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Abstract. In this work, we explore the influence of the grain size distribution (GSD) on density, connectivity
and internal forces distributions, for both 2D and 3D granular packings built mechanically. For power law
GSDs, we show that there is an exponent for which density and connectivity are optimized, and this exponent
is close to those that characterize other well known GSDs such as the Fuller and Thompson distribution and the
Appollonian packing. In addition, we studied the distributions of normal forces, finding that these can be well
described by a power-law tail, specially for the GSDs with large size span. These results highlight the role of
the GSD on internal structure and suggest important consequences on macroscopic properties.

1 Introduction

Packing materials optimally is an ancient problem with
roots on the simple storage of agricultural and manufac-
turing products, and still has implications even on seem-
ingly unrelated topics such as secure coding through the
Kepler problem [1]. The meaning of the word “optimal”
actually depends on the context. In our case we focus on
the packing density, which constitutes a simple descrip-
tor, with multiple applications in civil engineering such as
concrete and pavements design.

In fact, packing granular materials is a relevant prob-
lem in various fields, and it has been approached in dif-
ferent types of research studies, for both frictionless [2–6]
and frictional [3, 7–11] systems. For example, since more
than a century civil engineers have studied grain size dis-
tributions (GSDs) in order to obtain the densest materials.
Fuller and Thomson [12–16] found that a GSD of the form

ρ(d) =

(
d

dmax

)η
, (1)

produces the densest material when the exponent η ' 0.5.
Here ρ is the cumulative volume fraction, d is the diameter,
dmax is the maximal diameter, and the size span (ratio of
the largest diameter to the smallest one) is very large. This
distribution is closely related to the Apollonian packing
[17–20].

In this work we explored systematically the effect of
both the size span λ = dmax/dmin = {2, 4, 8, 12, 16, 24, 32}
and the exponent η = {0.1, 0.2, . . . , 0.9, 1.0}, of GSDs of
the form

ρ(d) =

(
d − dmin

dmax − dmin

)η
, (2)
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Figure 1. Grain size distributions for three values of λ and η =

01, 0.3, 0.5, 0.7, 1.0 .

where dmin is the minimal diameter. When η = 1, eq. (2)
represents the uniform distribution by volume (i.e., all size
classes occupy the same volume). Figure 1 shows sev-
eral GSDs for different values of λ and η. As it can be
seen, these are truncated power laws. In order to generate
these samples, the number of particles must vary wildly in
order to maintain a maximum difference of 5% between
the numerical data and eq. (2). For instance, λ = 2 re-
quired small samples of the order of 10000 particles, while
λ = 32 and η = 0.1 required almost 500000 particles in 3D
(which in turn generated more than 1.5 million contacts).

We studied both 2D and 3D systems, subjected to oe-
dometric (2D) or isotropic (3D) compression [21–24]. The
friction is set to zero. This allows to compare the obtained
packing fraction values with the typical RCP (' 0.645)
and the Kepler density (' 0.74), to decrease somehow
the possible memory efffects on the system, and to focus
only on the highest possible fraction that can be attained
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by varying inly the GSD. Firstly, we explored the pack-
ing fraction ν and the proportion of floating particles κ,
as in [25, 26]. Secondly, we studied the force distribu-
tions and the relationship between particle size and con-
tact forces. We show that packings with large λ and in-
termediate values of η produce the densest packings, both
in 2D and 3D, confirming Fuller and Thompson findings.
We find that for some systems κ can reach values as high
as 95%. This means that only a small subset of particles
carries the force network. Furthermore, we find that as λ
increases the force distribution develops a power-law tail,
contrasting with the more typical exponential decay for the
strongest forces [27–29].

Samples were compressed oedometrically in 2D and
isotropically in 3D. Simulations stopped when the sys-
tem reached mechanical equilibrium, measured by a small
kinetic energy and by a small net force per particle. In
2D, simulations were performed using Contact Dynam-
ics, while in 3D we used soft particle Molecular Dynam-
ics (although with a dimensionless stiffness of ' 1000
[22, 30, 31]) with LIGGGHTS [32, 33]. More details can
be found in [25, 26, 34].

2 Density and connectivity
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Figure 2. Packing fraction ν as a function of both λ and η.
Top: 2D systems under oedometric compression (continuous)
and simple shear (dashed lines). Bottom: 3D systems under
isotropic compression.

In this section we summarize our results for density
and connectivity, in both 2D and 3D [25, 26]. To do so, we
use two descriptors: the packing fraction ν = Vp/V , where

Vp is the particles volume and V is the sample volume, and
the proportion of floating particles κ = N f /N, where N f is
the number of floating particles (number of contacts ≥ 2)
over the total number of particles N.

