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ABSTRACT
In this paper, two Galerkin projection based reduced basis approaches are investigated for
the reduced-order modeling of parameterized incompressible Navier-Stokes equations for
laminar transient flows. The first approach solves only the reduced momentum equation
with additional, physics-based approximations for the dynamics of the pressure field. On
the other hand, the second approach solves both the reduced momentum and continuity
equations. The reduced bases for the velocity and pressure fields are generated using the
method of snapshots combined with Proper Orthogonal Decomposition (POD) for data
compression. To remedy the stability issues of the two-equation model, the reduced basis of the velocity is enriched with supremizer functions. Both reduced-order modeling
approaches have been implemented in GeN-Foam, an OpenFOAM-based multi-physics
solver. A numerical example is presented using a two-dimensional axisymmetric model
of the Molten Salt Fast Reactor (MSFR) and the dynamic viscosity as the uncertain parameter. The results indicate that the one-equation model is slightly more accurate in
terms of velocity, while the two-equation model, built with the same amount of modes
for the velocity, is far more accurate in terms of pressure. The speed-up factors for the
reduced-order models are 3060 for the one-equation model and 2410 for the two-equation
model.
KEYWORDS: Reduced-Order Modeling, ROM, Parametric Model Order Reduction, OpenFOAM

1. INTRODUCTION
The simulation of complex phenomena requires, in many cases, the solution of a system of partial
differential equations in a discretized form. In such systems, the number of unknowns, or degrees
of freedom, is potentially large and, consequently, obtaining a solution is computationally expensive. Simulation of transient fluid flows can serve as a good example for such complex problems.
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The use of these expensive Full-Order Models (FOMs) is often challenging for applications that entail a large number of simulations with variability in input parameters, e.g., design optimization or
uncertainty quantification. In these situations, the construction of Reduced-Order Models (ROMs)
can decrease the computational burden by reducing the number of unknowns, with often modest
and controllable sacrifice from the side of accuracy. This paper investigates the applicability of two
projection-based reduced-order modeling approaches to simulate parameterized laminar transient
fluid flows. Both of the techniques focus on deriving ROMs from FOMs with finite-volume spatial
discretization. The first approach used in this paper was published in [1] and uses a one-equation
technique with physics-based approximations for the pressure field. The second approach, on the
other hand, yields a two-equation ROM [2]. Both proved to be accurate methods for inlet-outlet
problems as shown in [3–5]. These methods are adopted in this work for another typical problem
class in the nuclear industry, namely closed-loop systems with volumetric momentum sources. The
applicability of the two reduced-order modeling techniques is presented using a pump start-stop
transient scenario with a 2D axisymmetric model of the Molten Salt Fast Reactor (MSFR) [6]. For
full-order simulations, the OpenFOAM [7] based finite volume multi-physics solver GeN-Foam
[8] is used. All the routines used for the reduced-order modeling part have been implemented
within GeN-Foam as well. The rest of the paper is organized as follows: in Section 2 we review
the mathematical models used to describe fluid flows in laminar regimes; in Section 3 we provide
the derivations for the corresponding ROMs, while Section 4 provides the numerical example for
the MSFR.
2. FULL-ORDER GOVERNING EQUATIONS
Incompressible fluid flows in the laminar regime can be described accurately using the NavierStokes equations [9]; these express momentum and mass conservation in the following form:
 h
i
∂ρu
+ ∇ · (ρu ⊗ u) =∇ · η ∇u + (∇u)T − ∇p + S
r ∈ Ω,
(1)
∂t
∇ · ρu =0
r ∈ Ω,
(2)
where u denotes the velocity vector, p the pressure, η the molecular dynamic viscosity, and ρ the
density within the computational domain Ω with boundary ∂Ω. In addition, S incorporates all
additional volumetric momentum sources or sinks. In this paper we consider incompressible fluids
only, which means that the density in the equations above is constant. Furthermore, the dynamic
viscosity is assumed to be constant as well. The conservation equations are supplemented with
appropriate initial and boundary conditions. For a closed loop system, the boundary conditions are
given in the following form:
r ∈ ∂Ω,
r ∈ ∂Ω.

