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ABSTRACT
A two-step approach is proposed to accomplish high-fidelity whole-core resonance selfshielding calculation. Direct slowing-down equation solving based on the pin-cell scale is
performed as the first step to simulate different operating conditions of the reactor.
Resonance database is fitted using the results from the pin-cell calculation. Several
techniques are used in the generation of the resonance database to estimate multiple types of
resonance effects. The second step is the calculation of practical whole-core problem using
the resonance database obtained from the first step. The transport solver is embedded both at
the first step and the second step to establish the equivalence relationship between the fuel
rod in the practical problem and the pin-cell at the first step. The numerical results show that
the new approach have capability to perform high-fidelity resonance calculations for
practical problem.
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1. INTRODUCTION
The computing accuracy of the resonance self-shielding calculation is crucial in the high-fidelity direct
whole-core calculation since the application of the method of characteristics (MOC) [1] is capable to give
an acceptable error in the evaluation of spatial flux. Some advanced methods are proposed by the fusion
of the equivalence theory [2] and the pin-based ultra-fine-group (UFG) [3] calculations to perform highaccuracy resonance self-shielding calculation [4-6]. The approach for the integration of the pin-based
UFG calculation into the equivalence theory including two categories. The first one is the online
calculation. In Ref. 4 and 5, the local resonance effects including the resonance interference effect and the
intra-pin self-shielding are resolved by the online UFG calculations based on the quasi-1D cylindrical
geometry [4] or the 2D pin-cell [5], along with the shadow effect is treated through the embedded selfshielding method (ESSM) [7] or the neutron current method (NCM) [8]. The computing accuracy of this
type of approach is fully verified but it is reported in Ref. 9 that it suffers from efficiency loss in the
depleted calculations for the whole-core due to the online pin-based UFG calculations. The second one is
the heterogeneous resonance integral (RI) established by the pre-calculated pin-based UFG calculations
[6]. The adoption of the heterogeneous RI in the depleted whole-core calculation can avoid low-efficiency
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online UFG calculations. However, the intra-pin radial self-shielded XS is washed out in the
heterogeneous RI, and the extra storage and the complicated multi-dimension interpolation will be
brought by the consideration of the resonance interference in the heterogeneous RI.
In this study, a two-step approach is proposed to perform accurate and efficient resonance self-shielding
calculations for whole-core problems. At the first step, the pin-based UFG calculations considering
different operating conditions of the target core are performed to fit the resonance database (RD) instead
of the heterogeneous RI. The polynomial fitting is adopted in the RD generation. And the accurate pinlevel self-shielded XSs are evaluated directly by the fitted RD without excessive treatment. The modified
ESSM equation is solved at both the two steps to establish the equivalence relationship between the actual
fuel rod and the pin-cell case of the first step. The number density-perturbation technique [9] is adopted to
resolve the resonance interference during the depletion, and a distributed parameter approach is developed
to evaluate the intra-pin self-shielding. The methodology is introduced in Section 2 and the numerical
tests are given in Section 3. The conclusions are given in Section 4.
2. METHODOLOGY
2.1. Generation Procedure of Resonance Database
In the generation of the RD, the pitch of the pin-cell is changed to cover the variation range of the
background XSs of the actual rod in the target whole-core problem, and the ESSM is adopted to evaluate
the background XS of designed pin-cell in the UFG calculations.
The ESSM equation as Eq. (1) is established for each resonant group based on the designed pin-cell. The
fixed source is defined as the regional potential scattering XS and it is corrected by the IR parameter  .
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Where  p , g and  a , g are the potential scattering XS and the absorption XS for group g, respectively. g
is the spatial flux.
Different from the original ESSM, the black assumption is adopted in the ESSM to enhance the
computing accuracy of the two-step approach for the lattice with different types of fuel. The black
r
r
assumption can be implemented by setting  a , g  r   p , g  r  as a very large value like 106 and the
background XS is calculated using Eq. (2):
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Where Nr is the number density of resonant isotopes and  f is the flux in the fuel region.

