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Abstract. The Constrained Molecular Dynamics (CoMD) model is used to describe the properties of nuclear
systems near the ground state. A procedure for global optimization of the initial configurations of the nuclei
is developed. In addition, the neutron skins of various nuclear systems are calculated. Finally, the GDR and
GMR spectra of medium-mass nuclear systems are studied. The effect of the model parameters to the spectra
is explored. We conclude that an increased compressibility of K = 308 MeV results in increased GDR energy
and decreased skin, while the total energy and the GMR energy remain almost unaltered.

1 Introduction

The nuclear N-body problem is intricate due to the un-
derlying complicated nuclear interaction. The properties
of the resulting low lying states have been studied with
a wide variety of methods. These methods include vari-
ous mean-field approaches, such as Skyrme-Hartree-Fock
(SHF) [1] and semiclassical quantum and antisymmetrized
molecular dynamics (QMD & AMD) models [2–4]. In re-
cent years, the Constrained Molecular Dynamics (CoMD)
model has been used to describe numerous phenomena of
low-energy dynamics. Some examples incorporate studies
of near Fermi energy reactions and fission of heavy nuclei
[5]. The CoMD model forms the basis of the present work
and some of its details are presented in the next section.
In this work we study some important near ground state
properties of several nuclei. These properties include the
neutron skin, radial density, GDR and GMR spectra. The
organization of the paper is as follows. First the theoreti-
cal framework and computational details of the model are
given. Then, we present a study of the initial configu-
rations and the optimization process. After that, we ap-
proach the problem of the Giant Resonances. In particular,
the Giant Dipole and Giant Monopole Resonances, along
with the corresponding soft modes for several nuclear sys-
tems, are presented.

2 Theoretical Framework

The CoMD model is based on an effective two-body inter-
action with Skyrme potential characteristics, as described
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in [3, 5], with two-body potential terms as follows
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In the above relations, Vvol corresponds to the volume
term, V3 to the three-body term, Vsym to the symmetry
term, Vsur to the surface term, while Vcoul describes the
Coulomb repulsion of the protons. The parameters ρ0, asym

and Cs are the saturation density, the symmetry and sur-
face parameter, respectively. These are fixed to ρ0 = 0.165
f m−3, asym = 32 MeV and Cs/ρ0 = −1, unless otherwise
stated. The constants T0, T3 and σ are related to the com-
pressibility of nuclear matter (NM) and are determined by
the enforcement of the saturation condition of NM with
the use of the effective interaction with terms as in eq. (1–
5), as described in [3]. The trial one-body wavefunctions
that are used in the model, are Gaussian wave-packets and,
in the Wigner representation, have the form

fi (r, p) =
1(

2πσrσp

)3 e
−

(r−〈ri〉)2

2σ2
r e

−
(p−〈pi〉)2

2σ2
p (6)

The σr and σp are the widths, while 〈ri〉 and 〈pi〉 are
time dependent centroids of the wave-packet of nucleon
i in phase space. In the calculations presented below,
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σr = 1.30 f m and σp = ~/2/σr, unless stated otherwise.
The application of the Time Dependent Variational Princi-
ple (TDVP) to the Lagrangian of the model with the wave-
functions of eq. (6) leads to the Hamilton’s equations of
motion in the Wigner representation.
The many-body wavefunction of the model is considered
to be a direct product of the one-body wavefunctions of eq.
(6). The Pauli Principle is enforced in the model through a
constraint of the phase space volume of each nucleon and
through Pauli-blocking of nucleon-nucleon (NN) scatter-
ing. The total occupation fraction of a phase space hyper-
cube with volume h3 is constrained through

f̄i =
∑
j⊂L

δτi,τ jδsi,s j

∫
h3

f j (r, p) d3rd3 p ≤
paulm
128

(7)

where L is an ensemble of nucleons j neighboring i. The
parameter paulm signifies the strength of the Pauli corre-
lations. Higher paulm values result in less strict enforce-
ment of the Pauli Principle.

3 Computational Details

In our computational procedure, every calculation with
CoMD consists of three steps, the initialization, the evo-
lution and the data processing. The collection of the phase
space centroids for each nucleon make up the initial nu-
clear configuration. These configurations result from a
Monte Carlo Simulated Annealing algorithm, that mini-
mizes the total energy of the nucleus. This process takes
place in the initialization step [6, 7].

