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ABSTRACT

In pebble-bed reactors, the fuel is contained in small grains, which are included in a
graphite matrix. Some burnable poison particles may also be present. In this work, an
additional ’double heterogeneity’ model is introduced in the DRAGON5 lattice code. The
model is based on the legacy work of She (INET) and has been improved to overcome
intrinsic limitations. It is based on a simplified physical model whereas the two already
existing models were based on the collision probability analysis or on renewal theory. The
advantage of this new model is its simplicity to implement. The theory shows that the cor-
rection suggested in the original model should not be arbitrary, but a constant equivalent
particle fraction of 0.63. Numerical comparison between the models is generally good.
However it does not support the theory of a constant equivalent fraction. Additional work
is needed to reduce the discrepancy between the models in some cases.
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1. CONTEXT AND INTRODUCTION

In pebble-bed reactors, the fuel is contained in small grains, which are included in a graphite
matrix. Here, the fuel dispersion reactors is studied and a new ’double heterogeneity’ model is
introduced in the DRAGON5 lattice code, based on the legacy work of She (INET). With a de-
terministic approach, a direct and exact geometry representation would be too expensive, and a
homogenized mixture would be highly inaccurate. Several models have been introduced in the
past, one based on the collision probability analysis (Hébert [1]), one based on renewal theory
(Sanchez and Pomraning [2]), and finally, one based on a simplified physical model (She [3]). The
later is very easy to implement, but some of its extensions to resonance self-shielding and fuel
depletion had to be tested. DRAGON5 code already included the first two models, the later was
thus programmed as proposed by She. The advantage of using the same code is that no bias is
introduced when comparisons are done. The only differences come from the calculations of the
equivalent cross-sections in the composite material, not the resonance treatment or the tracking
options for examples.
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In this paper, the model of She is briefly presented in section 2. The computation of the source
term needed to solve the transport equation and the flux is detailed both for single type and multiple
types of particles in the composite. Then, in section 3 an improvement to a major limit of the model
is proposed. Test cases results are presented in section 4, before conclusions are drawn.

2. THEORY

As mentioned previously, several approaches can be found in the literature to take into account
properly the double heterogeneity of geometries such as in pebble bed. The main goal is to compute
the average cross-sections in the composites and to be able to obtain the flux in each of their
components. This section presents the theory and model proposed by She et al. [3] harmonized
with the notation used by Hebert [4]. It also defines several quantities needed by the different steps
of DRAGON calculations and for the improvement presented in Section 3. The model proposed
by She is introduced in a subroutine of DRAGON which computes the equivalent cross-sections
of a composite. This subroutine is called by the self-shielding modules as well as the flux solver.

2.1. Unique Type of Microstructure in a Composite

First, the case with only one type of microstructure in the composite is studied, and the basic
assumptions are presented. Additionally to Hébert notation to remove all possibilities of mistakes,
notations have the superscript ’1’ when referring to a unique microstructure composite. To compute
the different properties of the composite, She et al. [3] make the assumption that the composite i
behaves as a cylinder with a spherical grain in its centre (Fig. 1 and 2 in Ref [3]). The neutrons
travel through the cylinder parallel to its axe. Thus, they enter on one round side, travel through
the matrix, then the grain of type j (all its layers) and the matrix again, to finally exit on the other
round side. Some of then collide along the way, some not, which defines p1(i, j), the probability
for a neutron to go through without collision. Then, the total equivalent macroscopic cross-section
Σ̃1
i in a composite i is given by:

p1(i, j) = e−Σ̃1
iL

1(i,j) ⇒ Σ̃i(j)
1 = − ln p1(i, j)

L1(i, j)
(1)

where the length of the cylinder, L1(i), is chosen to keep the volume ratio of microstructure /
matrix. To simplify the notations, all the reference to the grain type j, are removed in this section
since only one type of grain is considered. The conservation of reaction rates equation (Eq. 1 of
[3]) is then given by:

Σ̃1
iV φ̄ = Σdil(i)V

1
dilφ

1
dil(i) +

∑
k

Wkφ
1
k(i)Σk(i) (2)

where the indexes i, dil and k represents respectively: the composite, its matrix and the layer
of the microstructure j, φ̄ is the average flux in the whole composite, φdil(i) and φk(i) the flux
in the different subregions of the composite, V , V 1

dil and Wk the total, matrix and microstructure
subregion volumes respectively. This can be rewritten as follows:

