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Abstract. The paper proposes methods to predict the reliability of a multilayered coating based on a model 
with independently (sequentially) degrading layers. For the mathematical description of the process of crack 
penetration into the depth of a layered solid body from the free surface with certain roughness, the 
propagation of a crack tip into a layer adjacent to the free boundary of the coating is considered. This 
stochastic process is described through the specification of all multipoint probability distributions 
(densities), and it represents a Markov process. A mathematical model, described by equations of the 
parabolic type, is proposed to describe the above-mentioned process. Based on the above model, graphs are 
constructed to describe the change in the time of the crack propagation through a layer depending on the 
surface roughness and the ultimate strength (ductility) of the coating. The crack growth rate will be in the 
range from 10-6 mm/s (when the surface roughness is low) to 10-4 mm/s (when the surface roughness is 
high). 

1 Introduction  
Brittle fracture occurring as a result of the active 
cracking is a significant factor in the wear and failure of 
metal-cutting tools [1]. In most cases, modern metal-
cutting tools are manufactured with wear- resistant 
coatings [2,3]. The challenge of predicting the reliability 
of the coatings of various compositions and architecture 
and, in particular, of modeling the coating resistance to 
brittle fracture is crucial and urgent. The brittle fracture 
of coatings can be modeled using various approaches. 
The traditional methods treat the crack growth as a 
deterministic process. In this case, a finite element model 
(FEM) is being widely used [4-12]. In particular, the 
influence of such factors as specific features of the 
coating material, the number of loading cycles, and the 
surface microgeometry was studied [4,5]. Several papers 
developed models to simulate the coating fracture during 
the scratch testing [6-9]. The effect of the substrate 
roughness on the fracture pattern on the coating was 
investigated [10]. The influence of defects in a coating 
on its fracture pattern was considered [11-18]. To predict 
the crack resistance of a coating, a shear-lag model was 
used which made it possible to take into account the 
through thickness inhomogeneity of the coating [19]. 
The discrete element method (DEM) was also used [20]. 
To predict the brittle fracture resistance of the coatings, 
the Bower/Fleck's and Hamilton's equations were 
applied [21]. The fracture toughness model was also 
considered, in which crack tip opening displacement was 
used to predict the crack propagation velocity [22]. In 

[23,24], linear elastic fracture mechanics (LEFM) was 
used to model the process of cracking in a coating 
depending on the substrate microgeometry, the 
properties of the coating material, and the applied 
loading. 

However, in fact, the process of crack growth is a 
stochastic process, during which only the average crack 
growth rate can be determined, with the fallibility of n(t), 
which average value is 〈n(t)〉=0. To implement the above 
approach, the probabilistic methods are used to take into 
account the stochastic nature of both the process of the 
coating formation and the process of the coating fracture 
[25-31]. It should also be considered that most of the 
modern coatings have a multilayered architecture, with 
alternating layers with different mechanical properties 
[32-37]. The application of the modern technologies and 
methods of the coating deposition [38-47] has significant 
influence on the properties of the coatings, which should 
be taken into account when developing the modern 
methods of modeling. The specific features of cracking 
and brittle fracture of the coatings of various 
compositions and architecture were considered in several 
papers [48-7]. The objective of this study is to develop 
methods to run the reliability calculation of a 
multilayered coating based on a model with 
independently (sequentially) degrading layers. 
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2 Model of crack propagation in a 
coating layer  

A real surface is characterized by a certain level of 
roughness, that is, a set of irregularities occurring with 
relatively small steps along the base length. The 
roughness refers to the microgeometry of solid objects 
and determines their most important performance 
properties. Surface microdepressions are stress 
concentrators and potential areas for the start of crack 
formation. A crack can develop on the coating surface by 
forming a grid of surface cracks (cracking) or growing 
deep into the coating material. A crack directed deep into 
the coating material consists of two surfaces intersecting 
along the crack front line. During the process of its 
development, a crack can bend, branch, and behave in a 
complex manner; however, in general, the fracture 
mechanics considers the propagation of cracks in a 
plane, along a rectilinear path. Thus, in order to describe 
mathematically the process of crack propagation into the 
depth of a layered solid object from the free surface with 
a certain roughness, the consideration will be focused on 
the motion of a crack tip (a point at the crack front) in a 
layer, adjacent to the free interface from an initial 
microcrack, a depression on the surface. Let one of the 
coordinate axes be directed along a rectilinear inplane 
trajectory, while the other axis is directed along the 
roughness midline (Fig. 1). 

