
* Corresponding author: dr.a.veres@yandex.ru 

Model of the Ultimate Stress State of the Coated Tool Cutter 
Material 

Aleksei Osinnii1,*, Jury Bublikov2,  Anatoli Chigarev3, Anna Okun’kova1, Nataliya Kapustina1  
1Moscow State Technological University "STANKIN", RU-127055, Moscow, Russia.  
2IDTI RAS, Moscow, Russia.  
3Belarusian State University, BL-220030, Minsk, Belarus. 

Abstract. The article proposes a model of the ultimate stress state of the material of the coated tool cutter. 
It is found that with an increase in the fracture toughness of a tool in connection with the material ductility 
the machining accuracy deteriorates due to arising elastic-plastic vibrations of the tool cutter. In case when 
no ultimate stress state is reached, that is, a tool operates in the elastic region, then an alternating stress 
distribution diagram is realized for the tool cutter at the beam approximation. Therefore, in addition to the 
frictional vibrations, arising from the interaction between the tool cutter and a workpiece, the elastic 
vibrations can arise, which affects the machining accuracy and the service life of the coated tool cutter. The 
use of coatings makes it possible not only to increase the wear resistance of cutting tools, but also to 
transform the stress distribution diagrams of the normal σN and tangential τγ contact stresses acting on the 
rake face of the cutting tool. In particular, it is possible to control the length of the total contact area 
between the chips and the tool rake face. 

1 Introduction  
The study of the ultimate stress state of a tool cutter is an 
important task aimed at predicting the service life of a 
coated tool cutter and its fracture pattern [1]. The 
deposition of wear-resistant coatings is one of the 
prevailing methods for improving the performance 
properties of cutting tools [2, 3]. Accordingly, the 
predictive modeling of the cutting properties of coated 
tools is an important scientific and practical challenge. 
Various approaches are being used to find a solution to 
the above challenge. In particular, the method of finite 
element model (FEM) is being increasingly used [4-12], 
as well as the shear-lag model [13] and the discrete 
element method (DEM) [14]. The number of other 
methods includes the Bower and Fleck's equation and the 
Hamilton's equation [15] and the microcrack formation 
theory [16]. In [17,18], the studies were focused on the 
application of the methods based on the linear elastic 
fracture mechanics (LEFM). The issues concerning the 
influence of various coating defects (in particular, 
microdroplets) on the general working efficiency of a 
cutting tool were considered separately [19-24]. The 
probabilistic methods that take into account the 
stochastic nature of the deposition process are often used 
to simulate the process of deposition of coatings on 
metal-cutting tools [25-31]. Moreover, the cutting 
process is also a stochastic process that requires an 
appropriate approach during the modeling. In recent 
years, the wear-resistant coatings with new compositions 
and architectures are being actively developed. In 

particular, the multilayered coatings are being widely 
used due to their contribution to the additional 
significant improvement in the working efficiency of the 
metal-cutting tools [32-37]. At the same time, the 
methods of coating deposition are being improved to 
control the properties of the coatings by creating the 
systems of complex composition and architecture [38-
47]. The wear-resistant coatings of new generation are 
able to change significantly the cutting conditions, and 
this fact should be taken into account during the 
modeling of the state of a tool cutter [48-70]. The aim of 
this study is to create a model of the ultimate stress state 
of the material of the coated tool cutter, taking into 
account the stochastic nature of loading during the 
cutting process and the effect of the multilayered wear-
resistant coatings of new generation. 

2 Developing a model for the ultimate 
stress state of the material of coated 
tool cutter  

Let us consider the stress state of the tool cutter in the 
plane of the rake face (Fig. 1): the plane of BXY, which 
is affected by the average contact specific loads that 
create the distributed pressure P, demonstrates a diagram 
shown in Fig. 1 b. 

Then, in the plane of BXY, a plane stress state is 
realized in the quadrangle of BACE. Here, the region of 
ARB means an absolutely rigid body, that is, a region 
without plasticity. In fact, this region has linear 
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elasticity, and in order to simplify the model, it will be 
assumed to be the ARB. In case when the ultimate stress 
state is reached, the stresses of σx, σy, τxy will satisfy the 
equations of quasi-static equilibrium.   