Σ̃1
i = (1− f 1(i))S1

dilΣdil(i) +
∑
k

f 1
k (i)S1

k(i)Σk(i, j) (3)
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where f are the volume fractions of the different subvolumes, with f 1(i) =
∑

k f
1
k (i), and S are

the self-shielding factors of the matrix and the layers of the microstructure j. Moreover, the total
equivalent macroscopic cross-section Σ̃i in a composite i can also be expressed as the average of
the equivalent cross-section of all its subvolumes:

Σ̃1
i = (1− f 1(i))Σ̃1

dil(i) +
∑
k

f 1(i)
Wk(i)

W (i)
Σ̃1
k(i) = f 1

dil(i)Σ̃
1
dil(i) +

∑
k

f 1
k (i)Σ̃1

k(i) (4)

A comparison of the Eq. 2 to 4 shows that the spatial self-shielding factors are:

S1
dil(i) =

φ1
dil(i)

φ̄
=

Σ̃1
dil(i)

Σdil(i)
and S1

k(i) =
φ1
k(i)

φ̄
=

Σ̃1
k(i)

Σk(i)
(5)

As She et al mentioned in [3], the self-shielding can be applied to all reaction types. Thus, us-
ing notations from [4], the within-group scattering equivalent macroscopic cross-section Σ̃w

i in a
composite i is given by:

Σ̃1
w,i = fdil(i)Σ̃

1
w,dil(i) +

∑
k

f 1
k (i)Σ̃1

w,k(i) = (1− f(i))Σ̃1
w,dil(i) +

∑
k

f(i)
Wk(i, j)

W (i, j)
Σ̃1
w,k(i) (6)

Using the definition of the spatial self-shielding factor in Eq. 5 to the within-group scattering
equivalent microstructure cross-sections Σ̃w,k(i, j), and Eq. 24 and 25 of Ref. [3], we can write :

Σ̃1
w,k(i) = S1

k(i)Σw,k(i) =
Σ̃1
k(i)

Σk(i)
Σw,k(i) =

p1
k(i)

1− p1(i)

Σ̃1
i

Σk(i)

1

f 1
k (i)

Σw,k(i) (7)

Σ̃1
w,dil(i) =

p1
dil(i)

1− p1(i)

Σ̃1
i

Σdil(i)

1

f 1
dil(i)

Σw,dil(i) (8)

where p1
k(i, j) and p1

dil(i) are referred as pkj in Ref. [3]. Similarly to p1
i , p

1
k(i) is obtained by

following the path the neutrons have to travel to have their first collision in layer k of microstructure
j of composite i. Note that the meaning of indexes j and k are switched from Ref. [3]. Moreover,
the conservation of neutrons in terms of collision probabilities can be rewritten as follows:

p1(i) + p1
dil(i) +

∑
k

p1
k(i) = 1 (9)

Using Eq. 7 and 8 in Eq. 6, we obtain:

Σ̃1
w,i =

(
p1
dil(i)

1− p1(i)

Σw,dil(i)

Σdil(i)
+
∑
k

p1
k(i)

1− p1(i)

Σw,k(i)

Σk(i)

)
Σ̃1
i (10)

By taking a closer look at the previous equation, we can see that the within-group scattering equiv-
alent macroscopic cross-sections is equal to the total equivalent cross-sections time a factor. This
factor is defined as a weighted average on all microstructures (and matrix) of the ratio within-
group scattering divided by total cross-section. The weight is the probability of first collision in
each subregion. Note that the weights (p1

k(i) and p1
dil(i)) are normalized by their sum which is the

total collision probability (1− p1(i)).

By definition, the source is the product of a cross-section (scattering or fission) and a flux. When
the equivalent cross-section for the composite is computed, the reaction rates are preserved, which
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means that the sources also are. This leads to the following simple equation for the equivalent
source :

qas∗,1i = fdil(i)q
∗,1
i +

∑
k

f 1
k (i)q∗,1k (i) (11)

Note that the source has to be computed with the local flux, NOT the average composite flux to
keep the previous equation valid.