r
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The iterative process of original ESSM is eliminated in the black ESSM since the  a , g  r   p , g  r  is
set to a fixed value, and it is beneficial to improve the computing efficiency, especially for the whole-core
calculation.
The number density-perturbation technique [9] is adopted as an efficient approach to treat the resonance
interference effect in the depleted fuel. In the number density-perturbation technique, the assumption that
the overall impact on the self-shielded XS of resonant isotopes can be decomposed into the product of
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each impact brought by the individual perturbation of each resonant isotope is introduced and its validity
is proven in Ref. 9. Based on this assumption, if we set the fuel composition under a certain burnup step
as the base step, the self-shielded XS of isotope iso under any burnup can be written as:
N

base
iso

iso

g Rk

(3)

k

Where N is the number of resonant isotopes in the mixture and Rk represents the ratio of the self-shielded
XS of iso between the base state and the state that only perturb isotope k in the resonant mixture.
Based on the description above, the procedure for the generation of RD is described below:
(1) The pin-based depletion calculation is performed for each type of fuel to determine the base state and
the perturbation state;
(2) Under the base state, a series of pin-based UFG calculation by changing temperatures and
backgrounds (pin pitches) to obtain the accurate pin-level self-shielded XSs. Eq. (1) and (2) are
solved by MOC on the design pin-cell geometry to evaluate the background XSs.
(3) For each grid of temperature and pin pitches (background XSs), the pin-based UFG calculations with
perturbed composition are performed to determine the ratios of the self-shielded XS variations.
(4) The fitting procedure is performed using the results from the step (2) and (3). Polynomial fitting is
adopted and the reference fitting form for the base state and the perturbation state are shown in Eq.
(4) and (5), respectively.
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(5) Step (2)-(4) are performed for all fuel types and the fitting coefficients are stored in the RD.
At the second step, the black ESSM equation is established for each group on the target problem with the
base state of the fuel composition to evaluate the background XSs, and available for the calculation of
self-shielded XSs in the base state using Eq. (4). Then the XSs are corrected by the perturbation of each
resonant isotope using Eq. (5) to obtain the final self-shielded XSs.

2.2. Distributed Parameter Approach
A distributed parameter approach is proposed in this study to calculate the sub-ring self-shielded XSs
which are washed out in the generation of RD. In fact, 238U is the major resonant isotope in the LWR
analysis and it has the most prominent rim effect, thus the treatment of the two-step approach for the
intra-pin self-shielding mainly focuses on the 238U. Ref. 10 has given an exponential-form radial
distribution function for the 238U RI in the fuel rod:

f  r  a0 a1e a2  R r 

a3

(6)

Where R is the outer radius of the fuel rod, and a0 , a1 , a2 , a3 are called as the distributed (DRI) parameter.
The value of the DRI parameter given in Ref. 10 is  a0

1, a1

3, a2

9.7, a3

0.5 . This DRI

parameters are tested in Ref. 11 and the results show that it leads to the deviation in the radial calculation.
A new set of DRI parameters  a0 1, a1 5, a2 13.0, a3 0.5  is given Ref. 11 but its computing
accuracy of the sub-ring self-shielded XS is still not satisfied with the new DRI parameter [5].
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In this study, the non-line least-square fitting is adopted to evaluate the problem-dependent DRI
parameters. Firstly, the distribution function is defined as:

r 

f r 

a0 a1ea2  R r 

a3

(7)

a

Where
XS of

238

 r  represents the self-shielded XS of 238U when the radius is r;

a

represents the self-shielded

U of the whole fuel rod.