(a) 

 

(b) 

Fig. 1. Location of the region under consideration: (a) based on 
the cutting pattern and (b) in the plane of BXY, in which the 
pressure P is distributed. ARB is the absolutely rigid body, the 
angle 2β0 = ε (apex angle). 
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= 0 

𝜕𝜕𝜏𝜏𝑥𝑥𝑥𝑥
𝜕𝜕𝑥𝑥

+
𝜕𝜕𝜎𝜎𝑥𝑥
𝜕𝜕𝑦𝑦
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 (1) 

and the condition of ductility:  

                      �𝜎𝜎𝑥𝑥 − 𝜎𝜎𝑥𝑥�
2 + 4𝜏𝜏𝑥𝑥𝑥𝑥2 = 4𝑘𝑘2  (2) 

The rates of plastic deformations determined by the 
relationships are as follows:  

 

 𝜀𝜀𝑥𝑥 = 𝜕𝜕𝑣𝑣𝑥𝑥
𝜕𝜕𝑥𝑥

, 𝜀𝜀𝑥𝑥 = 𝜕𝜕𝑣𝑣𝑦𝑦
𝜕𝜕𝑥𝑥

, 

 𝜀𝜀𝑥𝑥𝑥𝑥 = 𝜕𝜕𝑣𝑣𝑥𝑥
𝜕𝜕𝑥𝑥

+ 𝜕𝜕𝑣𝑣𝑦𝑦
𝜕𝜕𝑥𝑥

, 

 𝑣𝑣𝑥𝑥 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡

, 𝑣𝑣𝑥𝑥 = 𝜕𝜕𝑣𝑣
𝜕𝜕𝑡𝑡

 

 (3) 

where u, υ are the displacements along the x, y axis.  
The conditions for isotropy of the plastic state and 

incompressibility of the material are as follows, 
respectively:  

                   𝜀𝜀𝑥𝑥−𝜀𝜀𝑦𝑦
𝜎𝜎𝑥𝑥−𝜎𝜎𝑦𝑦

= 𝜀𝜀𝑥𝑥𝑦𝑦
𝜏𝜏𝑥𝑥𝑦𝑦

= 𝜆𝜆 ≥ 0  (4) 

                                   𝜀𝜀𝑥𝑥 + 𝜀𝜀𝑥𝑥 = 0  (5) 

The solution to the problem in Cartesian coordinates 
x, y  can be simplified by taking the coordinates α, β, 
when the coordinate lines are directed along the lines of 
the maximum displacements, that is, along the slip 
curves. As is known, a slip curve is a line, each point of 
which touches the area of the maximum tangential stress. 
In the coordinates α, β, the relationships for the rates of 
deformation are simplified (Fig. 2). 

                            𝜀𝜀𝛼𝛼 = 𝜀𝜀𝛽𝛽 = 0, 𝜀𝜀𝛼𝛼𝛽𝛽 ≥ 0  (6) 

 

Fig. 2. Field of material slip curves in the region of plastic 
deformation of the cutting wedge of the tool, when ε = 2β0  ≤  
π/2. 

Figure 2 exhibits the field of material slip curves in 
the region of plastic deformation of the tool, for the case 
when β0  ≤  π/4, when the stress fields in the area of ABC  
with the loaded boundary of AB and in the area of CBE  
with the free boundary of BE are uniform, but different, 
and, therefore, the stresses on the line of BC are 
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discontinuous. In case when β0  ≤  π/4, the grid of slip 
curves has the shape depicted in Fig. 3. 

 

Fig. 3. Grid of slip curves, when β0  ≤  π/2. 

The ultimate pressure, corresponding to the field of 
slip curves and the continuous stress field in Fig. 3, can 
be calculated as follows:  

                         𝑃𝑃𝐾𝐾 = 2𝑘𝑘 �1 + �2𝛽𝛽0 −
𝜋𝜋
2
��  (7) 

When the area of the angle, where the slip curves 
form a fan-shaped pattern, tends to zero, we get the slip 
curve geometry in Fig. 3, which realization requires the 
ultimate pressure equal to:  

                      𝑃𝑃𝐾𝐾
(1) = 2𝑘𝑘 �1 + 𝑠𝑠𝑠𝑠𝑠𝑠 �2𝛽𝛽0 −

𝜋𝜋
2
��  (8) 

It should be noted that this solution also satisfies all 
the conditions for the stresses when β0 ≥ π/4, if the grid 
of slip curves looks like depicted in Fig. 4. 

 

Fig. 4. Grid of slip lines, when ε = 2β0  ≥  π/2. 

Let us now consider fields of the plastic flow 
velocities in accordance with the field of slip curves 
depicted in Fig. 4. For the coordinates α, β, the boundary 
of AB is set by the equation of α = β = η. Then the 
plastic deformation rate for the boundary of AB in a 
normal plane is f(η). Let us denote the velocity 
components in the directions of α1, β as u, υ, 

respectively, then at the discontinuity line of BC the 
velocities are equal to zero. The conditions (6) are as 
follows:  

                                   𝜕𝜕𝜕𝜕
𝜕𝜕𝛼𝛼

= 𝜕𝜕𝑣𝑣
𝜕𝜕𝛽𝛽

= 0  (9) 

The solutions (9) will be written as: 

                            𝑢𝑢 = 𝑢𝑢(𝛽𝛽),   𝑣𝑣 = 𝑣𝑣(𝛼𝛼)  (10) 

Taking into account (1), it is possible to build the 
field of the plastic flow velocities for the area of ABC. 
For simplicity, let us assume that AC = 1 (Fig. 5). 