Once all the equivalent values are obtained for all composites, the average flux can be computed.
To recover the flux in each matrix and layers of the microstructures, Eq. 5 is used. Local fluxes can
then be used to perform depletion calculations, for example. Note that if there is no microstructure
(homogeneous macro-volume), then in Eq. 10 and 11, p1

k(i) = 0 and f 1
k (i) = f(i) = 0. Thus,

according to Eq. 9, p1
dil(i) and 1− p1(i) are equal, which leads to: Σ̃1

i = Σdil(i) ; Σ̃1
w,i = Σw,dil(i)

; qas∗,1i = q∗i as expected.

2.2. Several Types of Microstructures in a Composite

For a composite with several types of microstructures, She et al propose the following procedure.
First, the main assumption is that the grains do not have shadowing effect on each other, regardless
of their number and type. The matrix can then be split between them accordingly to their vol-
ume fraction f(i, j) in the composite i. This procedure defines a representative volume for each
microstructure j with a total volume V eq(i, j), a microstructure fraction f eq(i, j), and its layers
fractions f eqk (i, j) with:

V eq(i, j) =
f(i, j)

f(i)
V (i) and f eq(i, j) =

f(i, j)V (i)

V eq(i, j)
= f(i) (12)

f eqk (i, j) =
Wk(i, j)

W (i, j)
f(i) and f eqdil(i, j) = 1− f eq(i, j) = 1− f(i) (13)

where f(i) is the volume fraction of all microstructures together, and Wk(i, j) are the volumes of
each layer in the microstructure.
Since there is no shadowing effect according to the main assumption, the composite equivalent
macroscopic cross-section is then given by the average of the equivalent macroscopic cross-section
on all representative volumes V eq(i, j):

Σ̃i =
1

f(i)

∑
j

f(i, j)Σ̃1
i (j) (14)

Similarly, for the composite equivalent within-group macroscopic cross-section and sources (ex-
cluding within-group scattering), we have:

Σ̃w,i =
1

f(i)

∑
j

f(i, j)Σ̃1
w,i(j) and qas∗i =

1

f(i)

∑
j

f(i, j)qas∗,1i (j) (15)

It is highly important here to note that the equivalent values Σ̃1
w,i(j), Σ̃1

w,i(j) and qas∗,1i (j) are
computed with the equivalent fraction f(i) (Eq.12) and NOT their actual volume fraction. The
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procedure presented in the previous section is followed for each microstructure independently,
before the average is made.
Again, once all the equivalent values are obtained for all composites, the average flux can be
computed. To recover the flux in each layers of the microstructures, Eq. 5 is used:

φk(i, j) = φ̄
Σ̃1
k(i, j)

Σk(i, j)
= φ̄

Σ̃1
i (j)

Σk(i, j)

p1
k(i, j)

1− p1(i, j)

1

f eqk (i, j)
(16)

For the matrix, a similar equation in the representative volume for each microstructure is used. This
leads to a flux value potentially different for each microstructure; the average is then performed
according to the volume fraction as follows:

φdil(i, j) =
∑
j

f(i, j)

f(i)
φ̄

Σ̃1
dil(i, j)

Σdil(i)
= φ̄

∑
j

f(i, j)

f(i)

Σ̃1
i (j)

Σdil(i)

p1
dil(i, j)

1− p1(i, j)

1

f eqdil(i, j)
(17)

With 12, 13 Eq. 16 and 17 , the flux distribution can be recovered in all subregions (matrix and
layers of microstructures) and used for further calculations such as reaction rates, depletion...