In the generation of the RD, a certain number of the grids are selected for the radius, and the pin-based
UFG calculation is performed to evaluate the self-shielded XS of these radius grids. The self-shielded XS
of a certain radius grid is obtained by calculating the average XS of some differential element at this grid,
that is, the self-shielded XS of radius r1 could be evaluated using:
 r1    r1 r 
(8)
And r must be very small, for example, 0.000001cm. The least-square problem can be established after
obtaining the numerical set of the radius-XSs to calculate the problem-dependent DRI parameters:
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Where n is the number of selected grids for the radius.
The Levenberg-Marquardt (LM) method [12] is adopted for the non-line least-square fitting. The selfshielded XS for a subring i can be written as Eq. (10) based on the assumption that the flux of the ring i
can be regarded as a constant since its modest variation compared to the radial variation of the selfshielded XSs.
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Where i is the flux in ring i.
To have a more intimate coupling with the generation of RD, the basic assumption is introduced in the
distributed parameter approach: the ratio of the 238U self-shielded XSs between the sub-ring and the whole
fuel rod is constant along with the depletion. Therefore, it only needs the calculation of the DRI
parameters for the base state. This assumption is tested on the UO2 cell and MOX cell from the JAERI
benchmark [13]. The direct UFG slowing-down calculation is performed to evaluate the self-shielded XSs
with the fuel rod is divided into 10 rings with equal volume. Select a certain burnup step as the base state,
and perform three different MOC transport calculation under each burnup step:
1) All the XSs are from the accurate sub-ring XSs obtained by the UFG calculations;
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2) At base state, calculate the ratio of the XS between the sub-ring and the whole fuel rod, and the XSs
of the sub-ring at other burnup steps are calculated by multiplying this ratio and the whole-rod XS at
this burnup step;
3) At base state, calculate the ratio of the XS of 238U between the sub-ring and the whole fuel rod, and
the 238U XSs of the sub-ring at other burnup steps are calculated by multiplying this ratio and the
whole-rod XS at this burnup step. The XSs of the other resonant isotopes in the sub-ring are directly
from its whole-rod XS.
The k-error is shown in Fig. 1 and two conclusions can be obtained: the first is that regardless of which
burnup step is selected as the base state, the introduced k-error by the basic assumption of the distributed
parameter approach is less than 20 pcm; the second is that the simplification that only consider the radial
self-shielding of 238U is reasonable, which brings less than 1.5/7 pcm of k-error for the UO2/MOX cell.

UO2

MOX

Figure 1. Error of k-infinity
3. NUMERICAL RESULTS
In this section, the assembly problems, a multi-assembly problem and a multicell lattice are tested for
verification. The direct UFG slowing-down calculation and the MCNP 5 [14] tallying are adopted for the
reference calculations. The wims-69 group is employed in the calculation and group 15th -27th is the resont
groups. The CPU for the calculation is Intel®, Core™ i7-7700HQ, 2.8GHz.
3.1 PWR Assembly
The two-step approach calculations are performed for the UO2 and the MOX assembly from the JAERI
benchmark [13]. The ray conditions for the self-shielding calculations of the UO2/MOX assembly are
32/8 azimuthal angles in the first quadrant, 80/20 rays in each direction and 8/8 polar angles with GL
quadrature set. The reference results are obtained by the direct UFG calculations.
The burnup calculation is also performed by HELIOS 1.7 code [15]. The fuel composition under 15
GWd/t is specified as the base state, and the setting of the perturbation state covers the variation of the
fuel compositions from 0 to 70 GWd/t. The identical 69-group MOC transport calculation is performed
using the self-shielded XSs evaluated by the two-step approach and the reference calculation,
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respectively. The MOC ray conditions in the transport calculation are 8 azimuthal angles, 20 rays in each
direction and 8 polar angles with GL quadrature set for both the UO2 assembly and the MOX assembly.
Fig. 2 is the distribution of relative errors over burnup steps for the self-shielded XSs of the UO2
assembly and MOX assembly. Table I is the error of k-infinity during burnup. It can be seen form Fig. 2
that higher errors are introduced in the Gd bearing fuel rod and the UO2 rod around the Gd rod. These
results are attributed to it that the inconsistency between the pin-cell in uniform lattice for the RD
generation and the fuel rod in the assembly is enhanced because the strong neutron absorption of Gd.
However, the self-shielded XSs evaluated by the two-step approach still have a good agreement with the
reference results. The RMS errors of 238U self-shielded XSs in the UO2 fuel pin, the Gd fuel pin and MOX
fuel pin are less than 0.67%, 1.51% and 0.25%, respectively. The k-error brought by the self-shielded XSs
are less than 63.0 and 73.3 pcm for the UO2 and MOX assembly, respectively.
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a: Average error of self-shielded XSs; b: RMS error of self-shielded XSs; c: Maximum error of 238U self-shielded XSs.

