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Abstract. In the field of granular rheology, an important open question is to understand the influence of bound-
ary conditions on granular flows. We perform experiments in a quasi-2D annular shear cell subject to 6 different
boundaries with controlled roughness/compliance. We characterize the granular slip at the boundaries to investi-
gate which aspects of a dense granular flow can be controlled by the choice of boundary condition. Photoelastic
techniques are implemented to measure the stress fields P(r) and τ(r) throughout the material. A full inverse-
analysis of the fringes within each disk provides the vector force at each contact. This allows us to measure
the continuum stress field by coarse-graining internal forces. We have observed that boundary roughness and
compliance strongly controls the flow profile v(r) and shear rate profile γ̇(r). We also observed that boundary
roughness and compliance play a significant role in the pressure profile P(r) and shear stress profile τ(r).

1 Introduction
Constitutive models can be postulated on general empiri-
cal grounds, relating the applied stress to the flow proper-
ties. For granular materials, such constitutive models are a
generalization of elastic theory and viscous theory that al-
lows for continuum modeling of a broad class of materials.
In a dense granular flow, the starting point for describing a
flow is to consider the dimensionless inertial number [1]:

I ≡
γ̇d√
P/ρ

. (1)

which indicates flow speed (d is the particle diameter, P is
the pressure, ρ is the particle density and γ̇ is the shear
rate). It is convenient to similarly quantify the applied
stress (the cause of the flow) via the nondimensional stress
ratio µ(r), the ratio between the local shear stress τ and the
local pressure P:

µ ≡
τ

P
. (2)

While these local rheologies have been broadly success-
ful at describing fully-developed flows, they fail to quanti-
tatively capture heteregeneous flows [2–6]. Due to these
limitations of local rheology, nonlocal rheology models
[7–10] have recently been developed. These have been
shown to be successful in modeling granular flows across
different packing densities, particle sizes and shapes, and
shear rates [11], but it remains unclear how best to predict
the flow at boundaries a priori .

In order to characterize the properties of granular slip
at boundaries and incorporate our observations into a non-
local rheology model, we measure the stress field µ(r)
throughout the material. For this purpose, we use photoe-
lastic particles: these measurements work by using polar-
ized light to detect changes in the principle stresses within
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Figure 1. Top view of annular rheometer, showing five different
outer wall boundary conditions. From top to bottom: small innies
(to pin the flow), small outies (like a continuation of the granular
material), smooth (to promote slip), large innies, large outies (to
match the leaf spring shape), and flexible leaf springs.

a particle, revealing the internal forces. Photoelasticity al-
lows us to measure a force vector at each contact by op-
timizing an inverse-analysis of the fringe pattern within
each disk. From this discrete force data, we obtain the con-
tinuum stress field by coarse-graining. Spatial smoothing
(coarse-graining) and temporal averaging enable us fully
characterize the stress tensor throughout the material, be-
yond just boundary measurements [11].
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A video is available at https://doi.org/10.48448/mcgk-s820
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Figure 2. (a) Schematic of photoelastic setup. (b) Sample image
taken with high-resolution Nikon DSLR camera. (c) The recon-
structed pseudo-image, created via photoelastic inversion.

2 Methods

2.1 Apparatus

Our apparatus [11] consists of a quasi-2D annular shear
cell, allowing for both continuous shearing from the inner
wall (Ri = 15 cm), and visual access to the dynamics of all
particles. A motor is attached to the inner wall, providing a
constant rotational speed. We measure the inner wall shear
stress τ(Ri) via a torque sensor attached to the central axle.
In the experiments described below, we use ∼ 1700 bidis-
perse photoelastic disks of diameter d = 9 and 11 mm and
thickness 6 mm; these allow for quantitative interparticle
force measurements via photoelasticity. The outer wall is
stationary (Ro = 30 cm). Both walls are laser-cut and are
inter-changeable to modify roughness. Fig. 1 shows close-
ups of these particles placed within the six different outer
walls of differing roughness/compliance.

