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Abstract. A linear stability analysis of the hydrodynamic equations of a model for confined quasi-two-

dimensional granular gases is carried out. The stability analysis is performed around the homogeneous steady

state (HSS) reached eventually by the system after a transient regime. In contrast to previous studies (which

considered dilute or quasielastic systems), our analysis is based on the results obtained from the inelastic Enskog

kinetic equation, which takes into account the (nonlinear) dependence of the transport coefficients and the

cooling rate on dissipation and applies to moderate densities. As in earlier studies, the analysis shows that the

HSS is linearly stable with respect to long enough wavelength excitations.

1 Introduction

It is well established that granular matter can achieve a

rapid flow regime when grains are subjected to a violent

and sustained excitation. Under these conditions, the mo-

tion of grains is quite similar to that of a gas of activated

collisional grains and hence, they can be modeled as a gas

of smooth inelastic hard spheres [1, 2]. Since the kinetic

energy is lost by collisions one has to inject energy into the

system to maintain it under rapid flow conditions. There

are several ways in real experiments of supplying energy to

the system; for instance, by shearing or vibrating its walls

[3] or alternatively by bulk driving [4, 5]. However, this

type of heating produces in general strong spatial gradi-

ents in the bulk region so that, a theoretical description that

goes beyond the conventional Navier-Stokes (NS) descrip-

tion (which applies for small spatial gradients) is required

to offer a complete hydrodynamic description. Therefore,

due to the intricacies associated with the study of the above

situations, it is quite common in theoretical and compu-

tational studies to introduce external driving forces (ther-

mostats) that supply energy to compensate for the colli-

sional cooling and so, the gas reaches a stationary nonequi-

librium state [2].

An alternative to the use of external forces has been

proposed in the past few years [6]. The idea is to employ

a particular geometry (quasi-two-dimensional geometry)

where the granular gas is confined in a box that is vertically

vibrated and hence, energy is injected into the vertical de-

grees of freedom of particles via the collisions of grains

with the top and bottom plates. The energy gained by col-

lisions with the walls is then transferred to the horizontal

degrees of freedom by collisions between grains. Under
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these conditions, when the system is observed from above,

it is fluidized and can remain homogeneous. A collisional

model for the transfer of energy from the vertical to hor-

izontal degrees of freedom in the quasi-two-dimensional

geometry was proposed a few years ago [7]. In this model,

an extra velocity ∆ is added to the relative motion of col-

liding spheres so that, the magnitude of the normal com-

ponent of the relative velocity of colliding spheres is in-

creased by a given factor in the collision. This term mim-

ics the transfer of energy from the vertical degrees of free-

dom to the horizontal ones. The ∆-model has been widely

employed in the past few years to describe the static and

dynamical properties of the quasi-two-dimensional geom-

etry. In particular, it has been used to derive the NS hy-

drodynamic equations for monocomponent dilute [8] and

dense [9] granular gases with explicit expressions of the

transport coefficients. Some recent works [10] have ex-

tended previous efforts to multicomponent granular gases.

The knowledge of the NS transport coefficients and the

cooling rate for monocomponent granular gases opens up

the possibility of analyzing the stability of the so-called

homogeneous steady state (HSS). This is a quite relevant

state of confined quasi-two-dimensional systems. To the

best of our knowledge, two different papers have studied

the stability of HSS. For dilute granular gases, a linear

stability analysis of the hydrodynamic equations was per-

formed in Ref. [11]. For that, the expressions obtained in

Ref. [8] of the NS transport coefficients were used; these

expressions take into account the nonlinear dependence

of transport coefficients on the coefficient of restitution

α. The stability analysis was extended to moderate dense

gases [7] but considering the elastic forms of the NS trans-

port coefficients. Both works conclude that the HSS is lin-
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early stable. On the other hand, although the predictions

of both works [7, 8] compares well with computer simu-

lations, it is worth to assess to whether, and if so to what

extent, the results obtained before [7, 8] may be altered

when the improved forms of the inelastic transport coeffi-

cients of a moderate dense granular gas [9] are considered.

This is the main goal of the present contribution.