u =0
∇p · n =0

(3)
(4)

and the initial velocity and pressure fields, u(0, r) and p(0, r) are given. These equations are
then discretized in space and time. In this paper we use a finite-volume treatment in space and
an implicit-Euler discretization in time. Lastly, it must be mentioned that input parameters in the
Full-Order Model (FOM), such as molecular dynamic viscosity, fluid density, or parameters in the
source term S, can be uncertain with different distributions, yielding a parameterized problem.
Henceforth, we include all of these uncertain parameters into a parameter vector denoted by µ =
[η, ρ, ...]T .
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3. REDUCED GOVERNING EQUATIONS
In this section, two approaches for obtaining ROMs for laminar incompressible Navier-Stokes
equations are described. The first one, described in [2,5] for a finite volume setting, reduces
Eqs. (1)-(2), thus it is referred to as two-equation ROM. The second approach, first described
in [1] and often referred to as POD-FV-ROM, on the other hand, reduces Eq. (1) only by supplying
approximations for the pressure field. Therefore, it is referred to as one-equation ROM in this
paper. The method of snapshots combined with Proper Orthogonal Decomposition (POD) [10] is
used to obtained the basis functions, often called modes, of the reduced subspaces for both ROM
types. In principle, the generation of these ROMs comprises two major phases, an offline phase,
that has to be carried out only once, at the beginning, and an online step that is performed every
time the ROM is to be solved.
3.1. Offline stage
The offline phase begins with gathering information about the time and parameter dependent solution manifolds, meaning that the FOM is exercised to obtain Ns snapshots of the system at different
time instances or parameter values. In case of finite volume discretization, a snapshot can be considered to be a vector containing the value of a scalar (pressure) or vector (velocity) at the center
of each cell. Assuming that domain Ω is partitioned into N cells, the size of one snapshot is N for
the pressure and 3N for the velocity in 3D. These snapshots are collected in snapshot matrices
Ru = [u1 , ..., uNs ]
Rp = [p1 , ..., pNs ]
for velocity and pressure. Both reduction approaches use these snapshot matrices to obtain the
basis vectors (or modes) of the reduced subspaces. However, the way the bases are obtained
is slightly different for the two methods. For the two-equation ROM, it is done by solving the
following two eigenvalue problems as a first step
C u V u = Λu V u ,
C p V p = Λp V p ,

(5)
(6)

where C u and C p (both of size Ns × Ns ) are the correlation matrices of the velocity and pressure
snapshots with respect to an analytic L2 norm. Using the resulting eigenvectors and eigenvalues,
basis vectors φui and φpi for the velocity and pressure subspaces are constructed with the help of the
snapshots as follows:
Ns
1 X
=p u
uk V ui,k ,
λi k=0

(7)

Ns
1 X
φpi = p p
pk V pi,k .
λi k=0

(8)

φui

where λui and λpi are the eigenvalues of the correlation matrices, located on the diagonals of Λu
and Λp . In most cases, the number of relevant basis vectors is much smaller than the number of
snapshots, ru  Ns for velocity and rp  Ns for pressure. This might allow further reduction in
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the dimension of the subspaces. The importance of each basis function compared to the others can
be determined by assessing the decay in the eigenvalues of the correlation matrices.
In case of the one-equation method, the reduced bases are obtained slightly differently. Only
Eq. (5) is solved alone, and the modes are given by
φui

Ns
1 X
p
=
uk V ui,k ,
u
λi k=0

(9)