2.2 Photoelastic measurements

Photoelastic materials are birefringent: they rotate the po-
larization of incident light depending on the amount of lo-
cal stress. This property reveals internal forces between
particles when you place them between two circular polar-
izers with opposite chirality [12, 13]. Depending on the
specific vector forces on each particle, different fringe pat-
terns arise. In our experiment, we use two sources of light:
polarized green LED light transmitted through the parti-
cles, and unpolarized red disco LED light reflected off the
particles (see Fig. 2(a)).

Through color separation, each image contains both
particle positions (red channel) and force chains (green
channel), as shown in Fig. 2(b). To measure the force vec-
tor at each contact we use the PeGS open-source analysis
code [14]. In this technique, the first step is finding particle
locations using the Matlab imfindcircles implementa-
tion of the Hough transform. The second step is finding

possible contacts and estimating the forces by observing
the gradients in each particle. The last step is performing a
full inverse-analysis of the fringes by optimizing the fringe
pattern within each disk, to determine the vector force at
each contact. Details about this process are available in
[12, 15], resulting in knowing the magnitude and direction
of the force at each contact. An example of measurement
result (pseudo-image) is shown in Fig. 2(c).

2.3 Coarse-graining

Next, we utilize these vector contact forces to measure the
shear stress τ and pressure P following the method of [16],
using a Lucy function W(r) to determine the stress field.

W(r) =


5
πc2

[
−3

(
r
c

)4
+ 8

(
r
c

)3
+ 6

(
r
c

)2
+ 1

]
|r| < c

0 |r| ≥ c

(3)

where c is the coarse-graining length scale with half width
c = 2w. We pick w = 1.3d to suppress fluctuations at
the particle length scale while avoiding over-smoothing
the gradients in the stress field. Using W(r), all compo-
nents of the stress tensor σxx, σxy, σyx, σyy at each point,
r, can be derived from:

σ ≡

N∑
i=1

N∑
j=i+1

fi jri j

∫ 1

0
W(r − ri + sri j) ds (4)

with fi j the contact force between each (i, j) pair of parti-
cles and ri j = ri−r j the corresponding displacement vector
between the centers of the particles. Since our apparatus
has an annular Couette geometry, we convert our stress
measurements from cartesian to cylindrical coordinates.

Fig. 3 shows the resulting coarse-grained shear stress
and pressure measurements for a sample image contain-
ing one quarter of the rheometer. The pressure is always
non-negative since there is no tension force possible be-
tween particles, and shear stress can be either positive or
negative depending on the direction of the shear. Since the
inner disk rotates clockwise, we pick a sign convention for
which clockwise shear is positive.

3 Results

We use these measurements to compare the flow behavior
under the various boundary roughness/compliance config-
urations shown in Fig. 1. To explore a range of behav-
iors, we perform experiments under 2 different conditions.
In the first series of experiments, we maintain a constant
packing fraction φ = 0.65; these are referred to as φ-
constant. In the second series of experiments, we maintain
a constant inner wall shear stress τ(Ri) = 1960 Pa; there
are referred to as τi-constant.

We have observed that the φ-constant runs are not
strongly affected by conditions such as temperature and
humidity. However, due to the various shapes/curvatures
of the walls, it is difficult to precisely measure φ. Runs un-
der τi-constant conditions (adjusted by adding/subtracting
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Figure 3. (a) Sample image taken with high-resolution Nikon DSLR camera. (b) Normal stress field P(x, y) and (c) shear stress field
τ(x, y) derived from coarse-graining. Colorbar is stress in [Pa].
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Figure 4. (a) Speed and (b) shear rate profiles, for boundaries
with 5 different roughnesses. Gray region approximately corre-
sponds to the nonlocal (creeping) region of the flow.

particles) can more precisely set a boundary condition, but
are more sensitive to room humidity and temperature. This
arises due the humidity and temperature influencing par-
ticles’ interparticle friction and weak adhesion, both of
which affect τi. In the following, we report the boundary’s
influence on velocity and shear rate profiles at constant φ,
and shear and normal stress at constant τi.

3.1 Velocity and shear rate measurements

For five of the six boundaries shown in Fig. 1, we obtain
both the velocity profile v(r) and the shear rate profile γ̇(r).

