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Abstract. The phenomenon of shape coexistence in a nucleus is about the occurence of two different nuclear

states with drastically different shapes, lying close in energy. It is commonly seen in the data, that such coexist-

ing states manifest in specific nuclei, which lie within certain islands on the nuclear chart, the islands of shape

coexistence. A recently introduced mechanism predicts that these islands derive from the coexistence of two

different types of magic numbers: the harmonic oscillator and the spin-orbit like. The algebraic realization of

the nuclear Shell Model, the Elliott S U(3) symmetry, along with its extension, the proxy-S U(3) symmetry , are

used for the parameter-free theoretical predictions of the islands of shape coexistence.

1 Introduction

The studies about shape coexistence began with the ex-

cited 0+2 state of 16O [1]. It was then suggested that this ex-

cited state of 16O can be explained by a particle-hole (p-h)

excitation across the harmonic oscillator shell among the

magic numbers 2-8. This suggestion triggered the idea of

particle-hole excitations, which became later on the state-

of-the-art mechanism for shape coexistence [2].

Several years later, another phenomenon, that of the

inversion of states, became known in the region of the Mg

isotopes [3–7]. Inversion of states occurs, when the pre-

dicted spin and parity of the ground state contradicts with

the data. Specifically the predictions are produced with the

use of the Shell Model [8, 9] and with the assumption that

the particles occupy the valence harmonic oscillator shell,

which lies among the magic numbers 8-20 in the Mg iso-

topes.

The intense study in this region led to the conclusion

that the inversion of states begins and ends at a certain neu-

tron number N across an isotopic chain [3]. Thus discus-

sion about the “islands of inversion” began [10, 11]. Both

theorists and experimentalists drew the conclusion that the

inverted states are due to a partial particle configuration

in the valence harmonic oscillator shell and in the slightly

excited spin-orbit like shell [12, 13]. The spin-orbit like

shells [14] lie among the nucleon magic numbers 6, 14,

28, 50, 82, 126, ..., which are created by a significant spin-

orbit force [9]. So the idea that particles are excited from

the the harmonic oscillator shell to the neighboring spin-

orbit like shell has been established in the light nuclei.

The same idea has been used in Ref. [15] to predict

the islands of shape coexistence in the medium mass and

heavy nuclei. Again it is supposed that the islands of shape

coexistence can be predicted, if one assumes that the par-

ticles occupy the valence harmonic oscillator shell along
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with the valence spin-orbit like shell. But since in medium

mass and heavy nuclei, the particles usually already are

in the spin-orbit like shells among magic numbers 28, 50,

82, 126, we cannot speak about particle excitations from

the valence harmonic oscillator shell to the valence spin-

orbit like shell. Instead, the situation is better described by

the phrase “shell merging” [12, 13]. Shell merging occurs

when the single-particle energy gaps dissolve due to the

onset of deformation and thus the valence harmonic oscil-

lator shell merges with the valence spin-orbit like shell. So

the key to enter into an island of shape coexistence is the

deformation.

Generally the sudden onset of deformation in specific

nuclei is attributed to the proton-neutron interaction, when

the last protons and neutrons occupy specific Shell Model

orbitals, namely the spin-orbit partners or the Federman-

Pittel pairs introduced in Ref. [16–18]. Actually the

particle-hole excitation mechanism, which is the state-of-

the-art mechanism for shape coexistence, is based on the

Federman-Pittel pairs (see Ref. [19]). The main idea is

that the protons lie near a magic or semi-magic number,

above which large single-particle energy gaps extend and

that the protons are being excited, so as to create spin-

orbit partners with the neutrons. The states created by the

spin-orbit partners are highly deformed and thus lower in

energy. Obviously the magic or semi-magic numbers play

a crucial role in the particle-hole excitations mechanism.

Thus, in regions where the magic or semi-magic numbers

are not justified, the particle-hole excitation mechanism

cannot be used as an explanation for the occurrence of

shape coexistence, or inversely, where shape coexistence

appears, sub-shell gaps have to be justified. For further

discussion see for instance subsection IIIA3 of Ref. [2].

In Ref. [15] an alternative mechanism, namely the

dual-shell mechanism, has been introduced in order to ex-

plain the phenomenon of shape coexistence. This mech-

anism has similarities with the particle-hole excitation
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mechanism in light nuclei (see section 4 of Ref. [15])

and aligns with the concept of shell merging in medium

mass and heavy nuclei (see section 5 of Ref. [15]). The

mechanism is realized within the Elliott [20–23] and the

proxy-S U(3) [24–28] symmetry. Deformed nuclei are ad-

equately described by the Shell Model S U(3) symmetry,

or nowadays called the Elliott S U(3) symmetry [20–23],

which is appropriate for the harmonic oscillator shells,

along with its extension, the proxy-S U(3) symmetry [24–

28], which suits to the spin-orbit like shells. These two

algebraic realizations of the nuclear Shell Model use the

Shell Model single-particle basis, but in the cartesian coor-

dinate system, in order to give parameter-free predictions

about the nuclear deformation.