φpi

Ns
1 X
=p u
pk V ui,k .
λi k=0

(10)

where the pressure modes are constructed in a way that they are required to follow the same dynamics as the velocity modes. This approximation was first introduced in [1] and it has been
experimentally demonstrated to yield accurate ROMs for practical inlet-outlet applications [3].
Once the basis vectors of the reduced subspaces are available, the solution of the full-order equations is approximated as the linear combinations of these modes
u(r, t; µ) ≈
p(r, t; µ) ≈

ru
X

φui (r)cui (t, µ),

(11)

φpi (r)cpi (t, µ),

(12)

φui (r)cui (t, µ),

(13)

φpi (r)cui (t, µ),

(14)

i=0
rp

X
i=0

for the two-equation ROM, and
u(r, t; µ) ≈
p(r, t; µ) ≈

ru
X
i=0
ru
X
i=0

for the one-equation ROM. Here, cui (t, µ) and cpi (t, µ) denote the coordinates of the full order fields
in the reduced subspaces. Finally, the full-order equations are projected onto the reduced subspace
to get the reduced-order systems. In this work, a Galerkin projection is used, however, as discussed
in [11], Petrov-Galerkin projection presents a powerful alternative as well. The reduced laminar
fluid equations with the two-equation method become
M ċu + cu,T Ccu − ηDcu + P cp = S r ,
Gcu = 0

(15)
(16)

where the reduced operators are
Mi,j = φui , ρφuj
Di,j

Ω u

u
= φi , ∇ · ∇φj + (∇φuj )T

Gi,j =

φui , ∇

·

C i,j,k = φuj , ∇ · (ρφui ⊗ φuk )
Pi,j =

Ω

φuj Ω

S r,i =

4

φui , ∇φpj Ω
hφui , SiΩ .

Ω
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It is important to note that these reduced matrices have to be computed only once, they can be
stored, and every ROM solve only involves multiplication by constant and summation of small
dense matrices, which is of low computational cost.
Unfortunately, even simple two-equation models have stability problems at reduced-order level.
To tackle this, a supremizer stabilization has been adopted [12]. The essence of this method is that
additional stabilizing, so called supremizer basis functions are mixed to the velocity modes. For
more information the reader is referred to [2,5,12].
In case of the one-equation ROM, the following, considerably simpler, system is solved:
M ċu + cu,T Ccu − ηDcu + P cu = S r .

(17)

A noteworthy advantage of this method is that, based on [1,3], it does not exhibit stability issues,
unlike its two-equation counterpart.
3.2. Online stage
Following the computationally expensive offline phase, the online phase consists of only two, relatively cheap steps. First, the reduced equations are assembled from the small matrices precomputed
in the offline procedure, then the reduced algebraic equation system is solved and the approximate
full-order solution is reconstructed using Eqs. (11)-(14). In this study, a simple fixed-point iteration is used to solve the reduced nonlinear equations. To compare the results from the ROMs to
those of the FOM we adopt the following error metrics:
||uF OM (r, t; µ) − uROM (r, t; µ)||L2
,
||uF OM (r, t; µ)||L2
||pF OM (r, t; µ) − pROM (r, t; µ)||L2
δp(t; µ) =
.
||pF OM (r, t; µ)||L2

δu(t; µ) =

(18)
(19)

4. NUMERICAL EXAMPLE
For demonstration purposes, a 2D axisymmetric model of the Molten Salt Fast Reactor (MSFR)
has been created using the available information in [6] and [13]. The geometry of the model is
presented in Figure 1 with the red area showing the location of the pump which is treated as a
volumetric momentum source. The hexahedral mesh consists of 16,067 cells meaning that the
number of unknowns in the full-order model is 48,021. For all full-order runs the density of the
kg
fluid is 4125 m
3 , while the dynamic viscosity is considered to be an uncertain parameter varying
in the range of [0.1, 0.5] Pa·s with a uniform distribution. For this work the following transient
scenario has been chosen (see also Figure 2):
1. 0 s ≤ t ≤ 100 s: The pump is started and linearly ramped up from |S| = 0
2. 100 s < t ≤ 600 s: The pumping power stays constant at |S| = 2.5