2 Hydrodynamic equations

We consider a granular fluid composed of smooth inelas-

tic hard spheres of mass m and diameter σ. Collisions are

characterized by a positive (constant) coefficient of nor-

mal restitution α ≤ 1, such the normal component of the

relative velocity gn changes to g′n = −αgn − 2∆. Here,

g′n is the post-collisional normal component of the rela-

tive velocity and ∆ > 0 is an extra velocity added to gn.

At a kinetic level, all the relevant information on the sys-

tem is given through the one-particle velocity distribution

function, which is assumed to obey the (inelastic) En-

skog equation. The corresponding (macroscopic) hydro-

dynamic equations for the number density n(r, t), the flow

velocity U(r, t), and the local temperature T (r, t) can be

easily derived from the Enskog kinetic equation. In the

context of the so-called ∆-model, the hydrodynamic equa-

tions are [8, 9]

Dtn + n∇ · U = 0 , (1)

ρDtUi + ∂ jPi j = 0 , (2)

DtT +
2

dn

(
∂iqi + Pi j∂ jUi

)
= −ζT. (3)

In the above equations, d is the dimensionality of the sys-

tem, Dt = ∂t + U · ∇ is the material derivative, ρ = nm is

the mass density, P is the pressure tensor, q is the heat flux,

and ζ is the cooling rate due to the energy dissipated in col-

lisions. Equations (1)–(3) become a closed set of differen-

tial equations for the hydrodynamic fields once the fluxes

and the cooling rate are expressed in terms of them. The

detailed form of the constitutive equations and the trans-

port coefficients appearing in them have been derived in

Ref. [9] in the context of the (inelastic) Enskog equation.

To first order in the spatial gradients (NS hydrodynamic

order), the corresponding constitutive equations are

Pi j = pδi j − η
(
∂ jUi + ∂iU j −

2

d
δi j∇ · U

)
− γδi j∇ ·U, (4)

q = −κ∇T − µ∇n, (5)

ζ = ζ(0) + ζU∇ · U, (6)

where p is the hydrostatic pressure, η is the shear vis-

cosity, γ is the bulk viscosity, κ is the thermal conduc-

tivity, and µ is a new transport coefficient not present

in the elastic case. For general time-dependent states,

the expressions for the pressure, the transport coefficients

and the cooling rate can be written, respectively, in the

forms p = nT p∗(α, φ,∆∗), η = η0η
∗(α, φ,∆∗), γ =

η0γ
∗(α, φ,∆∗), κ = κ0κ

∗(α, φ,∆∗), µ = (Tκ0/n)µ∗(α, φ,∆∗),

and ζ(0) = (nT/η0)ζ∗
0
(α, φ,∆∗). Here, φ is the solid vol-

ume fraction, η0 = (d + 2/8)Γ
(
d/2

)
π−

d−1
2 σ1−d

√
mT and

κ0 = [d(d + 2)/(2(d − 1))](η0/m) are the low-density val-

ues of the shear viscosity and thermal conductivity, respec-

tively, for elastic collisions. In addition, the (reduced) ve-

locity is ∆∗ = ∆/vth, vth =
√

2T/m being the thermal ve-

locity.
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Figure 1. Plot of η∗(α, φ)/η∗(1, φ) (a), κ∗(α, φ)/κ∗(1, φ) (b),

µ∗(α, φ) = n|µ(α, φ)|/(Tκ0) (c), and |ζU | (d) versus the coefficient

of restitution α for d = 2 and φ = 0.2.

As mentioned in previous papers [8, 9], it is quite ap-

parent that the dependence of the transport coefficients on

the temperature in the∆-model is in general much more in-

tricate than in the conventional inelastic hard sphere (IHS)

model [2]. This is due essentially to the dependence of

the scaled coefficients p∗, η∗, γ∗, κ∗, µ∗, ζ∗
0
, and ζU on the

(dimensionless) velocity ∆∗. However, a simple but inter-

esting situation corresponds to the HSS where the granu-

lar temperature achieves a constant value in the long-time

limit. The steady value of temperature is determined from

the condition ζ∗
0
= 0 and so, ∆∗s is a function of α given by

∆∗s (α) =
1

2

√
π

2
α

[√
1 +

4(1 − α2)

πα2
− 1

]
. (7)

The scaled transport coefficients p∗, η∗, γ∗, κ∗, and µ∗ have

been recently obtained as functions of both α and φ in the

HSS. Their forms for d = 2 can be found in Table I of Ref.

[9].

