1, 1) (including permu-

tations and sign changes for non-zero elements). The mix-

ing pattern of the different l and spin degrees of freedom

for these frames under subduction to lattice irreps is shown

in Tables 2 to 4. To project our basis operators (or cor-

relation functions) to the target lattice irreps, we use the

L
2π
�Pre f [Ndir] Group Nelem Λ(J) : Δ( 3

2

+
)

(0, 0, 0) [1] OD
h 96 Hg( 3

2
, 5
2
, ...) ⊕ Hu(

3
2
, 5
2
, ...)

(0, 0, 1) [6] CD
4v 16 G1(

1
2
, 3
2
, ...) ⊕G2(

3
2
, 5
2
, ...)

(0, 1, 1) [12] CD
2v 8 G( 1

2
, 3
2
, ...)

(1, 1, 1) [8] CD
3v 12 G( 1

2
, 3
2
, ...) ⊕ F1(

3
2
, 5
2
, ...) ⊕ F2(

3
2
, 5
2
, ...)

Table 4. Little group, lattice irreps and angular momentum

content per moving frame relevant for isospin 3/2 Δ-type

operators.

group theory master formula

OΛ,r,n(t, �p) =
dΛ
gLG(�P)

∑
R∈LG(�P)

ΓΛr,r(R) UR O(t, �p) U†
R (7)

In eq. (7) O(�p) stands for either single- or two-hadron op-

erators (with appropriate 3-momentum arguments), Λ de-

notes an irrep of LG(�P) with dimension dΛ, r ∈ {1, . . . , dΛ}
one of its rows and g gives the number of elements in the

little group. UR is the unitary representation of the rota-

tion on the operator algebra. For completeness, we list the

action of rotations and reflections on the individual single-

hadron interpolating fields for π, N, Δ in eqs. (8), (9) be-

low.

UR π(t, �x) U−1
R = π(t,R−1�x)

UR N(t, �x) U−1
R = S (R) N(t,R−1�x)

UR Δ(t, �x)αk U−1
R = A(R)kk′ S (R) Δk′ (t,R−1�x) (8)

I π(t, �x) I−1 = −π(t,−�x)
I N(t, �x) I−1 = γt N(t,−�x)
I Δ(t, �x) I−1 = γt Δ(t,−�x) (9)

In eq. (8) S (R) is the 2-dimensional spin-1/2 repre-

sentation of S U(2) and A(R) the 3-dimensional vector

representation.

Given the many-to-one mapping of S U(2) spin and

vector degrees of freedom to lattice irrep states, an indi-

vidual irrep Λ can appear multiple times for a specific lit-

tle group. The multiplicity is counted using the characters

of the representation matrices [27, 28]

m =
1

gLG(�P)

∑
R∈LG(�P)

χΓ
Λ(R) χM(R) , (10)

where M denotes the spin-1/2 bispinor representation for

the nucleon Dirac-spinor and the vector-bispinor product

representation for the Δ. The multiplicity pattern in the

center-of-mass frame and the 3 moving frames used in this

calculation is shown in the upper panel of Fig. 3 for the

nucleon case and the lower panel for the Δ.

From the set of irrep-projected single- and two-hadron

interpolators with all included momentum configurations

we draw a linearly independent set using the Gram-

Schmidt procedure and thus arrive at a sum total of 1720

Δ- and Nπ operators, across all frames and irreps, from
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Figure 3. Multiplicities of irreps in frames with �P/(2π/L) =

(0, 0, 0), (0, 0, 1), (0, 1, 1), (1, 1, 1) for the nucleon (upper) and

Delta.

which we then build the correlation matrices for the gen-

eralized eigenvalue problem. Total momentum �P and the

LG(�P) irrep are good quantum numbers for the finite-

volume lattice, so the GEVP is solved per frame and per

lattice irrep. In Fig. 4 we give two examples for the ef-

fective energy obtained from single exponential decay fits

in the range [tmin , tmax] to the generalized eigenvalues. In

the top panel we show the effective energy plateau for the

two lowest-lying levels of the combined Hg and Hu (time-

forward and backward propagation) of the center-of-mass

frame, �P = 0, LG(�P) = OD
h . The bottom panel shows

the same for the lowest 3 levels for the first moving frame

and irrep G1. The error bands with same color as the data

points give the values from the nominal single exponen-

tial fits to the corresponding eigenvalues. The dashed lines

give the Nπ 2-particle elastic and the Nππ 3-particle in-

elastic threshold. Moreover, the light green bars locate the

non-interacting Nπ energy levels to appreciate the finite-

volume induced shift to the interacting levels.

