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Abstract. Several physics mechanisms can lead to the deviation from an
isotropic angular distribution for both fission fragments and the neutrons that
are emitted during the fission event. Two of these e↵ects have recently been
implemented into CGMF, the Monte Carlo fission event generator developed
at Los Alamos National Laboratory: angular distribution sampling for fission
fragments and pre-equilibrium neutrons (those emitted before the compound
nucleus forms). Using these new developments, we show that the anisotropy
of the neutrons reflects the anisotropy of the fission fragments, in particular
as the outgoing energy of neutrons increases. Correlations between the fission
fragment and neutron anisotropies could be used to extract the fission fragment
anisotropy from the neutron angular distributions.

1 Introduction
Accurately describing the fission process is important for many applications from the formation of the compound nucleus to the emission of prompt and β-delayed neutrons and γ rays.
A few codes are available to calculate the emission of neutrons and γ rays during fission
events, either on an event-by-event basis or through direct calculations of the prompt neutron
and γ-ray observables [1–6]. For event-by-event models used to study correlations between
fission observables, it is also important to be able to describe the angular distributions of the
fission fragments and emitted particles. The opening angle between pairs of neutrons or neutrons and fission fragments can be calculated and compared with experimental data, e.g. [7]
and references therein.
In this work, we focus on the angular distributions of the fission fragments and prompt
neutrons. There are several mechanisms that could cause these angular distributions to be
anisotropic. For neutron-induced fission, momentum conservation between the incident neutron and the fissile target boosts the fragments and emitted particles along the beam axis in the
forward direction. The fission fragments are also emitted in a preferential direction with respect to the beam axis [8] that depends on the incident neutron energy and is due to the fission
transition states that are populated at scission. The angular distribution of the pre-equilibrium
neutrons (emitted before a compound nucleus is formed) is forwarded peaked [9], compared
to the other isotropically emitted pre-fission neutrons. In addition, neutrons emitted from the
fission fragments could have a non-isotropic angular distribution from the spin of the fission
fragments or could be emitted from partially accelerated fragments – instead of fully accelerated fragments – which would cause these angular distributions to be anisotropic in the lab
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frame. Attempts have been made to describe the emission of neutrons from accelerating fission fragments, e.g. [10], and models such as the Time-Dependent Superfluid Local Density
Approximation (TDSLDA) [11] could provide useful insights into this question. While work
is ongoing to experimentally investigate whether neutrons are emitted from fully accelerated
fragments or not, most often, the discrepancy between modeled and experimental neutron
angular distributions are attributed to scission neutrons–although the percentage of neutrons
emitted in this manner is still somewhat of a controversy [12–16]. In this work, we focus on
the e↵ects of kinematics, fission fragment anisotropies, and pre-equilibrium neutron angular
distributions. While the kinematics of the beam have always been taken into account, the
latter two e↵ects have recently been implemented into the fission event generator developed
at Los Alamos National Laboratory (LANL), CGMF [1, 2], and here, we show the e↵ects on
the fission fragment and neutron anisotropies when these models are included.

2 Theory
In this section, we briefly describe the theories behind the fission fragment anisotropies and
pre-equilibrium neutron emission. We will also give some details about the CGMF code.
2.1 Fission fragment angular distributions

Angular anisotropies of fission fragments as a function of incident neutron energy have been
measured for several fissile targets [17–27] and have been shown to change as the incident
energy increases. It was postulated [8] that this preferential direction of fragment emission
comes from the transition states in the compound nucleus that are populated at the outer
saddle point.
The angular anisotropy is defined as a ratio of the cross section at 0◦ to the cross section
at 90◦ , W(0◦ )/W(90◦ ). The angular distributions can be described by [28],
W(✓) =

X

P s (J, K, M)

s(J,K,M)

�
2J + 1 �� J
�d M,K (✓)�� ,
2

(1)

where P s (J, K, M) is the population of each state, s, identified by the total angular momentum
of the compound nucleus, J, its projection onto the fission axis, K, and its projection onto the
J
beam axis, M. The angular dependence is encoded in the Wigner d-matrices, d M,K
(✓).
2.2 Pre-equilibrium neutron angular distributions