After an initial configuration is chosen, the nucleus
evolves for a determined time interval. To account for the
approximate character of the equations, before the evolu-
tion, the phase space centroids are randomly rotated. This
rotation respects the conservation of energy and angular
momentum and produces a set of different possible nu-
cleon trajectories in phase space. Each of these is defined
as an “event”. The aforementioned calculations comprise
the evolution step.

The final step depends on the nuclear phenomenon that
is studied. First, the nucleon trajectories for each event are
properly averaged. Then, we extract information regarding
various nuclear properties, such as the mass density or the
neutron skin. In order to study the Giant Resonances (GR),
one must transform a nuclear property from the time to
the frequency domain. This property forms the response
function and the transformation is achieved through the
use of a Fast Fourier Transform (FFT) code.

4 Initial Configurations and Ground State
Properties

4.1 Global Optimization Algorithm

The initialization algorithm produces a set of various pos-
sible initial configurations, as described in the previous
section. Thus, the question regarding the choice of the
initial configuration arises naturally. Each configuration is

characterized by the total energy per nucleon, the mass ra-
dius and average density and paulm parameter. In some
of our previous works, the configurations with minimum
energy per nucleon have been chosen for the evolution
calculation. Another option would be the use of config-
urations with energies near the experimentally measured
value of the binding energy. Both approaches can yield
good predictions for the dynamical aspects of reactions
and other nuclear phenomena, but usually have higher
radii and lower densities than expected.

When one of the characteristics of the initial configura-
tions is improved, the other characteristics become worse.
To settle this problem, we developed an algorithm for
global optimization of the configurations. In the algo-
rithm, these “optimum” states are chosen based on the val-
ues of total energy per nucleon, rms radius, average den-
sity and occupation fraction. For the relative error evalua-
tion, the experimental binding energies [8] are used along
with the paulm values for the occupation fractions. Addi-
tionally, the radius choices are evaluated according to the
formula R = 1.2A1/3. The nuclei tend to shrink in the evo-
lution code, with lower radii that are closer to the experi-
mental value, rather than the empirical one. Finally the av-
erage densities are evaluated according to their proximity
to Skyrme-Hartree-Fock (SHF) calculations. The evalua-
tion process is performed by a dedicated code that extracts
the configurations according to aforementioned criteria.

4.2 Ground State Properties and the Effect of
Model Parameters

In the present work, we used the optimum configurations
to study the properties of the nuclear ground states, such
as the total energy per nucleon. We note that the model re-
produces the experimental values for the energies with fair
accuracy, while it predicts higher values for the average
radii.

The radial density is another property that was stud-
ied. The optimum states yield improved densities, that
have close proximity with those calculated by SHF mean-
field approaches. In figure 1 the mass densities (top row),
the proton densities (central row) and the neutron densi-
ties (bottom row) of 40Ar (left) and 64Ni (right) are plotted
against the radial coordinate. The CoMD calculated den-
sity is represented by a continuous line, while the dashed
line corresponds to the SHF density. In the present prelim-
inary calculations, the approximate treatment of the Pauli
principle and the gaussian profile of the wavepacket result
in a dip in the nuclear density at low radii that we expect
to remove in subsequent calculations.

To understand the dependence of the equation of state
(EOS) on the parameters of the effective interaction, we
studied total energies, radii, average densities and occupa-
tion fractions of the optimum configurations. In figure 2
we show the variation of the minimum energy per nucleon
of the 68Ni configuration space with respect to the paulm
parameter (a), compressibility (b), saturation density (c)
and effective mass ratio (d). These parameters and their
effects are discussed in the following paragraphs.
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Figure 1. Radial densities of 40Ar (left column) and 64Ni (right
column) plotted against the radial coordinate. The top row gives
the plots of the total density, the middle row of the proton density
and the bottom row of the neutron density. The solid black line
corresponds to the CoMD calulation and the purple dashed line
to the SHF calculation.
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Figure 2. Minimum Energy per nucleon of 68Ni plotted against
paulm (a), compressibility (b), saturation density (c) and effec-
tive mass ratio (d). The points connected with the solid black
lines correspond to the CoMD calulation and the red dashed line
to experimental data from [8].