2 The dual-shell mechanism

The Elliott S U(3) three-dimensional (3D) isotropic har-

monic oscillator (HO) Hamiltonian is the sum [29]:

H0 =

A∑

i=1

h0,i, (1)

where A is the mass number and h0i is the Hamiltonian

of a single particle i moving into a three dimensional

isotropic harmonic oscillator potential. The overall alge-

braic quadrupole-quadrupole (QQ) interaction in the El-

liott S U(3) model is calculated by the formula [30, 31]:

QQ = 4C2 − 3L(L + 1), (2)

where L is the orbital angular momentum [20, 29] and Ĉ2

is the second order Casimir operator of the S U(3) algebra

obtaining eigenvalues [23, 32]:

C2 = λ
2 + μ2 + λμ + 3(λ + μ), (3)

with (λ, μ) being the quantum numbers of the Elliott

S U(3) symmetry. The C2 operator is proportional to the

square of the nuclear quadrupole deformation parameter β
of the Bohr and Mottelson Collective Model [33, 34]:

β2 ∼ (C2 + 3). (4)

The simplest S U(3) Hamiltonian is [35]:

H = H0 − χ
2

QQ. (5)

The parameter χ is the strength of the quadrupole-

quadrupole interaction and is given by a global expression

in Ref. [35]:

χ =
�ω

4N0

. (6)

Alternatively, instead of χ, the parameter κ can be used

[35]:

κ ≈ 2χ. (7)

This doubling of the quadrupole strength is in the same

spirit with the scaling factor, used in Ref. [25], for the β2

values. Generally in the S U(3) nuclear models the defor-

mation parameter β2 and the B(E2)s obtain smaller values

than those in the data. So, a scaling is to be used and this

is justified by the fact that the S U(3) models use the alge-

braic quadrupole operator, which is restricted within one

nuclear shell, while the data are attributed to the collec-

tive quadrupole operator, which applies to to many nuclear

shells with the same parity. Nevertheless, once the choice

of χ or κ is done, the quadrupole strength will be given by

a global expression and it is not treated as a free parameter.

Using the Hamiltonian of Eq. (5) the energy differ-

ence among the two bandheads of shape coexistence is the

eigenvalue of the difference:

HHO − HS O = (H0,HO − H0,S O)

+
χ

2
(QQS O − QQHO), (8)

where the subscripts S O and HO stand for the spin-orbit

like and the harmonic oscillator valence shells respec-

tively. The difference

Δ(H0) = H0,HO − H0,S O ≤ 0 (9)

obtains negative values [15], while

Δ(
χ

2
QQ) = (

χ

2
QQ)S O − (

χ

2
QQ)HO ≥ 0 (10)

is the difference in the quadrupole terms and obtains pos-

itive values within the regions of shape coexistence. Thus

the two differences, due to their opposite signs, compete

with each other in the Hamiltonian (8) and the energies

of the two bandheads of shape coexistence lie close in en-

ergy. The islands of shape coexistence appear when the

deformation prevails [15]:

Δ(
χ

2
QQ) ≥ −Δ(H0) ≥ 0 (11)

and till the harmonic oscillator shell closure. The above

condition applies for the proton or neutron configurations

separately. Thus it implies that the proton (neutron) con-

figuration of the spin-orbit like shell lies lower in energy,

than the one deriving from the harmonic oscillator shell.

But the situation for the coupled proton-neutron configu-

ration is uncertain and it might result that the configuration

of the spin-orbit shell lies higher in energy. Thus, the con-

dition Δ(
χ
2

QQ) ≥ 0 leads to:

C2,S O −C2,HO ≥ 0, (12)

for the proton or neutron configuration separately and

gives the widest possible regions of shape coexistence pre-
dicted by the dual-shell mechanism.

The values of the C2 are determined in Eq. (3) by

the S U(3) irrep. In the literature, there exist two kinds

of Elliott S U(3) irreps as candidates for the description of

the low lying in energy nuclear states: the highest weight

irrep (λ, μ)hw and the most deformed irrep (λ, μ)de f . Up

to the middle of each valence shell the two irreps coin-

cide (λ, μ)hw = (λ, μ)de f and consequently the C2 oper-

ators obtained by them with the use of Eq. (3) are the

same, C2,hw = C2,de f . But after the middle of the shell

and before the shell closure the two irreps become differ-

ent (λ, μ)hw � (λ, μ)de f with C2,hw ≤ C2,de f . In Ref. [25]
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the (λ, μ)de f is labeled by C, which means that it is the ir-

rep with the maximum value of the C2 for a given number

of protons or neutrons in a given valence shell. In Refs.