The expression of ζU can be also derived by following

similar steps as those made in the IHS model [12]. After a

simple algebra, one gets

ζU =
2d−1

d
φχ

[
∆∗2s +

25/2

√
π
α∆∗s −

3

2
(1 − α2)

]
, (8)

where χ(φ) is the pair correlation function at contact. Note

that ζU = 0 for both elastic collisions (α = 1) and/or dilute

systems (φ = 0) [13].

Figure 1 shows the dependence of the scaled NS trans-

port coefficients and the first-order contribution ζU to the

cooling rate on α for a two-dimensional (d = 2) confined

system at φ = 0.2. We observe first that the influence of

dissipation on the thermal conductivity is more significant

2
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than the one found for the shear viscosity. In the case of

the coefficient µ∗, at a fixed value of φ, the α-dependence

of µ∗ is non-monotonic; it is first negative in a region of

large values of α, reaches a minimum and then becomes

positive for small values of the coefficient of restitution.

On the other hand, the coefficient ζU is always negative

for any density value. In addition, except in a small region

of values of α near to 1, the magnitude of |ζU | is larger than

that of |µ∗| and increases with increasing inelasticity.

When the expressions of the pressure tensor, the heat

flux and the cooling rate are substituted into the balance

equations (1)–(3) one gets the corresponding NS (closed)

hydrodynamic equations for n, U and T . On the other

hand, as has been widely noted in some previous papers

[8, 14, 15], for reasons of consistency we should consider

terms up to second order in the gradients in Eq. (6) for the

cooling rate ζ. This is because these terms are of the same

order than the terms coming from the pressure tensor and

the heat flux in the above hydrodynamic equation. In par-

ticular, the contributions to ζ of the form ζn∇2n and ζT∇2T

were considered in the stability analysis carried out in Ref.

[14] in the conventional IHS model for low-density gases.

Nevertheless, since the ratios ζn/µ and ζT/κwere shown to

be very small, the terms ζn∇2n and ζT∇2T were neglected

in the above stability analysis. It is assumed here that the

same holds in the ∆-model for dense gases.

3 Stability analysis

It is quite apparent that the NS hydrodynamic equations

admit the existence of a HSS, namely a uniform state

(UH = 0 without loss of generality) where the steady tem-

perature TH is determined from the equation ζ(0)(nH, TH) =

0. Here, the subscripts H denotes the homogeneous steady

state. This state has been widely studied in several pre-

vious papers [7, 16, 17] and the theoretical results com-

pare quite well with computer simulations. Our aim here

is to analyze the stability of the HSS, namely, to investi-

gate if the HSS is stable or unstable with respect to long

enough wavelength perturbations. To provide an answer

to the above question, it is convenient to perform a lin-

ear stability analysis of the nonlinear NS hydrodynamic

equations with respect to the HSS for small initial pertur-

bations.

We assume that the deviations δyα(r, t) = yα(r, t) −
yHα are small, where δyα(r, t) denotes the deviation of

{n,U, T, } from their values in the HSS. To compare with

the results derived years ago in the IHS model [15], we

consider the same time and space variables: τ = 1
2
νHt and

ℓ = 1
2
(νH/v0H)r, where νH = nHTH/η0H and v0H =

√
TH/m.

The dimensionless time scale τ is is a measure of the av-

erage number of collisions per particle in the time interval

between 0 and t. The unit length v0,H/νH is proportional to

the time-independent mean free path of gas particles.

As usual, the linearized hydrodynamic equations for

the perturbations {δn(r; t), δU(r; t), δT (r; t)} are written in

the Fourier space. A set of Fourier transformed dimension-

less variables are then introduced as ρk(τ) = δnk(τ)/nH,

wk(τ) = δUk(τ)/v0H, θk(τ) = δTk(τ)/TH, where δykα ≡

{δρk,wk(τ), θk(τ)} is defined as

δykα(τ) =

∫
dℓ e−ik·ℓδyα(ℓ, τ). (9)

Note that in Eq. (9) the wave vector k is dimensionless.

After some straightforward algebra, linearization of

the NS equations in ρk, wk, and θk shows that the d − 1

transverse velocity components wk⊥ = wk − (wk · k̂)̂k (or-

thogonal to the wave vector k) decouple from the other

three modes and hence can be obtained easily. They are

wk⊥(τ) = wk⊥(0)e−
1
2
η∗k2τ, (10)

where we have taken into account that η∗ does not depend

on time in the HSS. Thus, since η∗ > 0, then the d − 1

transversal shear modes wk⊥(τ) are linearly stable.