3. LIMITATIONS AND IMPROVEMENT

As mentioned by She et al [3], the equivalent volume approach using a cylinder has an intrinsic
default. Indeed, no verification is done on the length vs. radius of the cylinder. As the authors
underlined, this becomes an issue when the microstructure volume fraction becomes small, then
the cylinder become too long, much longer than the composite itself. To overcome this issue, She
et al propose to increase the radius of the microstructure (R′), as if a layer of matrix mixture was
applied around it. The new volume fraction f ′ of this augmented microstructure is then larger,
which means that the length of its cylinder is reduced (L′). The relative dimensions between initial
and augmented cylinders are presented in Ref. [3]. She et al showed on an example that this
correction is mandatory when the fraction is under 5%. Similar results will be presented later.
They also suggest a value between 5 and 10% for the minimum arbitrary volume fraction f ′. In the
remaining of this section, we would like to explore more what a specific arbitrary choice actually
means in terms of physics and approximations done. On the one hand, as mentioned before, when
the volume fraction is small and the length of the cylinder is artificially very long, it means the
neutron have to travel through a very long path through the matrix before and after they get to the
microstructure. This leads to an excessive and not realistic absorption in the matrix. On the other
hand, the length of the cylinder could be chosen as short as possible to fit the pseudo-microstructure
in it, which is its diameter. In that case, the pseudo-volume fraction is 2/3. This approach is closer
to Hebert or Sanchez where the authors approximate the representative volume as a sphere of
matrix around spheric microstructures. Now, one could ask which approach does make more sense
physically. The former may not physically be acceptable and the later has the shortest distance of
matrix. To reduce the approximations done in the cylinder model, the better choice should reflect
the actual length travelled by a neutron between two microstructures. Even though the general
approximation is to suppose that all microstructures are independent and randomly dispersed in
the matrix, it would be more realistic if the length of the cylinder is equal to the average distance
between microstructure. Then, the relative radius of the microstructure and the equivalent cylinder
would be better suited to represent the number of neutrons in the composite which travel across
the microstructure or only through the matrix along the cylinder length.
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The first step is to calculate the average distance between each microstructure of one type. For that,
we assume momentarily that the microstructures are on a regular tetrahedron pattern, in which all
the closest microstructures are at the same distance. In that case, when spheres touch each other,
the maximum density is obtained: fmax = π

3
√

2
= VS(L′/2)

VT (L′)
, where L′ is the length of the tetrahedron

edges and of the equivalent cylinder we are looking for, VS is the volume occupied by the sphere
in the tetrahedron, VT is the tetrahedron volume.
For the same edges length, but smaller spheres (radius R), the volume fraction is given by:

f =
VS(R)

VT (L′)
=
VS(L′/2)

VT (L′)

VS(R)

VS(L′/2)
=

π

3
√

2

R3

(L′/2)3
(18)

Thus for the cylinder shape, the volume fraction f and the equivalent fraction f ′ are given by:

f =
4πR3

3

1

L′πR′2
=

4R3

3L′R′2
and f ′ =

4R′3

3L′R′2
=

4

3

(√
2π
)−1/2

≈ 0.6325 (19)

The previous equation shows that the ’best’ equivalent volume fraction is actually a constant, close
to the maximum.

4. RESULTS

4.1. Test Case Description

To test the implementation and the improvement of the double heterogeneity model presented in
the previous sections, pebbles similar to those used in the HTR-10 reactor [6] are considered. They
consist in a spherical composite of carbon matrix with particles. The composite is 5cm diameter
covered by a layer of the same carbon matrix (0.5 cm thick). The particles include a core of UO2

fuel with a diameter of 250µm. Similar cases with additional burnable poison particles of 10B4C
are also considered. Both particles content and geometry are described completely in Ref. [5].

4.2. Simulations

Computations were performed with DRAGON using a Jeff 3.2 library and SHEM361 energy group
structure. The results for pebbles with a single type of particle are presented in Table 1. Several
amounts of uranium particles (w in grams per ball) were simulated with the method of Hébert
(HEBE), Sanchez (SAPO) and She (SLSI). For the SLSI method, several minimum equivalent
fractions of particles were tested: none, 5%, 10%, 20%, 35% and 63%. The results show that
Hébert and Sanchez methods give very similar results. The minimum fraction has a large influence
on the results (several hundreds of pcm between 5% and 63%). Similar tests performed with
XPZ with ENDF-B7.0 by the author of Ref. [5] show the same phenomenon. When compared to
the results with two Monte-Carlo based codes (SERPENT with Jeff 3.1.1 and RMC with ENDF-
B7.0), the theoretical fraction of 63% calculated previously do not always give the closest results.
By interpolation of the results, an approximate equivalent fraction of 1.5 time the real fraction
gives the same results as SERPENT. However, when compared to the XPZ results, an equivalent
fraction between 5 and 10% is the closest.
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Table 1: k∞ for fuel pebbles with different enrichments and methods

f &
w

SERP.* HEBE SAPO SLSI -
0

SLSI -
5

SLSI -
10

SLSI -
20

SLSI -
35

SLSI -
63

RMC XPZ

1.005 1.68867 1.66712 1.66712 1.61467 1.66413 1.66791 1.66945 1.66991 1.67019
1 0.00025 2155 2155 7400 2454 2076 1922 1876 1848