 
Fig. 1. Coordinate system and a model of crack propagation 
deep into the layered coating structure. 

Figure 3 depicts 𝑙𝑙0 as the depth of the depression 
relative to the roughness midline, which can be 
considered as the initial point of crack propagation, from 
which the crack begins to grow deep into the coating 
material, along the axis x, 𝑙𝑙∗ is the thickness of the upper 
layer of the coating, 𝑙𝑙 = 𝑙𝑙(𝑡𝑡) is the length of the crack at 
the time point t, a random function. During the process 
of crack growth, the function 𝑙𝑙(𝑡𝑡) can either grow or 
remain constant at some time point, and therefore, a 
model of random walk along a straight line is chosen. As 
is known, a random process is described by specifying 
all multipoint probability distributions (densities) or 
moments. For example, a two-point distribution is 
known to be written as: 

        𝑃𝑃(𝑙𝑙1, 𝑡𝑡1, 𝑙𝑙2, 𝑡𝑡2) =  𝛱𝛱(𝑙𝑙2, 𝑡𝑡2|𝑙𝑙1, 𝑡𝑡1) 𝑃𝑃(𝑙𝑙1, 𝑡𝑡1)  (1) 

Where 𝛱𝛱(𝑙𝑙2, 𝑡𝑡2|𝑙𝑙1, 𝑡𝑡1) describes the probability that at the 
time point 𝑡𝑡2, the crack has the length 𝑙𝑙(𝑡𝑡2) =  𝑙𝑙2 
provided that at the time point 𝑡𝑡1, it has the length 
𝑙𝑙(𝑡𝑡1) =  𝑙𝑙1. 

Then, if assumed that the information about the crack 
length 𝑙𝑙21at the time point 𝑡𝑡2depends only on the 
information about the crack length 𝑙𝑙1at the time point 𝑡𝑡1, 
then all multipoint probability distributions are described 
in terms of the conditional (transition probabilities, 
probability densities) 𝛱𝛱(𝑙𝑙2, 𝑡𝑡2|𝑙𝑙1, 𝑡𝑡1). This is a Markov 
process, and it is possible to develop a mathematical 
model for it described by parabolic equations. In general, 
such equations cannot be solved analytically, but a 
solution can be reached using the finite difference 
method (FDM) (1D) or finite element method (FEM) 
(2D, 3D). The solution depends on the final and 
boundary conditions, thickness of layers and their 
physical and mechanical properties (elastic modulus, 
fracture strength, and stress intensity factors). This 
means it is necessary to specify 𝐴𝐴(𝑙𝑙),𝐵𝐵(𝑙𝑙) in the 
equation (1). 𝐴𝐴(𝑙𝑙) describes the forward motion of the 
crack and depends on the values listed above. 
𝐵𝐵(𝑙𝑙) describes a random error in the estimation of the 
crack propagation velocity 𝑑𝑑𝑙𝑙 𝑑𝑑𝑡𝑡⁄  due to its random 
behaviour. It is assumed that the crack propagation will 
be quite smooth, without any sudden accelerations and 
stops. Based on the above, let 𝐵𝐵(𝑙𝑙) = 𝑁𝑁0

2
 – 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡. A 

linear approximation is assumed for 𝐴𝐴(𝑙𝑙), with thin 
layers, so that 

 𝐴𝐴(𝑙𝑙) = 𝐴𝐴(𝑙𝑙0 + 𝛥𝛥𝑙𝑙) ≈ 𝐴𝐴(𝑙𝑙0) + 𝐴𝐴′(𝑙𝑙0)𝛥𝛥𝑙𝑙  (2) 

where 𝛥𝛥𝑙𝑙 = 𝑙𝑙 − 𝑙𝑙0,𝐴𝐴′ = 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 
Then the linear model of crack development can be 

written in the following form: 

                       𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= (𝐴𝐴0 + 𝐴𝐴1𝑙𝑙) + 𝑁𝑁0
2

 𝛿𝛿(𝑡𝑡)  (3) 