The remaining (longitudinal) modes correspond to ρk,

θk, and the longitudinal velocity component of the velocity

field, wk|| = wk · k̂ (parallel to k). These modes are coupled

and obey the equation

∂δykα(τ)

∂τ
= Mαβδykβ(τ), (11)

where δykα(τ) denotes now the set
{
ρk, θk, wk||

}
and M is

the square matrix



0 0 −ik

− d+2
2(d−1)

µ∗k2 −2ζ̄0 − d+2
2(d−1)

κ∗k2 −ik
(

2
d

p∗ + ζU
)

−ikp∗Cρ −ik
(
p∗ + Ψp

)
− d−1

d
η∗k2 − 1

2
γ∗k2


.

(12)

Here, g(φ) = 1 + φ∂φ ln χ(φ), Cρ(φ) = 1 + g(1− p∗−1), and

it is understood that p∗, η∗, γ∗, κ∗, µ∗, and ζU are evaluated

in the HSS. In addition, for a two-dimensional system,

ζ̄0 ≡ TH

(
∂ζ∗

0

∂T

)

s

= χ∆∗s

(
1

2

√
π

2
α + ∆∗s

)
, (13)

Ψp ≡ TH

(
∂p∗

∂T

)

s

= −
√

2

π
φχ∆∗s . (14)

The longitudinal three modes have the form exp[sn(k)τ]

for n = 1, 2, 3, where sn(k) are the eigenvalues of the ma-

trix M, namely, they are the solutions of the cubic equation

s3 +

[
2ζ0 + k2

(η∗ + γ∗
2

+ 2κ∗
)]

s2 + k2

[
k2κ∗ (η∗ + γ∗)

+ p∗
(
Cρ + p∗ + ζU

)
+ Ψp

(
p∗ + ζU

)
+

(
η∗ + γ∗

)
ζ0

]
s

+ 2k2

{
p∗Cρζ0 + k2

[
p∗Cρκ

∗ −
(
p∗ + Ψp

)
µ∗

]}
= 0. (15)

For given values of α and φ, the analysis of Eq. (15) shows

that for k , 0 one mode is real while the other two are a

complex conjugate pair of propagating modes.

For small k, the solution to Eq. (15) can be written as

a perturbation expansion: sn(k) = s
(0)
n + ks

(1)
n + k2 s

(2)
n + · · · .

Substitution of this expansion into the cubic equation (15)

yields s
(0)

1
= s

(0)

2
= 0, s

(0)

3
= −2ζ0, s

(1)

1
= −s

(1)

2
= i

√
p∗Cρ,

3

EPJ Web of Conferences 249, 04005 (2021) https://doi.org/10.1051/epjconf/202124904005
Powders and Grains 2021



s
(1)

3
= 0, s

(2)

1
= s

(2)

2
= (X − p∗Cρ)/4ζ̄0, and s

(2)

3
= [(p∗ +

ζU)(p∗ + Ψp) − 4ζ0κ
∗]/2ζ0. Here,

X = p∗
(
Cρ + p∗ + ζU

)
+ Ψp

(
p∗ + ζU

)
+

(
η∗ + γ∗

)
ζ0. (16)

Since the Navier-Stokes hydrodynamic equations are valid

to second order in k, the above perturbation solutions

are relevant to the same order. In particular, in the ex-

treme long wavelength limit (k = 0, inviscid fluid or Eu-

ler hydrodynamic order), two of the eigenvalues are zero

(marginally stable solution) and the third one is negative

(stable solution).
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Figure 2. Dispersion relations for a granular fluid with α = 0.8

and φ = 0.2. From top to bottom the curves correspond to the

d−1 degenerate shear (transversal) modes and the remaining lon-

gitudinal modes. Only the real parts of the eigenvalues is plotted.

An analysis of the eigenvalues of the matrix M for fi-

nite k shows that in general Re(sn) ≤ 0 and hence the

HSS is linearly stable in the complete range of values

of the wave number k studied. As an illustration, the

dispersion relations sn(k) for a fluid with α = 0.8 and

φ = 0.2 are plotted in Fig. 2. Only the real part (propa-

gating modes) of eigenvalues is represented. For d = 2,

χ(φ) = (1 − 7
16
φ)/(1 − φ)2 [18].