The paulm parameter determines the strength of the
Pauli Principle, as it is already discussed. The smaller val-
ues increase the radius and decrease the average density
of the nucleus. Additionally, the energy of the system is
increased, as seen in figure 2(a). This is understood to
be a consequence of the degeneracy pressure of a Fermi
Gas. Thus, mostly the kinetic part of the Hamiltonian con-
tributes to the increase of the energy. We wish to comment
that the enforcement of the Pauli principle in CoMD via
the constraint corresponds to a purely quantal effect and
may correspond to the emergence of shell effects in the
energy spectrum of the system. We have made such a pre-

liminary exploration, but we do not discern energy gaps
corresponding to shells in our calculations. In this vein,
the possibility of including a spin-orbit term in the poten-
tial will also be explored.

The compressibility K is an important parameter of the
EOS, that signifies the response of the nuclear system to
compression. For the effective interaction of the CoMD
model (eq. 1–5), it can be expressed as:

K = 9T3
σ (σ − 1)
(σ + 1)

− 2ε̄F (8)

where ε̄F is the average Fermi energy of NM. As expected,
the increase of the compressibility results in a decrease of
the radius and an increase of the density. Interestingly,
the energy of the system seems to be independent of the
compressibility choice, as seen in figure 2(b). This results
from a simultaneous increase of the kinetic component and
a decrease of the potential component of the Hamiltonian.

The saturation density (ρ0) of the system signifies the
maximum density of a nucleus and results from the repul-
sive part of the effective interaction. As shown in 2(c),
this parameter is proportional to the system’s energy. An-
other important characteristic of the nuclear interaction is
the inclusion of momentum dependent terms. These terms
represent the finite range of the interaction. In the current
version of the model, we include the momentum depen-
dence in the low energy limit, as an effective mass (m∗).
The smaller effective mass results in an increase of the ki-
netic energy of the system, and thus to an increase of the
total energy. This tendency can be clearly seen in figure
2(d). In the discussion below, the effective mass is m∗ = m,
unless otherwise stated.

4.3 Neutron Skin Calculations

The neutron rich nuclei are stabilized by distributing the
excess of neutrons near the nuclear surface that is dis-
tinct from the N=Z symmetric core. This extends the neu-
tron density further from the proton density by a few tenth
of f m, creating the characteristic neutron skin (rnp), ex-
pressed as the difference of the rms radii of protons and
neutrons. The neutron skin of various nuclides has been
investigated with both theoretical and experimental ap-
proaches [4]. The CoMD model generally predicts neutron
skins with higher values, compared to experimental data
or empirical expectations. In general, increased compress-
ibility and paulm result in decreased values for the skin.
We report herein, that the 208Pb calculation with K = 254
MeV , paulm = 102 and m∗/m = 1 yields 0.43 f m neu-
tron skin, somehow higher than the experimental value of
0.33+0.16

−0.18 f m.
The neutron skin, of course, depends on the relative

number of protons and neutrons, that may be expressed by
the isospin asymmetry factor, mχ = N−Z

A . As described
in [4], the neutron skin depends linearly on the isospin
asymmetry. In figure 3, we present the correlation of the
neutron skin with the mχ for various isotopic and isobaric
chains of medium-mass nuclei. The negative neutron skin
values correspond to proton-rich nuclei, as expected. The
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Figure 3. Neutron skin plotted against the isospin asymmetry
parameter. The points represent CoMD calculations of various
isotopic and isobaric chains, according to the key. The dashed
red line represents our linear fit, eq. (9).

calculations shown in fig. 4 are fitted with the formula

rnp = (2.65 ± 0.051) mχ + (−0.047 ± 0.081) (9)

5 Isovector Giant Dipole Resonances

The Giant Resonances (GR) are some of the most inter-
esting phenomena of nuclear dynamics. They consist of
several collective modes of motion, that can be considered
as multipole excitations of the nuclear radius. By studying
these resonances, one can extract useful information with
regard to the EOS and effective interaction.
In this work, we study the Isovector Giant Dipole (IVGDR
or GDR). This is in effect the off-phase oscillation of the
proton and neutron fluids, around their equilibrium posi-
tions. This resonance is one of the most thoroughly in-
vestigated GRs (e.g. [7, 11? ]). It has been described by
a wide variety of theoretical and computational methods
ranging from liquid-drop and BUU approaches [9] to RPA
and TDHF [8].