Figure 2. The Distribution of Relative Errors over Burnup Steps for Self-Shielded XSs
Burnup (GWd/t)
k error(pcm)-UO2
k error(pcm)-MOX

0
62.2
73.3

Table I. K-Error during Burnup
0.1
5
10
15
20
62.3
54.4
44.1
43.1
49.2
73.2
70.1
68.0
66.7
65.7

30
63.0
65.8

50
57.4
66.3

70
39.5
68.3

3.2 Multi-Assembly Problem
A multi-assembly problem designed on C5G7 geometry [16] is used to test the ability of the two-step
approach for the whole-core calculation. The material specification is specific in Ref. 17
The MOC ray conditions for the self-shielding calculation are 6 azimuthal angles in the first quadrant, 30
rays in each direction and 16 polar angles with GL quadrature set. The MCNP 5 tallying with 300 batches
(50 inactive batches) and 10 000 000 particles per batch is performed for reference. Fig. 3 is the
distribution of RMS relative errors of self-shielded XSs. From the data in Fig. 3, it can be seen that the
maximum RMS error is less than 1%. The identical 69-group MOC calculations are performed using the
self-shielded XSs from the two-step approach and the MCNP tallying. The MOC ray conditions for the
transport calculation are 8 azimuthal angles in the first quadrant, 20 rays in each direction and 8 polar

6

https://doi.org/10.1051/epjconf/202124703014

EPJ Web of Conferences 247, 03014 (2021)
PHYSOR2020

angles with GL quadrature set. Table II gives the k-infinity comparison and error introduced by the selfshielding calculation is -30.6 pcm.

(b)

(a)

(c)

a: Inner UO2 assembly; b: outer UO2 assembly; c: MOX assembly

Figure. 3 The Distribution of RMS Relative Errors of Self-Shielded XSs
Table II. The Comparison of K-Infinity in Multi-Assembly Problem
MOC-Reference
MOC-Two-step scheme
Error (pcm)
k-infinity
1.324493
1.324187
-30.6
3.3 Test for Intra-Pin Self-Shielding
A self-design 3  3 multicell lattice shown in Fig. 4 is used to test the accuracy of the distributed
parameter approach on the evaluation of intra-pin self-shielding. The material specifications are from the
UO2 cell in JAERI benchmark and the fuel rod is divided into 10 rings with equal volume. 300 batches
(50 inactive batches) with 3 000 000 particles per batch is used for MCNP 5 tallying to calculate the
reference results.

2
Fuel
Cladding

1

Moderator

Pellet outer diameter: 0.824cm
Cladding outer diameter: 0.952cm
Fuel rod distance: 1.265cm

Figure. 4 Geometric Configuration And Parameter of Multicell Lattice
The pin-level self-shielded XSs used for the evaluation of intra-pin self-shielding are obtained by the twostep approach, and the conditions for MOC ray generation are: 32 azimuthal angles in the first quadrant;
80 rays in each direction; 8 polar angles with GL quadrature set. Fig. 5 and 6 give the comparison of
intra-pin self-shielded XSs of group 24th and 27th in the fuel rods marked in Fig. 4. It can be observed that
the maximum relative error is less than 1%. The identical 69 group MOC transport calculation for the
lattice is performed using the self-shielded XSs obtained by the two-step scheme and MCNP tallying,
respectively. The comparison of k-infinity is tabulated in Table III and it can be seen that the k-error
introduce by the self-shielding calculation is 16.7 pcm
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Group 24th

Group 27th

Figure. 5 The Comparison Of 238U Microscopic Absorption XS in No.1 Rod

Group 24th

Group 27th

Figure. 6 The Comparison Of 238U Microscopic Absorption XS in No.2 Rod

k-infinity

Table III. Comparison of K-Infinity
MOC-MCNP
MOC-two-step scheme
1.460434
1.460601

Error (pcm)
16.7

4. CONCLUSIONS
A new resonance self-shielding method named the two-step approach is proposed to accomplish the highfidelity whole-core resonance self-shielding calculation. At the first step, the pin-based UFG calculations
are performed to fit the RD. At the second step, the self-shielding calculation of the target whole-core
problem is performed using the RD generated before. The black-assumption ESSM is adopted to establish
the equivalence relationship between the designed pin-cell and the actual fuel rod in the target problem.
And the number density-perturbation technique is adopted to resolve the resonance interference in
depleted fuel. A distributed parameter approach is proposed to evaluate the intra-pin sub-ring self-shielded
XS which is washed out in the original RD. Multiple problems are calculated to test the ability of the twostep approach, and the numerical results show that the two-step approach can achieve the same level of
computing accuracy as the direct UFG calculation and the MCNP tallying.
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