Figure (2) shows ν for all λ and η, in both 2D and 3D. It
can be seen that there is always a maximum density, which
for small λ is found for η = 1, and for large λ is found
for η ' 0.5. This coincides with the Fuller and Thomson
results. This happens in both 2D and 3D, confirming that it
is an intrinsic result of the GSD. The maximization around
η ' 0.5 for large λ is interesting, since that particular GSD
can be linked to the well known Apollonian packing. It
must be noted that the presented systems are disordered
and obtained by means of a mechanical solicitation.
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Figure 3. Proportion of floating particles κ as a function of both λ
and η. Top: 2D systems under oedometric compression (contin-
uous lines) and simple shear (dashed lines). Bottom: 3D systems
under isotropic compression.

Although intermediate values of η produce high densi-
ties, the same trend is not found for the proportion of float-
ing particles κ. Actually, there is a monotonic increase in
κ for all η, something that is enhanced with increasing λ,
as shown in Fig. 3. In 2D systems, κ reaches 40%, for
λ = 32 and η ' 1.0, but in 3D the result are even more
impressive, since κ reaches values as high as ' 95%. This
implies that only 5% of the particles are participating in
the force network, which seems extremely low and make
those particles susceptible for breaking in a real system.
Furthermore, it can be seen that κ is small in the region
where η < 0.5, while it rapidly increases after that, spe-
cially in 3D. Therefore, one can say that values for inter-
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mediate η produce systems that are both the densest and
well connected.

3 Force distributions

Figure 4. Strong force network for λ = 16. Top: η = 0.1, center:
η = 0.5, and bottom: η = 1.0. Only forces such that fn > fn,max/3
are shown.

The large number of floating particles, specially for
3D systems, implies an important effect of the GSD on
the actual connectivity of the samples after reaching me-
chanical equilibrium. Figure 4 shows an internal view of
the strong force network (only showing forces such that
f n > f nmax/3), for λ = 16 and η = 0.1, 0.5, 1.0. For small
η, many particles participate in the force chains, with rel-
atively small forces, while for large η forces concentrate
on a small percentage of large particles. for intermediate
values of η, the network comprises both small and large
particles.

In order to explore how forces are distributed inside
the samples, we built the probability density functions of
normal forces (PDF). Figure 5 shows the PDFs for all η
and for λ = 2, 8, 16, 24. For large λ, the PDF is well de-
scribed by a power law, with a tail that grows larger as λ
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Figure 5. Probability density functions of normal forces, for sev-
eral λ and all η, in log-log scale.

increases. This contrasts with the usual exponential tail,
which seems to be a good description only for small λ.
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Figure 6. Average force as a function of particle size, for some
λ and all η.

Given the large fraction of floating particles for large λ
and η, these GSDs must be characterized by some particles
supporting very large forces. This suggests a correlation
between particle sizes and contact forces. Figure 6 shows
the average force fr′ as a function of the reduced particle
radius r′ = (r − rmin)/(rmax − rmin). It can be seen that fr′
increases with r′, for all λ and η. The effect is more notori-
ous for large λ, where the relationship is well described by
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a power law. These results confirm that large particles ef-
fectively support larger forces. This might have important
implications on phenomena such as elasticity and particle
crushing.

4 Conclusions

In this work we explored the influence of the grain size
distribution (GSD), in both 2D and 3D systems, on some
packing descriptors such as density, connectivity, and in-
ternal forces distributions. By varying systematically the
GSD described by eq. (2) and using large size spans (up to
32), we were able to investigate the influence of the GSD
on the internal packing structure.

First, we showed that, for compressed systems in oe-
dometric (2D) and isotropic (3D) conditions, there is al-
ways an optimal packing for which density is maximized.
For large size spans, this optimal packing corresponds to
intermediate exponents of the power law GSD, very close
to those that characterize the Fuller and Thomson distribu-
tion and to the Apollonian packing. Furthermore, by look-
ing at the proportion of floating particles, it was possible
to show that the optimal packings are in addition relatively
well connected.

Then, we analyzed the distributions of normal forces,
finding a power law tail that grows with increasing size
span. Furthermore, by plotting the average force as a
function of the particle radius it was possible to see that
the large particles always carry the largest forces, which
is something that might imply higher fracturing probabili-
ties.

These results allow for better understanding the role
of the GSD on packings built mechanically, constituting
another step towards the prediction of final packing char-
acteristics from GSD properties. Future works could ex-
plore the role of friction on both the density and the forces
distributions.
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