In Fig. 5 we demonstrate the stability of fit results

for the same levels as in Fig. 4 under variation of the

fit range [tmin , tmax] of the single exponential fits to the

lowest-lying eigenvalues, in particular of the lower limit

tmin, which controls the impact of excited states. At each

data point marking the fit result, the observed value for the

fit’s χ2/dof is given. We find, that in general our extracted

spectrum is stable within uncertainties for tmin/a ≥ 4.

4 Scattering phase shift and resonance
parameters

At this stage in our analysis we disregard partial wave

mixing and thus have a 1:1 relation between between the

Figure 4. Examples of effective energy plateaus for combined

Hu,g in cmf and G1 of the first moving frame.

lattice energy levels obtained in Sec. 3 and the infinite

volume pion-nucleon P-wave elastic scattering phase shift
δJ=3/2,l=1 from the Lüscher Quantization Condition (LQC)

in eq. (11) [6].

det
[
M�PJlm,J′l′m′ (s) − δJJ′ δll′ δmm′ cot (δJl(s))

]
√

s=EΛ,�P
k

= 0 ,

(11)

to be fulfilled for the kth energy level obtained from the

frame with total momentum �P and irrep Λ.

The LQC in eq. (11) is taken in the space of angular mo-

mentum states | J, l,m〉, for a given frame (total momentum
�P). However, with irrepΛ, its row r and occurrence n good

quantum numbers in the finite volume lattice calculation

the Lüscher matrix can be block-diagonalized by a change

to basis states |Λ, r, n; J, l〉 [6, 29]. An example of the out-

come of this transformation is depicted in Fig. 6 for the

case of �P = (0, 0, 1) (2π/L) with LG(�P) = CD
4v. Thus we

obtain a corresponding factorized quantization condition,

where individual factors solve the quantization of energy

levels for individual irreps,

det
[
MΛ,�P

Jln,J′l′n′ (s) − δJJ′ δll′ δmm′ cot (δJl(s))
]
√

s=EΛ,�P
k

= 0 .

(12)

To extract resonance parameters for the Δ we use the

Breit-Wigner parametrization of the scattering amplitude
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Figure 5. Check of stability of the GEVP energy levels by vari-

ation of lower end of the single exponential fit range; top: cmf

first two levels; bottom: first three levels in G1 of the first moving

frame.
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Figure 6. Block-diagonalization of the Lüscher matrix by

change to irrep basis

(with contribution from a single partial wave at this point)

tl(s) =
√

sΓ(s)
m2

R − s − i
√

sΓ(s)
, (13)

which incorporates the pole for the isolated, narrow Delta

resonance.

Moreover, the s-dependence of the decay width Γ is de-

scribed using the result from leading-order effective the-

ory of the pion-nucleon system [30], which introduces the

Particle JP ΓNπ[MeV]

Δ(1232) 3/2+ 112.4(5)

Δ(1600) 3/2+ 18(4)

Δ(1620) 1/2− 37(2)

Δ(1700) 3/2− 36(2)

. . . . . . . . .

Table 5. Experimentally observed resonances in the isospin-3/2

channel.

effective coupling gΔ−πN

ΓLO
EFT (s) =

g2
Δ−πN
48π

EN + mN

EN + Eπ

p∗3

m2
N

(14)

To extract the target quantities mR and gΔ−πN we em-

ploy the inverse Lüscher method: with the Breit-Wigner

parametrization of the scattering amplitude in Eq. (13) and

together with the energy dependence of the decay width in

Eq. (14) the quantization condition in Eq. (12) allows for

the prediction of the expected lattice energy levels (dis-

regarding the effect of non-zero lattice spacing artefacts).

We compare the predicted values (“model”) with our ob-

served energy levels (“avg”) and fit the resonance param-

eters to minimize the cost function in eq. (15).