0 2 4 6 8 10 12
Distance from inner wall r[d]

0

200

400

600

800

1000

1200

Pr
es

su
re

[P
a]

0 2 4 6 8 10 12
Distance from inner wall r[d]

0

50

100

150

200

250

300

Sh
ea

r s
tre

ss
[P

a]

Smooth
S.O
L.I
S.I
Leafsping

b)

a)

Figure 5. (a) Normal and (b) shear stress profiles for different
roughness/compliance. Gray region approximately corresponds
to the nonlocal (creeping) region of the flow.

Velocity profiles are calculated by particle tracking [17].
The shear rate profiles are obtained from derivatives of
the speed profiles; due to our cylindrical geometry, this
is γ̇(r) = 1

2

(
∂v
∂r −

v
r

)
.

Fig. 4 shows the results, averaged over two indepen-
dent trials (104 frames, duration 1.5 hours, starting from
fresh initial conditions) for each wall roughness, at con-
stant φ. We observe that the fastest-flowing portions of
the flow are largely insensitive to the outer wall boundary.
However, as the speed (or shear rate) drops by two orders
of magnitude moving outwards, the nonlocal effects of the
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outer wall become increasingly apparent in the mismatch
of the five datasets. This difference is more apparent in
speed (a) than in shear rate measurements (b). We ob-
serve that the smoother the outer wall (smooth and large
outies), the more slip is present at the outer wall. This is
as expected, as roughness suppresses slip. However, we
observe that the length scale of the roughness also plays
a significant role. Roughness of the same depth but dif-
ferent width or inward/outward curvature provides differ-
ent results. The walls with roughness of approximately
equivalent depth and width (small innies and outies) are
the best at suppressing wall slip, perhaps because they
closely correspond to a continuation of the material. In-
terestingly, these also reduce the effects of shear-banding:
the change in slope of the v(r) curve is less pronounced be-
tween the local and nonlocal regions. This could arise due
to stronger fluctuations induced by the roughness, better-
fluidizing the nonlocal regime so that it does not move in
a solid-body rotation.

3.2 Stress measurements

To quantify P and τ, we time-average 2000 frames of the
coarse-grained stress field. For these experiments, mea-
surements under five of the six roughness/compliance con-
ditions were obtained at τi-constant. The reported data
does not extend all the way to the inner and outer walls
due to lighting imperfections near the inner wall, as well
as the coarse-graining length w near both walls. Future
work will complete the comparison with §3.1.

Fig. 5 shows the resulting stress profiles P(r) and τ(r),
calculated by averaging the stress P and τ within concen-
tric rings of width 0.56d. If there were no friction with
the floor of the apparatus, the shear stress would follow
the relation τ(r) = τ(Ri)

(
Ri
r

)2
and the pressure would be

constant. However, the stress profiles are affected by basal
friction and the softness/tilt of the photoelastic particles.
As such, we observe P(r) to be slightly decreasing in-
stead of constant. The exceptions are the runs observed
for the small innies and smooth boundaries: the pressure
increases near the outer wall for different reasons. For the
small innies boundary, the trapping of particles within in-
dividual indentations causes the increase in pressure: since
the width of the indentations matches the particle diame-
ter, some pressure is applied on particles from the outer
wall. For the smooth boundary, particles form an ordered
packing at the wall that may be related to the increased
σθθ and P. The shear stress falls off away from the in-
ner wall at approximately the same rate for all boundaries,
but is strongly affected by the choice of boundary near the
outer wall. Because the leafspring boundary, unlike the
other boundaries, is deformable and does not maintain a
constant volume, the stress is overall lower.

4 Conclusions

We have observed that boundary roughness strongly con-
trols both the flow profile v(r) and shear rate profile γ̇(r),
particularly as measured at the outer wall. This is also
the region of the flow most sensitive to nonlocal effects.
Photoelastic techniques provide us full stress profile of
the flow, allowing us to observe that the pressure P and
shear stress τ, measured by photoelastic techniques, are
similarly affected by the roughness and compliance of the
wall. Future work will elucidate the nontrivial connection
between these observations and the stress ratio µ(I), allow-
ing us to separately determine constitutive parameters and
boundary conditions.
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