It can also be assumed that 𝛱𝛱(𝑙𝑙2, 𝑡𝑡2|𝑙𝑙1, 𝑡𝑡1) depends 
not on the time points 𝑡𝑡1, 𝑡𝑡2, but on their difference 
𝑡𝑡2 −  𝑡𝑡1 = 𝜏𝜏, i.e. there is a steady state of the crack 
development process. This assumption is quite 
admissible because of the progressive crack growth 
mechanism, for example, under cyclic loads, depending 
not on the specific exposure time points𝑡𝑡1, 𝑡𝑡2, but on the 
exposure duration: 

 𝛱𝛱(𝑙𝑙2, 𝑡𝑡2|𝑙𝑙1, 𝑡𝑡1) =  𝛱𝛱𝑑𝑑(𝑙𝑙2|𝑙𝑙1) = 

𝛱𝛱(𝑙𝑙2|𝑙𝑙1, 𝑡𝑡2 − 𝑡𝑡1) = 𝛱𝛱(𝑙𝑙2|𝑙𝑙1, 𝜏𝜏) 
 (4) 

Then for 𝛱𝛱𝜏𝜏(𝑙𝑙2|𝑙𝑙1), two types of equations will be 
obtained:  
the direct equation: 

                         𝜕𝜕𝛱𝛱𝜏𝜏
𝜕𝜕𝜏𝜏

= 𝜕𝜕
𝜕𝜕𝑑𝑑2

(𝑙𝑙2𝛱𝛱𝜏𝜏) + 𝜕𝜕2𝛱𝛱𝜏𝜏
𝜕𝜕𝑑𝑑2
2   (5) 

the inverse equation: 

                        𝜕𝜕𝛱𝛱𝜏𝜏
𝜕𝜕𝜏𝜏

= −𝑙𝑙1
𝜕𝜕𝛱𝛱𝜏𝜏
𝜕𝜕𝑑𝑑1

+ 𝜕𝜕2𝛱𝛱𝜏𝜏
𝜕𝜕𝑑𝑑1
2   (6) 

2
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The solution of 𝛱𝛱𝜏𝜏(𝑙𝑙2|𝑙𝑙1) describes the steady-state 
Gaussian Markov process: 

         𝛱𝛱𝜏𝜏(𝑙𝑙2|𝑙𝑙1) = 1
�2𝛱𝛱(1−𝑑𝑑−2𝜏𝜏)

𝑒𝑒𝑒𝑒𝑒𝑒 �− (𝑑𝑑2−𝑑𝑑1𝑒𝑒−2𝜏𝜏)2

2(1−𝑒𝑒−2𝜏𝜏)
�  (7) 

For 𝑃𝑃1(𝑙𝑙): 

                            𝑃𝑃1(𝑙𝑙1) = 1
√2𝛱𝛱

𝑒𝑒−1 2� 𝑑𝑑1
2
  (8) 

The condition of normalization for 𝛱𝛱𝜏𝜏(𝑙𝑙2|𝑙𝑙1) should 
be satisfied:  

                             ∫𝛱𝛱𝜏𝜏(𝑙𝑙2|𝑙𝑙1)𝑑𝑑𝑙𝑙2 = 1  (9) 

The probability that the crack length 𝑙𝑙(𝑡𝑡) reaches the 
value of 𝑙𝑙 = 𝑙𝑙1 is calculated by the formula:  

                    𝑃𝑃1(𝑙𝑙1) = ∫𝛱𝛱𝜏𝜏(𝑙𝑙2|𝑙𝑙1)𝑃𝑃1 (𝑙𝑙2)𝑑𝑑𝑙𝑙2  (10) 

As is known, the Gaussian approximation for a 
random variable is determined by two parameters: the 
mean (expected value) and the dispersion. 