 

Fig. 5. Field of plastic flow velocities for the area of ABC at 
AC = 1. 

At the boundary of AC of the plastic zone at the 
ARB, v = 0 and thus v = 0 in the area I ACB1. The 
solution can be written as  

                                          𝑣𝑣𝐼𝐼 = 0  (11) 

The directions of α, β are inclined at the angle π ⁄ η to 
AB, and the boundary velocities at AB are expressed 
analytically in the following form: 

                              𝑓𝑓(𝜂𝜂) = 𝑢𝑢(𝜂𝜂) − 𝑣𝑣(𝜂𝜂)  (12) 

While constructing the solutions for velocities, the 
equations (12) are usually required to determine u(β) in 
the region, in which v is already known, for example, in 
the area I under consideration. The equation (12) can be 
written as follows: 

                           𝑢𝑢(𝛽𝛽) = √2𝑓𝑓(𝛽𝛽) + 𝑣𝑣(𝛽𝛽)  (13) 

While considering the section of the AB border in the 
area I from the equation (13), let us define u(β) along 
this border to be used on the boundary of the areas I and 
II, and we get: 

3

EPJ Web of Conferences 248, 04009 (2021) https://doi.org/10.1051/epjconf/202124804009
MNPS-2020



                               𝑢𝑢𝐼𝐼 = 𝑢𝑢𝐼𝐼𝐼𝐼 = √2𝑓𝑓(𝛽𝛽)  (14) 

Based on the condition at the discontinuity boundary 
of BC, it can be found that the velocity components in 
the direction of CB will be equal to zero, which can be 
written as follows: 

                            𝑢𝑢 𝑠𝑠𝑠𝑠𝑠𝑠 𝜓𝜓 + 𝑣𝑣 𝑐𝑐𝑐𝑐𝑠𝑠 𝜓𝜓 = 0  (15) 

where ψ is the angle between the direction of CB and the 
increasing direction of β. 

The equation of the BC line is: 

                                      𝛽𝛽 = 𝛼𝛼−1
tan𝜓𝜓

  (16) 

Taking into account (16), the condition (15) is as 
follows: 

                     𝑣𝑣(𝛼𝛼) = −𝑡𝑡𝑢𝑢 �𝛼𝛼−1
𝑡𝑡
� , 𝑡𝑡 = 𝑡𝑡𝑡𝑡𝑠𝑠 𝜓𝜓  (17) 

By applying the equation (17) to the section of BC in 
the area II, we get: 

                       𝑣𝑣𝐼𝐼𝐼𝐼 = 𝑣𝑣𝐼𝐼𝐼𝐼𝐼𝐼 = −𝑡𝑡√2𝑓𝑓 �𝛼𝛼−1
𝑡𝑡
�  (18) 

When continuing this process using the equations 
(13) and (17), we get solutions in the form of the 
following series:  

 𝑢𝑢 = √2𝑓𝑓(𝛽𝛽) − 𝑡𝑡 �√2𝑓𝑓 �𝛽𝛽−1
𝑡𝑡
� − 𝑡𝑡 �√2𝑓𝑓 𝛽𝛽−1 𝑡𝑡−1⁄

𝑡𝑡
− ⋯ �� 

 𝑣𝑣 = −𝑡𝑡 �√2𝑓𝑓 �𝛼𝛼−1
𝑡𝑡
� − 𝑡𝑡 �√2𝑓𝑓 𝛼𝛼−1 𝑡𝑡−1⁄

𝑡𝑡
− ⋯ �� 

(19) 

At the point 𝐵𝐵, it follows from the equation (19) that:  

𝑢𝑢 = √2𝑓𝑓𝐵𝐵�(−1)𝑖𝑖𝑡𝑡𝑖𝑖 =
√2𝑓𝑓𝐵𝐵
1 + 𝑡𝑡

∞

𝑖𝑖=0

 

𝑣𝑣 = −√2𝑓𝑓𝐵𝐵�(−1)𝑖𝑖+1𝑡𝑡𝑖𝑖 = −
√2𝑓𝑓𝐵𝐵𝑡𝑡
1 + 𝑡𝑡

∞

𝑖𝑖=1

 
(20) 

By introducing 𝑡𝑡 = tan𝜓𝜓 into (20) and given that 
√2

(1+𝑡𝑡) cos𝜓𝜓
= 1

cos�𝜋𝜋𝑛𝑛−𝜓𝜓�
= 1

cos𝛽𝛽
 we get that the limit of the 

velocity component at the point 𝐵𝐵 will be equal to zero 
for the velocity component, parallel to 𝐵𝐵𝐵𝐵 and 𝑓𝑓𝐵𝐵 cos𝛽𝛽0⁄  
for the velocity component, not perpendicular to 𝐵𝐵. 
Therefore, the plastic flow velocity in the plastic region 
defines the velocity of the elastic line of 𝐵𝐵𝐵𝐵 in the point 
𝐵𝐵, which is determined uniquely from the condition for 
the plastic flow velocity on 𝐵𝐵𝐵𝐵 and finds the component 
of the plastic flow velocity at the point 𝐵𝐵, normal to 𝐴𝐴𝐵𝐵. 