2.010 1.75576 1.74388 1.74378 1.74269 1.74651 1.74796 1.74882 1.74928 1.74957
2 0.00028 1188 1198 1307 925 780 694 648 619

5.025 1.68946 1.68520 1.68466 1.68632 1.68632 1.68994 1.69249 1.69370 1.69493 1.69131 1.69152
5 0.00040 426 480 314 314 -48 -303 -424 -547 -185 -206

10.05 1.54383 1.54056 1.53933 1.54134 1.54134 1.54134 1.54701 1.54922 1.55197 1.54491 1.54287
10 0.00048 327 450 249 249 249 -318 -539 -814 -108 96

15.07 1.43486 1.43142 1.42974 1.43323 1.43323 1.43323 1.43648 1.44042 1.44249
15 0.00052 344 512 163 163 163 -162 -556 -762

20.10 1.35749 1.35139 1.34948 1.35423 1.35423 1.35423 1.35423 1.35857 1.36048 1.35562 1.35413
20 0.00053 610 801 326 326 326 326 -108 -299 187 337

25.12 1.29884 1.29193 1.28993 1.29555 1.29555 1.29555 1.29555 1.29783 1.30167
25 0.00052 691 891 329 329 329 329 101 -283

30.15 1.25452 1.24723 1.24522 1.25138 1.25138 1.25138 1.25138 1.25304 1.25573
30 0.00053 729 930 314 314 314 314 148 -121

* SERP = SERPENT used as reference: k∞ and ∆k∞ = (kSERPENT
∞ − k∞) ∗ 105 underneath

+ f (% volume) / w (g/pebble)

Table 2 presents the results for the simulation with burnable absorbers: B4C particles ∗. In this
case, RMC results presented in Ref [5] are taken as reference. The larger the amount of absorbent
is, the larger the discrepancy becomes. The influence of the minimum equivalent fraction is even
more important with these cases, where the equivalent theoretical fraction of 63% gives the closest
results.

5. CONCLUSIONS

The method developed by She to simulate the double heterogeneity in composite, such as in pebble-
bed fuel, has been successfully implemented in DRAGON. Moreover, the limitations of the method
regarding small fraction of particles in composites have been studied. In this paper, it has been
demonstrated theoretically that the equivalent fraction used to define the representative volume is
actually a constant close to the maximum that a cylinder approach can allow.
The numerical results support the theory and the improvement proposed in this work for cases
with larger amount of absorbent. The general comparison between the different methods shows

∗Note that a composition error of the B4C was introduced in the numerical results of [5] and
[3]. This error was intentionally reproduced here to be able to compare our results with those found
in the literature.
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Table 2: k∞ for fuel pebbles with several amounts of B4C particles (n)

n Fuel /w (g) n B4C RMC HEBE SAPO SLSI - 5 SLSI - 35 SLSI - 63 XPZ

8355 1000 1.50375 1.50231 1.50187 1.45330 1.50027 1.50442 1.50459
5 144 188 5045 348 -67 -84

10000 1000 1.50155 1.49959 1.49900 1.45953 1.49864 1.50342 1.50075
6 196 255 4202 291 -187 80

10000 2000 1.37051 1.37007 1.36956 1.30538 1.36293 1.36880 1.36982
6 44 95 6513 758 171 69

10000 5000 1.08166 1.08423 1.08390 0.99246 1.06629 1.07546 1.08108
6 -256 -224 8920 1537 620 58

10000 10000 0.79617 0.80035 0.80019 0.71316 0.78096 0.78947 0.79409
6 -418 -402 8301 1521 670 208

* RMC used as reference: k∞ and ∆k∞ = (kHEBE
∞ − k∞) ∗ 105 underneath

that they can be in agreement as long as the amount of absorbents (either fuel or poison) is not
too large, and that the equivalent fraction is chosen adequately for the case. This observation
represents actually a drawback to the theory that a constant fraction should be taken. More work
is in progress to identify the source of the discrepancy. However, since it increases with the fuel
or burnable absorber content, we can suppose that the approximation of independent particles may
not be valid in those cases.
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