At high enough incident neutron energies, pre-fission neutrons can be emitted before the
compound nucleus forms, i.e. pre-equilibrium neutrons. The energy spectrum and angular
distribution of these neutrons di↵er from the other pre-fission neutrons that are emitted from
a compound nucleus. These neutrons can be described by the quantum mechanical theory
of Feshbach, Kerman, and Koonin (FKK) [29], in which the angular distribution can be separated into a multi-step direct and multi-step compound part. The pre-equilibrium neutrons
are described by the multi-step direct piece of this formulation and are similar to inelastically
scattered neutrons.
Recently, the angular distribution of pre-equilibrium neutrons was extracted experimentally for the first time for 239 Pu(n, f ) [30]. The pre-equilibrium channel opens around
Einc = 12 MeV, and the neutron angular distributions are significantly forward peaked. These
angular distributions are well-described by the FKK theory and can also be reproduced by
Kalbach systematics [31].

2

EPJ Web of Conferences 256, 00009 (2021)
Theory-5

https://doi.org/10.1051/epjconf/202125600009

2.3 CGMF

CGMF is a Monte Carlo Hauser-Feshbach code developed at LANL to describe the evaporation of prompt neutrons and γ rays emitted from fission fragments [1, 2]. The required
inputs are scission-fragment yields in mass, charge, total kinetic energy, spin, and parity,
Y(A, Z, T KE, J, ⇡). The mass yields, Y(A), are three-Gaussian fits to experimental data
[32, 33], and the charge yields, Y(Z|A), are taken from Wahl systematics [34]. The TKE
distribution for each mass, Y(T KE|A), is also taken to be Gaussian. The spin of each fragment is sampled from Y(J) = (J + 1)exp(−↵J(J + 1)/2B2 ) where B2 depends on the nuclear
temperature and moment of inertia and ↵ is a global scaling parameter [35]. The parity is
evenly sampled, either +1 or −1.
Once the initial conditions are sampled, the total excitation energy, TXE, is determined
from the Q-value, TXE = Q − TKE. The excitation energy is then shared between the
two fragments based on a ratio, RT , which is fitted as a function of mass to reproduce the
average neutron multiplicity, ⌫(A). From the excitation energy of each fragment, neutrons
and γ rays are evaporated probabilistically through the Hauser-Feshbach statistical theory.
The neutron probabilities are calculated through transmission coefficients using an optical
potential parameterization (Koning-Delaroche, by default), and the γ-ray probabilities are
determined from the γ-ray strength function for E1, M1, and E2 transitions. The fissions are
calculated on an event-by-event basis, and for each event, the initial conditions of the fission
fragments are recorded along with the momenta and energies of the fragments, neutrons, and
γ rays. In this way, both average and correlated quantities can be constructed.

3 Fitting procedure
In this section, we describe the process for fitting and sampling the fission fragment
anisotropies and pre-equilibrium angular distributions, along with describing how the fragment and neutron anisotropies are extracted from the CGMF calculations.
3.1 Fission fragments

For most of the fissile targets considered in CGMF, there are several sets of experimental data
across the incident neutron energy range of interest, from thermal to 20 MeV. For each target,
we fit the available data using cubic splines. One spline fit compared to experimental data
is shown in Fig. 1 for 239 Pu(n, f ). There is good coverage of the 239 Pu(n, f ) data across the
whole energy range, and with only a few knots, we are able to reproduce the fluctuations in
the fission fragment anisotropy.
The angular dependence in cos✓ of the light fragment is sampled from the distribution,
!
W(0◦ )
P(cos✓) / 1 +
−
1
cos2 ✓.
(2)
W(90◦ )
When W(0◦ )/W(90◦ ) = 1, cos✓ is sampled isotropically. In all cases, φ is sampled isotropically. The direction of the heavy fragment is constructed through momentum conservation in
the center-of-mass frame of the compound nucleus.
Relying on a cubic spline fit does limit our inclusion of the fission fragment anisotropy
to isotopes where data have been measured over a wide range of incident energies. For
241
Pu(n, f ), data are only available up to Einc = 8 MeV. In this case, the data over this range
have the same shape and magnitude as the anisotropy for 239 Pu(n, f ) so we are able to use the
same fit as a function of incident neutron energy. Using a spline fit implicitly accounts for
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Figure 1. Fission fragment anisotropy as a function of incident neutron energy for 239 Pu(n, f ). Data is
shown as the green points, spline knots as black filled circles, and the cubic spline fit as the dashed dark
green line.