Due to the symmetry, it is clear that the plastic flow 
velocity field, obtained for the area of ABC, can be also 
applied to the area of CDE, thus finding the distribution 
to EB, similar to the distribution of normal velocity to 
AB. 

Before the solution may be distributed, it is necessary 
to check that the constraints on f(η) under the condition 
of εαβ ≥ 0 satisfy the equation (6) so that the plastic 
flow velocity field corresponds to the stress field. 

The mechanical interpretation concerning the 
discontinuity line of 𝐵𝐵𝐵𝐵 can be obtained from the 
concept of the elastic-plastic beam deformation. In the 
given case, the area of 𝐴𝐴𝐵𝐵𝐵𝐵 can be considered as a beam 
of variable cross-section, embedded along 𝐴𝐴𝐵𝐵𝐴𝐴 and 
loaded along 𝐴𝐴𝐵𝐵 by a uniformly distributed load. This 
model is well suited for small values of 𝛽𝛽0. 

For simplicity, let us assume that the area of 𝐴𝐴𝐵𝐵𝐵𝐵 is 
rectangular, then the stress distribution diagram in the 
elastic state looks like a (Fig. 6), b – in elastic-plastic 
state, or c – when some of the areas are in the plastic 
state. 

 

Fig. 6. Stress distribution diagrams in the elastic state. 

The neutral line is a line of discontinuity in the 
plastic stresses. The relationship between the velocity 
𝑓𝑓(𝜂𝜂) and 𝜂𝜂 looks as follows:  

𝑓𝑓(𝜂𝜂) =
1
√2

𝜑𝜑 �
𝜂𝜂

𝑐𝑐𝑐𝑐𝑠𝑠𝜓𝜓� 𝑐𝑐𝑐𝑐𝑠𝑠 𝜓𝜓 + 𝜑𝜑 �
𝜂𝜂 − 1
𝑠𝑠𝑠𝑠𝑠𝑠 𝜓𝜓� 𝑠𝑠𝑠𝑠𝑠𝑠𝜓𝜓𝐻𝐻

(𝜂𝜂 − 1) 

 𝑢𝑢 = 𝜑𝜑 � 𝛽𝛽
cos𝜓𝜓

� cos𝜓𝜓 , 𝑣𝑣 = −𝜑𝜑 �𝛼𝛼−1
sin𝜓𝜓

� sin𝜑𝜑 

 𝜀𝜀𝛼𝛼𝛽𝛽 = 𝜑𝜑′ � 𝛽𝛽
cos𝜓𝜓

� − 𝜑𝜑′ � 𝛼𝛼−1
sin𝜓𝜓

� 

𝜑𝜑(𝑣𝑣) = 0,𝜑𝜑′(ℓ) ≥ 0 

(21) 

In case of a tool with the angle of the 𝜋𝜋
2
 line, the field 

of plastic deformations and deformation rates increases 
towards the cutting edge. The stresses change the sign 
when crossing the neutral line. 

3 Conclusions 

Thus, with an increase in the fracture toughness of a tool 
through the material ductility the machining accuracy 
deteriorates due to the arising elastic-plastic vibrations of 
the tool cutter. When no ultimate stress state is reached, 
that is, a cutting tool operates in the elastic region, then, 
according to Fig. 6, an alternating stress distribution 
diagram is realized for the tool cutter at the beam 
approximation. Therefore, in addition to the frictional 
vibrations, arising from the interaction between the tool 
cutter and a workpiece, the elastic vibrations may occur, 
which affects the machining accuracy and the service life 
of the tool cutter. Due to the application of a 
multilayered structure of the coatings, the above 
phenomena can be leveled. The use of coatings makes it 
possible not only to increase the wear resistance of 
cutting tools, but also to transform the stress distribution 
diagrams of the normal σN and tangential τγ contact 
stresses acting on the rake face of the cutting tool. In 
particular, it is possible to control the length of the total 
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contact area between the chips and the tool rake face. 
Due to the above, it is possible to achieve a decrease in 
the σN and τγ contact stresses, improve the heat removal 
from the cutting zone, increase the thermal conductivity 
of the surface layers of the tool (the length of the plastic 
contact CγP increases), which, in turn, reduces the 
specific thermomechanical loads on the cutting edge. 
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