5.1 Theoretical Framework and the Effect of Model
Parameters

In this study, the GDR problem is approached as follows.
We consider an initial perturbation of the nucleon cen-
troids in either cartesian or momentum space. The coordi-
nate space perturbation affects the nucleon’s z-coordinate,
while conserving the center of mass of the system. The
momentum space perturbation consist of a quadrupole per-
turbation of the Fermi sphere that conserves the total vol-
ume in momentum space. Both these perturbations induce
the GDR effect. The spectrum is extracted by the Fourier
transform of the distance between the centers of mass of
protons and neutrons. In the coordinate space, the z-axis
perturbation is defined as D = A

Z dn = A
N dp, where dn, dp

are the neutron and proton perturbations respectively.
By considering only the variation of the symmetry

term in the low energy limit, we constructed a simple
model in order to understand the dependencies of the full
CoMD model. The corresponding collective equations of
motion represent the damped GDR oscillation and their
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Figure 4. Effects of important model parameters to the GDR
spectrum of various nuclides, according to the key. The top row
presents the variation of the GDR energy with respect to com-
pressibility (a) and effective mass ratio (b). The bottom panel
(c) shows the variation of the width with respect to the reduction
parameter of the NN scattering cross section.

solution gives the following approximate relation for the
centroid energy

EGDR ≈

√
A

NZ
asymρnp

mρ0σ2
r

(10)

where ρnp is the neutron-proton interaction density.
In figure 4, we present the effect of the compressibility

(a) and effective mass (b) to GDR energy, for a few nu-
clei. The increased compressibility corresponds to higher
3-body interaction (eq. 8) and yields nuclei with a more
bound potential well. The main contribution to the GDR
energy comes from the variation of the nuclear poten-
tial, thus higher compressibility values yield higher energy
centroids. This can be seen in figure 4 (a). Additionally,
the momentum dependence has a major role in the deter-
mination of the GDR [4]. In the approximation of eq. (10),
the mass is present in the denominator. Thus lower effec-
tive mass yields higher GDR energies, a tendency that is
confirmed in figure 4 (b).

The width of the GDR spectrum is mostly determined
by the NN scattering cross section. In the CoMD model,
the in-medium NN scattering cross section is approxi-
mated as the free cross section times a reduction parame-
ter. In our implementation, this factor can have a constant
value or it can be parameterized as [10]:

aredc (Tcm, ρ) = e
−aR

ρ/ρ0
1+(Tcm/T0)2 (11)

where T0 = 150MeV and aR = 1.8. For the present study,
we may set ρ ≈ ρ0 and Tcm � T0, to obtain 〈aredc〉 ≈

0.17. The reduction parameter is given by eq. (11) in the
following calculations, unless stated otherwise. In figure
4 (c) the width is plotted against the reduction parameter
for different nuclei. As expected, increased cross section
values result in increased GDR widths.
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Figure 5. GDR spectra of 68Ni. The top panel (a) represents the
GDR response in cartsian space and the bottom (b) represents the
momentum space response.

Apart from GDR, other isovector modes may be
present in the model’s isovector spectrum. The most im-
portant is the Pygmy resonance, with corresponds to an
off-phase oscillation of the neutron skin of a neutron rich
nucleus against its symmetric core. In the CoMD model,
a momentum space perturbation can excite these soft de-
grees of freedom. In figure 5 we present the r-space (a)
and p-space (b) GDR spectrum of 68Ni for K = 308 MeV .
We note that the main peak at 15 MeV corresponds to the
GDR and is lower by 2 MeV from the experimental value,
of 17.84 MeV [13]. On the other hand, we may identify
the secondary peak at 12 MeV as the Pygmy resonance.
This is close to the experimental value of 11 MeV [13].