[25, 28, 36] it is stressed out that the highest weight irrep

has to be used, because this irrep gives the right prolate-

oblate transition. Consequently the widest possible islands

of shape coexistence determined by the condition (12) are

predicted with the use of the highest weight irreps for both

spin-orbit like shells and harmonic oscillator shells. The

relevant irreps are tabulated in Ref. [15].

3 Results

The condition (12) is satisfied among the proton or neutron

numbers:

Z or N : 7−8, 17−20, 34−40, 59−70, 96−112, 145−168.

These results have been obtained using the highest weight

S U(3) irreps [27] of the Elliott and the proxy-S U(3) sym-

metry [15, 25]. The plots appear in Figs. 1-6. The proton

and neutron numbers indicated, identify the possible re-

gions on the nuclear chart, where one may see coexisting

structures, with drastically different shapes, lying close in

energy.

Examples of shape coexistence appear in every of the

above proton or neutron regions. For instance we see par-

ity inversion in neutron numbers N = 7 − 8 in the Be

isotopes [37, 38], inversion of states at neutron numbers

N ≥ 17 in the Mg isotopes [3–5], a comeback of the HO

magic numbers in the deformation parameter β in Ni iso-

topes among neutron numbers 34 ≤ N ≤ 40 [15], shape

coexistence in the Se,Kr,Sr,Zr isotopes at proton num-

bers Z = 34, 36, 38, 40 respectively [2], shape coexistence

among 60 ≤ N ≤ 70 in the Sn isotopes [39], or after

N = 60 in Kr isotopes [40], shape coexistence in the rare

earths among proton numbers 60 ≤ Z ≤ 70 [2], shape co-

existence among 96 ≤ N ≤ 110 in the Hg isotopes and

fission isomers around N = 145 in the superheavies [41].

Generally it is not implied that one should see shape

coexistence in each and every isotope of the map in Fig.

25 of Ref. [15], but instead it is stated that the regions

marked in this map are the widest possible islands of shape

coexistence predicted by the dual-shell mechanism.

4 Conclusions

A unified view of the islands of inversion and of shape co-

existence has been described. The mechanism supposes

that the coexisting structures can occur when the proton

or the neutron deformation due the valence spin-orbit like

shell is larger than the one of the valence harmonic oscilla-

tor shell. This requirement is satisfied in certain islands on

the nuclear chart, which coincide with the data about the

islands of inversion and the islands of shape coexistence

[2].

Nevertheless, although the dual-shell mechanism is

promising, since it explains the manifestation of shape co-

existence in various well-known paradigm nuclei, it is not

at all a complete theory. Thus we do not expect to observe

Figure 1. The eigenvalues of the second order Casimir operator

of the S U(3) algebra versus the proton (Z) or neutron number

(N). Equation (3) has been used along with the irreps (λ, μ) of

Table 1 of Ref. [15]. Shape coexistence is predicted among pro-

ton or neutron numbers 7 − 8.

Figure 2. The same as Fig. 1. An island of shape coexistence is

predicted within proton or neutron numbers 17 − 20.

shape coexistence in each an every nucleus of the map of

Fig. 25 of Ref. [15]. Much has to be done. The effect of

the:

a) proton-neutron interaction,

b) merging of the spin-orbit like shell with the harmonic

oscillator shell,

c) realistic interactions in the Hamiltonian (pairing and

spin-orbit interaction for instance)

on the predicted islands of shape coexistence, has not been

examined yet. The problem is that although studies for

the these interactions within the Elliott S U(3) framework

began in the late 60’s [23], they have never been com-

pleted. This dual-shell mechanism appears as a motivation

to keep on studying the Elliott S U(3) symmetry, because
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Figure 3. The same as Fig. 1. An island of shape coexistence is

predicted within proton or neutron numbers 34 − 40.

Figure 4. The same as Fig. 1. An island of shape coexistence is

predicted within proton or neutron numbers 59 − 70.

it is likely to give elegant solutions into burning problems

of nuclear structure.
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Figure 5. The same as Fig. 1. An island of shape coexistence is

predicted within proton or neutron numbers 96 − 112.

Figure 6. The same as Fig. 1. An island of shape coexistence is

predicted within proton or neutron numbers 145 − 168.
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