N
m3

to 2.5

N
m3

N
m3

3. 600 s < t ≤ 700 s: The pumping power is decreased linearly from |S| = 2.5 mN3 to 0 mN3
4. 700 s < t ≤ 1000 s: The pump stays shut down, while the residual inertia of the fluid
slowly dissipates
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Figure 1: 2D axisymmetric geometry of the MSFR used for the numerical example. (red:
pump region, green: probe location, gray: regular flow domain)

At the beginning of the offline phase, five values of the dynamic viscosity are chosen with a uniform
spacing between the maximum and minimum values, including the bounds as well. Then the
previously described transient scenario is solved with the full-order model for all five values of the
viscosity using a time step size of ∆t = 1 s. Snapshots of the velocity and pressure fields are saved
every 10 s resulting in 500 snapshots (100 snapshot per scenario) for each solution field altogether.
Using the information gained from the snapshots, two reduced-order models have been built. A
one-equation ROM using 24 basis functions for the velocity and pressure, and a two-equation ROM
using 24 basis functions for the velocity and 8 basis functions for the pressure and supremizer
fields. After the generation of these ROMs, the dynamic viscosity is set to η = 0.23̇ Pa·s, which is
not included in the training values. The two ROMs and the FOM are run using this input parameter
and the results are compared. The magnitude of the velocity is evaluated at the inlet of the heat
exchanger (green dot in Figure 1) and the results are shown in Figure 2.

One-equation ROM
Two-equation ROM
Full Order
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60
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Velocity maginutde (m/s)
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40
0.005
20
0.000

0

200

400
600
Time (s)

800

0
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Figure 2: Comparison of the velocity magnitudes at the probe location.
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It is visible that both ROM approaches yield accurate results, however the exact measure of error
is difficult to read. For this reason, time dependent error indicators Eq. (18)-(19) are also plotted
in Figure 3. To show the applicability of these convoluted ROMs, another line has been plotted
showing the achievable accuracy with simple linear interpolation (in the parameter space) using
the snapshots directly. It can be observed that besides the first 80 s of the transient, the relative L2
error in the velocity is lower than 1% for both ROM approaches. It is important to note that the
one-equation ROM is slightly more accurate in terms of velocity, however it is far worse in terms of
pressure. The accuracy of the pressure for the two-equation ROM can be increased by the inclusion
of additional pressure and supremizer modes if necessary. It is also visible, that even though the
linear interpolation yields accurate results in terms of pressure, it is consistently outperformed by
the ROMs in case of the velocity after the first 100 seconds of the simulation.
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||pFOM − pROM ||/||pFOM ||
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Figure 3: Velocity and pressure errors as function of time for the one- and two-equation
ROMs.

The observed speed-up factor is approximately 3060 for the one-equation ROM and 2410 for its
two-equation counterpart. This implies that if more than five runs are necessary for the optimization of the dynamic viscosity or related uncertainty quantification, and the presented relative errors
are acceptable, it is worth creating and using ROMs for subsequent runs.
5. CONCLUSIONS
The applicability of two reduced-order modeling approaches for parameterized transient laminar
fluid flows in closed-loop systems has been studied. A transient scenario including pump start-up
and shut down in the MSFR is investigated with the dynamic viscosity as uncertain parameter. The
results indicate that in cases when the accurate reconstruction of the pressure field is not necessary,
the one-equation ROM is better, since it is simpler and inherently faster to solve while providing
approximately the same level of accuracy for the velocity field. However, when knowing accurately
the pressure is essential, the two-equation ROM approach is recommended because it can achieve
errors two orders of magnitude lower than those of the one-equation ROM. The ROMs yield speedup factors of approximately 3060 in the one equation case and 2410 in the two-equation, meaning
that creating ROMs can be beneficial if more than five runs are necessary and the error levels
attained are acceptable.
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