multi-chance fission about the neutron separation energy which makes this approach only an
approximation. In principle, Eq. (1) could be used to construct these angular distributions, the
weights P s (J, K, M) are unknown and are often fitted to the measured angular distributions,
instead of predicted directly from theory.
3.2 Pre-equilibrium neutrons

Angular distributions for the pre-equilibrium neutrons were calculated for 239 Pu using the
quantum mechanical theory of Feshbach, Kerman, and Koonin [29] over a range of incident
neutron energies and target excitation energies [36]. This calculation gives an approximate
shape for the angular distributions due to the limited model space. To smooth out any irregularities and to have a parameterization across all incident and excitation energies, the angular
distributions were fitted using Kalbach systematics [31],
dσ
= a(Einc , E ⇤ )sinh(cos✓) + b(Einc , E ⇤ ),
d⌦

(3)

where Einc is the incident neutron energy and E ⇤ is the excitation energy of the target system.
The parameters a and b are taken to be polynomial in Einc and E ⇤ . Although these calculations
were performed for 239 Pu, the same fits were used for all targets within CGMF as the addition or
removal of a few nucleons does not significantly change the calculated angular distributions.
3.3 Extracting the angular anisotropy

To extract the angular anisotropy from the CGMF calculations, we bin the calculated cos✓
values then fit these angular distributions to a sum of Legendre polynomials,
W(✓) = p0 L0 (cos✓) + p1 L1 (cos✓) + p2 L2 (cos✓),

(4)

where p0 , p1 , and p2 are the fitting parameters weighing each of the Legendre polynomials.
Since the fission fragment angles are sampled from a cos2 ✓ distribution, we should not need
any higher order terms to describe these angular distributions. The L1 (cos✓) linear term is
included to take into account the boost of the fragments from the center-of-mass frame to the
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laboratory frame. The three Legendre polynomial parameterization of Eq. (4) is used to fit
the angular distribution of the neutrons as well.
We use this fitting procedure instead of directly comparing the number of counts at 0◦
and 90◦ to mitigate e↵ects of low statistics on the mean values of the anisotropy, in particular
when we begin to consider the angular distributions of neutrons with an increasing energy
threshold, Ethres . This fitting procedure also allows us to extract uncertainties on the resulting
anisotropy values. The covariance between the best-fit parameters of Eq. (4) can be constructed. A distribution of parameter sets can then be calculated by sampling a multi-variate
Gaussian distribution centered around the best-fit parameter values with a variance given by
the constructed covariance matrix. These parameter sets can then each be used to calculate
the anisotropy from Eq. (4). Two thousand anisotropy values are calculated for each energy
of interest, and 95% confidence bands are constructed by removing the most outlying 5% of
the calculations.