χ2 =
∑
�P,Λ,n

∑
�P′,Λ′,n′

(√
sΛ,
�P

n
[avg] −

√
sΛ,
�P

n
[model]

)
×

×
[
C−1]�P′,Λ′,n′

�P,Λ,n

(√
sΛ

′,�P′
n′

[avg] −
√

sΛ
′,�P′

n′
[model]

)
(15)

From the GEVP analysis in the nucleon channel we ob-

tain our estimate for the nucleon mass given in Eq. (16)

together with the pion mass for the ensemble studied here.

mπ = 258 (1.1)MeV , mN = 1066.4 (2.7)MeV (16)

Our preliminary estimate of the Delta resonance mass

and effective coupling to the pion-nucleon state is based

on the evaluation of data from three frames and one ir-

rep each, �P = 0, Hg/u, �P = (0, 0, 1) 2π/L, G2 and �P =

(0, 1, 1) 2π/L, G (cf. Tab. 4). The first two cases have

our target continuum partial wave J = 3/2 as the leading

contribution (with contamination from only higher partial

waves, J ≥ 5/2). The latter case on the other hand, has a

contribution from J = 1/2. However, considering the ex-

perimentally observed excitations [31] collected in Tab. 5

(at physical pion mass), we expect the dominant resonant

features to be only mildly influenced by higher-lying reso-

nance contributions, largely to the upper end of the energy

spectrum considered in our study. From the ensuing fit we

then obtain the parameters

mΔ = 1414 (128)MeV , gΔ−πN = 26 (4) (17)

with fit quality χ2/dof = 3.15.

5 Summary and outlook

We present our data points for energy levels and phase

shift δJ=3/2,l=1, which enter our fit, in Fig. 7. The green

EPJ Web of Conferences 241, 02006 (2020)

NSTAR 2019

 http://doi.org/10.1051/epjconf/202024102006

 

5



Collaboration Ref. Methodology

Verduci (2014) [18] Dist., Lüscher

Alexandrou et.al. (2013) [15] Michael & McNeile

Alexandrou et.al. (2015) [16] Michael & McNeile

Andersen et.al. (2017) [19] Stoch. Dist., Lüscher

Our study (preliminary) [20] Smeared src., Lüscher

Physical value (PDG) [32] pheno, K-matrix

Table 6. Collection of contemporary results of studies of the

Delta resonance mass and gΔ−πN in lattice QCD and from

analysis of experimental data (bottom line): analysis methods

used.

line shows the evaluation of the fit function with the best

fit parameters and the shaded region gives the uncertainty

obtained from the error propagation with the variance-

covariance matrix of the fit parameters. We find in our

Figure 7. Our current result for the I
(
JP

)
= 3

2

(
3
2

+
)
phase shift

using the spectrum from little groups OD
h , CD

4v and CD
2v.

data the generically expected features of resonant behavior

in the phase shift with a steep rise from δ3/2,1 = 0 to ≈ 180

degrees. However, at present the levels from CD
2v/G give

rise to some tension with the model prediction, leading to a

χ2/dof-value of about 3 in our fit. Their role deserves fur-

ther investigation, in particular since right for this case the

angular momentum content of the irrep starts at J = 1/2.
Finally, we compare the preliminary results of our

study presented here with other determinations of Delta

resonance parameters in lattice QCD calculations in

Tabs. 6, 7. The comparison can only be a superficial

one at this point, as the results listed stem from very

different calculations, without commonalities like pion

mass or a continuum extrapolation. Nevertheless, we find

rough agreement of mΔ for comparable pion mass. The

effective coupling is already in the region of the value

extracted from phenomenological and K-matrix analysis

of experimental data (last line in both tables). The latter

Ref. mπ [MeV] mΔ [MeV] gΔ−πN
[18] 266 1396 (19) 19.90 (83)

[15] 360 1535 (25) 26.7 (1.5)

[16] 180 1350 (50) 23.7 (1.3)

[19] 280 1344 (20) 37.1 (9.2)

[20] 258 1414 (128) 26 (4)

[32] 140 1232(1) 29.4 (3), 28.6 (3)

Table 7. Collection of contemporary results of studies of the

Delta resonance mass and gΔ−πN : numerical values obtained for

the analyses listed in Tab. 6.

tendency is consistent for the dimensionless quantity

gΔ−πN , which is expected to display only a mild quark

mass dependence.

At the time of this report, we continue to build up the

gauge statistics for the ensemble A7, which is the basis for
the data shown here. Moreover, two immediate follow-

up simulations at same pion mass but larger volume and

at smaller pion mass of approximately 200 MeV are in

preparation.
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