5.2 Isotopic and Isobaric Results

It is known that an effective interaction with an approx-
imate treatment of the momentum dependence, appears
to underestimate the GDR energies [4]. In figure 6, we
present the variation of the GDR energy with mass num-
ber A. The dashed red curve corresponds to an experimen-
tal parameterization [4]. The points connected with lines
show calculations with two EOS. The green points corre-
spond to the standard “soft” EOS with K = 254 MeV ,
m∗/m = 1 and asym = 32 MeV , while the cyan points cor-
respond to a “hard” EOS with K = 308 MeV , m∗/m = 0.9
and asym = 38 MeV . The soft EOS calculations differ
from the experimental values by 3− 4 MeV , while this en-
ergy gap becomes somewhat narrower for the hard EOS.
We wish to comment here that the above tendency to favor
larger K values does not agree with results supporting a
softer EOS with K∼250 (e.g. [14]). We think that the in-
clusion of a proper momentum dependence in the effective
interaction of the CoMD model may reconcile this issue
and is one of our future goals.

In the literature, empirical expressions for the GDR
energy usually do not contain an explicit dependence on
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Figure 6. GDR energies of various nuclides with respect of the
mass number. The green curve represents the soft EOS calcula-
tions, the cyan the hard EOS calculations and the red curve is an
experimental parameterization from [4].
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parameter. The top panel (a) shows the variation of various iso-
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the key.

the isospin asymmetry (e.g. [4, 11, 12]), as the observed
isospin effects are rather small. Here we confirm this be-
havior, but we note some decreasing trend for the neutron
rich mχ > 0 nuclei. This can be seen in figure 7, where we
show the variation of the GDR energy with respect to A,
for different isotopic chains (a) and with respect to Z, for
different isobaric chains (b).

6 Isoscalar Giant Monopole Resonances

The Isoscalar Monopole Resonance (ISGMR or GMR) is
another important GR. It consists of the in-phase breathing
mode of both neutrons and protons. This GR can constrain
the compressibility of EOS and give important informa-
tion regarding the effective interaction. Additionally, there
exists a soft monopole mode for neutron rich nuclei, analo-
gous to the Pygmy resonance. This GR corresponds to an
isoscalar breathing mode of the neutron skin against the
symmetric core.

In the CoMD model, the isoscalar modes are studied
via a monopole perturbation in momentum space. The
spectrum results from an FFT of the nuclear rms radius.
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Figure 9. GMR spectrum of 68Ni for two different compress-
ibilities. The left panel (a) represents K=254 MeV and the right
panel (b) represents K=308 MeV calculation. The soft monopole
mode is indicated by an arrow.

In this work, we studied the isoscalar response of ANi iso-
topes, with A = 58, 64, 68. In figure 8 we present the GMR
spectrum of 58Ni (a) and 64Ni (b). Furthermore, in figure
9 we present the GMR spectrum of 68Ni with K = 254
MeV (a) and K = 308 MeV (b). We note that, the main
GMR peak of the nickel isotopes is found at 21.5 MeV ,
which is close to the experimental value of 21.1±1.9 MeV
[15]. As for the 68Ni isotope, the soft monopole appears
at 14.5 MeV , which is also near the experimental value of
12.9±1.0 MeV [15]. An interesting observation regarding
the effect of the compressibility can be made from figure
9. The increase of K from 254 MeV to 308 MeV leads to
larger total cross section (strength) of the peak and an in-
crease of the GMR centroid by ∼ 1 MeV . Finally, the soft
mode peak retains its strength and width, while the width
of the main GMR peak is increased.

7 Discussion and Conclusions

In this work, we used the CoMD model to describe proper-
ties of nuclear systems near the ground state. First, we de-
veloped a procedure to choose an initial phase-space con-
figuration with optimum characteristics. Furthermore, we
studied the effective interaction and the effect of its param-
eters. We found that an increased compressibility results
in an increased GDR energy and decreased skin, while the
total energy and the GMR energy remain almost unaltered.
The neutron skins of various nuclei were calculated. Our

CoMD calculations appear to overestimate the skin com-
pared to empirical values or experimental results.

An important part of our work was devoted to the study
of GDR. In the CoMD model, the GDR energy is underes-
timated by a few MeV . These results can be partially im-
proved by choosing a “harder” EOS with K = 308 MeV .
The GDR can be improved further by the inclusion of a
momentum dependent interaction, that we plan to do in
the near future. Finally, it appears that our CoMD results
agree better with the experimental values, as the mass of
the nuclear system increases. This suggests that the CoMD
model in its current implementation provides overall better
results for heavier nuclei.
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