4 Conclusions

A linear stability analysis of the HSS of a confined gran-

ular system has been performed in the context of the in-

elastic Enskog equation. Our study (i) takes into account

the nonlinear dependence of the NS transport coefficients

and the cooling rate on the coefficient of restitution and

(ii) considers moderate densities. Thus, the present con-

tribution covers some of the limitations of previous works

[7, 11]. Our results show no new surprises with respect

to earlier works [7, 11] since the HSS is linearly stable

at finite dissipation and/or moderate density. This conclu-

sion contrasts with the one found in the conventional IHS

model where it was shown that the resulting hydrodynamic

equations exhibit a long wavelength instability for d−2 of

the hydrodynamic modes [15].

The research of V.G. has been supported by the Span-

ish Ministerio de Economía y Competitividad through

Grant No. FIS2016-76359-P and by the Junta de Ex-

tremadura (Spain) Grant Nos. IB16013 and GR18079,

partially financed by “Fondo Europeo de Desarrollo Re-

gional” funds. The work of R.B. has been supported

by the Spanish Ministerio de Economía y Competi-

tividad through Grant No. FIS2017-83709-R. The re-

search of R.S. has been supported by the Fondecyt Grant

No. 1180791 of ANID (Chile).

References

[1] N. Brilliantov, T. Pöschel, Kinetic Theory of Granu-

lar Gases (Oxford University Press, Oxfors, 2004)

[2] V. Garzó, Granular Gaseous Flows (Springer Nature

Switzerland, Basel, 2019)

[3] X. Yan, C. Huan, D. Candela, R.W. Wair,

R.L. Walsworth, Phys. Rev. Lett. 88, 044301

(2002); C. Huan, X. Yan, D. Candela, R.W. Wair,

R.L. Walsworth, Phys. Rev. E 69, 041302 (2004)

[4] M. Schröter, D.I. Goldman, H.L. Swinney, Phys.

Rev. E 71, 030301(R) (2005)

[5] A.R. Abate, D.J. Durian, Phys. Rev. E 74, 031308

(2006)

[6] N. Mujica, R. Soto, Dynamics of noncohesive

confined granular media, in Recent Advances in

Fluid Dynamics with Environmental Applications

(Springer, 2016) p.445

[7] R. Brito, D. Risso, R. Soto, Phys. Rev. E 87, 022209

(2013)

[8] J.J. Brey, V. Buzón, M.I. García de Soria, P. Maynar,

Phys. Rev. E 91, 052201 (2015)

[9] V. Garzó, R. Brito, R. Soto, Phys. Rev. E 98, 052904

(2018); Phys. Rev. E 102, 059901 (E) (2020)

[10] R. Brito, R. Soto, V. Garzó, Phys. Rev. E 102,

052904 (2020); V. Garzó, R. Brito, R. Soto,

arXiv:2010.05566

[11] J.J. Brey, V. Buzón, M.I. García de Soria, P. Maynar,

Phys. Rev. E 93, 062907 (2016)

[12] V. Garzó, J.W. Dufty, Phys. Rev. E 59, 5895 (1999)

[13] As shown in Ref. [8], there is a nonzero contribution

to the coefficient ζU for dilute granular gases when

the kurtosis a2,s (which measures the departure of the

HSS from the Maxwellian distribution) is accounted

for. However, the magnitude of ζU is very small for

φ = 0.

[14] J.J. Brey, J.W. Dufty, C.S. Kim, A. Santos, Phys. Rev.

E 58, 4638 (1998)

[15] V. Garzó, Phys. Rev. E 72, 021106 (2005)

[16] R. Soto, D. Risso, R. Brito, Phys. Rev. E 90, 062204

(2014)

[17] J.J. Brey, M.I. García de Soria, P. Maynar, V. Buzón,

Phys. Rev. E 88, 062205 (2013)

[18] J. Jenkins, F. Mancini, J. Appl. Mech. 54, 27 (1987)

4

EPJ Web of Conferences 249, 04005 (2021) https://doi.org/10.1051/epjconf/202124904005
Powders and Grains 2021