           𝑚𝑚𝑑𝑑(𝑙𝑙) = 〈𝑙𝑙(𝑡𝑡)〉,𝐷𝐷𝑑𝑑(𝑡𝑡) = 〈(𝑙𝑙(𝑡𝑡) − 〈𝑙𝑙(𝑡𝑡)〉)2〉  (11) 

And it can generally be written as 

             𝑃𝑃(𝑙𝑙, 𝑡𝑡) = 1
�2𝛱𝛱𝐷𝐷𝑙𝑙(𝑑𝑑)

𝑒𝑒𝑒𝑒𝑒𝑒 �− (𝑑𝑑(𝑑𝑑)−𝑚𝑚𝑙𝑙(𝑑𝑑))2

2𝐷𝐷𝑙𝑙(𝑑𝑑)
�  (12) 

Here, the equations for 𝑚𝑚𝑑𝑑(𝑡𝑡) and 𝐷𝐷𝑑𝑑(𝑡𝑡) are found 
from the equation (3) by the method of averaging:  

                      𝑑𝑑𝑚𝑚𝑙𝑙(𝑑𝑑)
𝑑𝑑𝑑𝑑

= (𝐴𝐴0 + 𝐴𝐴1)𝑚𝑚𝑑𝑑(𝑡𝑡)  (13) 

                         𝑑𝑑𝐷𝐷𝑙𝑙(𝑑𝑑)
𝑑𝑑𝑑𝑑

= 2𝐷𝐷𝑑𝑑+𝐵𝐵𝑚𝑚𝑑𝑑(𝑡𝑡)  (14) 

The solutions of (13) and (14) are expressed as 

 
𝑚𝑚𝑑𝑑(𝑡𝑡) = 𝑚𝑚𝑑𝑑(0)𝑒𝑒𝑒𝑒𝑒𝑒[(𝐴𝐴0 + 𝐴𝐴1)𝑡𝑡] 

𝐷𝐷𝑑𝑑(𝑡𝑡) =
𝑁𝑁0
2

 
 (15) 

Let us take a generalize model of the crack growth in 
the form: 

                          𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝛾𝛾𝑙𝑙 + 𝑁𝑁
4𝑑𝑑

+ 𝑐𝑐(𝑡𝑡)  (16) 

Where 𝑁𝑁 =  𝜔𝜔𝑙𝑙∗�
�1−𝑑𝑑0 𝑑𝑑∗� �𝐺𝐺2

𝜎𝜎0𝐸𝐸
, 𝛾𝛾 = 𝜔𝜔 (1−𝜈𝜈)𝐸𝐸

�1−𝑑𝑑0 𝑑𝑑∗� �𝐺𝐺
 

For the problem of the crack growth, of the main 
interest is the time during which a crack cuts through a 
layer. It is clear that on a set of identical layers, the time 
period T during which a crack cuts through a layer is a 
continuous random variable which can be described 
using probabilistic moments, dispersion, etc. 

Let us present the mean time 𝑇𝑇1 = 〈𝑇𝑇〉 = 𝑇𝑇 �0, 𝑑𝑑0
𝜎𝜎

, 𝑑𝑑∗
𝜎𝜎
� 

in a form convenient for numerical calculations:  

        𝑇𝑇1 �0, 𝑑𝑑0
𝜎𝜎

, 𝑑𝑑∗
𝜎𝜎
� = 1

2𝛾𝛾
∑ 1

𝐾𝐾!𝐾𝐾
∞
𝐾𝐾=1 �� 𝑑𝑑∗2

2𝜎𝜎2
�
𝐾𝐾
− � 𝑑𝑑0

2

2𝜎𝜎2
�
𝐾𝐾
�  (17) 

An error in the calculation of T1, the average 
operating time of a layer, is determined by the dispersion 
D, which can be written in a form convenient for 
calculations as follows: 

 
𝐷𝐷 �0,

𝑙𝑙0
𝜎𝜎

,
𝑙𝑙∗
𝜎𝜎
� =

1
2𝛾𝛾

�
1

2𝑐𝑐2

∞

𝑛𝑛=1

�
(−1)𝐾𝐾+1

𝐾𝐾!

2𝑛𝑛−1

𝐾𝐾=0

 

�𝑙𝑙𝑑𝑑∗2 2𝜎𝜎2⁄ �
𝑙𝑙∗2

2𝜎𝜎2
�
𝐾𝐾

− 𝑙𝑙𝑑𝑑02 2𝜎𝜎2⁄ �
𝑙𝑙02

2𝜎𝜎2
�
𝐾𝐾

� 

 (18) 

If no roughness is taken into account, i.e. 𝑙𝑙0 = 0, then 
(18) is simplified to the following form:  

 

𝐷𝐷 �0,
𝑙𝑙0
𝜎𝜎

,
𝑙𝑙∗
𝜎𝜎
� =

1
2𝛾𝛾2

�
1

2𝑐𝑐2

∞

𝑛𝑛=1

 

�1 − 𝑙𝑙𝑑𝑑∗2 2𝜎𝜎2⁄ �1 + �
(−1)𝐾𝐾

𝐾𝐾!