4 Results
We can first look at the changes to the fission fragment and neutron anisotropies when
kinematics, fission fragment anisotropy, and pre-equilibrium angular distributions are included into CGMF. The e↵ects of kinematics had already been implemented into CGMF. The
anisotropy of the fission fragments, neutrons emitted from the fission fragments, and all neutrons (from the fission fragments and the pre-fission process) from just the recoil is shown
in Fig. 2a. Here, the anisotropy of the fission fragments is less than 5% at Einc = 20 MeV,
and as the neutrons are emitted either isotropically from the fission fragments or from the
target nucleus, the anisotropy of the neutrons is lower. Figure 2b shows the anisotropies after
the fission fragment anisotropy is taken into account, and c shows the anisotropies when the
forward-peaked pre-equilibrium angular distributions are sampled. In Fig. 2b, there is little
di↵erence between the anisotropies of the neutrons when pre-fission neutrons are or are not
considered, except due to the slight di↵erences in the kinematics of the compound after a prefission neutrons is emitted. When the angular distribution of the pre-equilibrium neutrons is
taken into account, there is a noticeable increase in the overall anisotropy of all neutrons.
In each case, the neutron anisotropy tracks the fission fragment anisotropy but is overall
lower in magnitude, as the angular distributions are flatter compared to those of the fission
fragments. Also, when the pre-equilibrium neutron angular distributions are sampled, we
see very little change in the fission fragment anisotropy and the anisotropy of the neutrons
emitted directly from the fission fragments. Above about Einc = 12 MeV, the anisotropy
increases when all of the neutrons are considered, where the pre-equilibrium neutrons are
first emitted. Their forward-peaked angular distributions are clearly reflected in the resulting
neutron anisotropy, even though they account for less than 20% of the emitted pre-fission
neutrons.
As the outgoing neutron threshold energy, Ethres , increases, the neutron angular distributions – and thus the neutron anisotropy – tends toward that of the fission fragments. In Fig.
3, we show the neutron anisotropy as a function of incident neutron energy compared to the
measured fission fragment anisotropy for a the neutrons emitted from the fission fragments
and b when all emitted neutrons are taken into account. As the neutron threshold energy
increases, the neutron anisotropy more closely tracks the fission fragment anisotropy, but the
uncertainty on the extracted anisotropy also increases. This is due to statistics; the higher
energy neutrons are more rare than the low-energy neutrons, and the fitting procedure of the
Legendre polynomials becomes more uncertain.
From Fig. 3b, we also see that including the pre-fission neutrons in this analysis complicates the picture. At the highest incident energies, the neutron anisotropies are larger than
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Figure 2. Comparison of the anisotropy for fission fragments, neutrons emitted only from the fragments, and all neutrons emitted during the fission reaction for 239 Pu(n, f ) when (a) only recoil is included (fission fragments and pre-equilibrium neutrons are sampled isotropically), (b) recoil and the
fission fragment anisotropy are included, and (c) recoil, fission fragment anisotropy, and pre-equilibrium
neutron angular distribution sampling are included.

Figure 3. Neutron anisotropy as a function of incident neutron energy for Ethres = 0, 3, 5, and 7 MeV (in
indigo, blue, turquoise, and cyan, respectively) compared to experimentally measured fission fragment
anisotropy (grey stars) for (a) neutrons emitted from the fission fragments and (b) all neutrons emitted
during the fission event for 239 Pu(n, f ). Also for comparison, the fission fragment anisotropy calculated
from CGMF in dark grey.

the fission fragment anisotropies and become increasingly so as the threshold energy rises.
However, as the threshold energy rises, the incident energy where the pre-equilibrium neutrons have an e↵ect also increases. The increase in the anisotropy caused by the pre-fission
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neutrons is pushed to higher incident energies. Therefore, the incident energy to which the
fission fragment anisotropy can be extracted from the neutron anisotropy increases if the
neutron threshold energy can be increased.
There is, of course, a trade-o↵ between the neutron threshold energy and the statistics.
Fewer neutrons are emitted with higher outgoing energies. For codes such as CGMF, these
challenges can be mitigated by running longer calculations. Collecting more statistics experimentally is a larger e↵ort. However, for a given incident energy and threshold energy, a
correction factor could be deduced from CGMF to convert the neutron anisotropy to the fission
fragment anisotropy.

5 Conclusion
In this work, we have newly included two sources of anisotropy into the fission decay code
CGMF: the angular anisotropy of the fission fragments coming from the transition states that
are populated at the outer saddle point and of the pre-equilibrium neutrons. In addition to
the angular anisotropies that are induced by the recoil of the target due to the incident neutron, which had already been taken into account in CGMF, these e↵ects lead to clear angular
anisotropies in both the fission fragments and the prompt neutrons that are emitted. These effects have now been taken into account in CGMF for neutron-induced fission on 233,234,235,238 U,
237
Np, and 239,241 Pu.
To include the fission fragment anisotropy, experimental data was fit with cubic splines
and the fission fragment angles were sampled from a cos2 ✓ distribution. Pre-equilibrium neutron angular distributions were calculated across a range of incident energies and excitation
energies using the Feshbach, Kernan, and Koonin quantum mechanical model and fit globally
to Kalbach systematics. The anisotropy of the prompt neutrons reflects the anisotropy of the
fission fragments as a function of incident neutron energy, although the neutron anisotropy is
significantly lower. By removing lower energy neutrons from the analysis, the magnitude of
the neutron anisotropy comes closer to that of the fission fragments. However, these events
occur less frequently, and the analysis begins to su↵er from lack of statistics. Still, by utilizing the correlations between the fission fragment and neutron anisotropies seen in CGMF, the
fission fragment anisotropy could be extracted from a measurement of the neutron anisotropy.
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