2𝑛𝑛−1

𝐾𝐾=1

�
𝑙𝑙∗2

2𝜎𝜎2
�
𝐾𝐾

�� 

 (19) 

The model (16) considers two terms that behave 
differently and take into account softening and resistance 
to crack growth. It is known from the fracture mechanics 
that with an increase in the crack length, the forces 
required for its growth decrease, which is taken into 
account by the second term in the formula (16). The 
coefficient N0 depends on the physical and mechanical 
properties (Yung's modulus, yield strength), while the 
coefficient γ takes into account the opposite tendency in 
fracture. Figure 2 depicts in the dimensionless axes the 
curves describing the relationships between 𝛾𝛾𝑇𝑇1and 𝑙𝑙∗ 𝜎𝜎⁄  
at the given values of the roughness and layer thickness, 
built based on the formula (10). 

 

Fig. 2. Curves describing the relationships between 𝛾𝛾𝑇𝑇 and  
𝑙𝑙∗ 𝜎𝜎⁄  at the given roughness and layer thickness. 

1. 𝑙𝑙0 𝑙𝑙∗⁄ = 0,𝑁𝑁 = 10−6𝑚𝑚𝑚𝑚/𝑐𝑐𝑒𝑒𝑐𝑐 is low roughness 
2. 𝑙𝑙0 𝑙𝑙∗⁄ = 1

4
,𝑁𝑁 = 10−5𝑚𝑚𝑚𝑚/𝑐𝑐𝑒𝑒𝑐𝑐 is mean roughness 

3. 𝑙𝑙0 𝑙𝑙∗⁄ = 3
4

,𝑁𝑁 = 10−4𝑚𝑚𝑚𝑚/𝑐𝑐𝑒𝑒𝑐𝑐 is high roughness 
Figure 3 exhibits the curves estimating an error 

(dispersion), also built based on the formula (10). 

3
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Fig. 3. Curves for estimating an error (dispersion) 𝛾𝛾2𝐷𝐷 on  
𝑙𝑙∗ 𝜎𝜎⁄ . 

1. Under the conditions:  
𝑙𝑙0 𝑙𝑙∗⁄ = 0,𝑁𝑁 = 10−6 𝑚𝑚𝑚𝑚 𝑐𝑐⁄ ,   𝛾𝛾 =  10−5 𝑐𝑐�  

2. Under the conditions:  

𝑙𝑙0 𝑙𝑙∗⁄ =
3
4

,𝑁𝑁 = 10−5 𝑚𝑚𝑚𝑚 𝑐𝑐⁄ ,   𝛾𝛾 = 10−4 𝑐𝑐�  
The connection between N0 and γ is described based 

on the formula of 𝜎𝜎2 = 𝑁𝑁0
4𝛾𝛾

. 

3 Conclusions 

The paper proposes the methods to predict the reliability 
of a multilayered coating based on a model with 
independently (sequentially) degrading layers. A crack 
propagates along the x-axis depending on the time t or 
the number of loading cycles and is generally a random 
function. For the mathematical description of the process 
of crack penetration into the depth of a layered solid 
body from the free surface with certain roughness, the 
propagation of a crack tip into a layer adjacent to the free 
boundary of the coating starting from an irregularity 
(depression) on the surface is considered. This stochastic 
process is described through the specification of all 
multipoint probability distributions (densities), and it 
represents a Markov process. The mathematical model, 
described by equations of the parabolic type, is proposed 
to describe the above-mentioned process. Based on the 
above model, the graphs are constructed to describe the 
change in the time of the crack propagation through a 
layer depending on the surface roughness and the 
ultimate strength (ductility) of the coating. The crack 
growth rate T will be in the range from 10-6 mm/s (when 
the surface roughness is low) to 10-4 mm/s (when the 
surface roughness is high). The dispersion D also 
increases with an increase in roughness. 
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