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Abstract. For a long time, lattice QCD was unable to address the x-dependence

of partonic distributions, direct access to which is impossible in Euclidean
spacetime. Recent years have brought a breakthrough for such calculations
when it was realized that partonic light-cone correlations can be accessed
through spatial correlations computable on the lattice. Appropriately devised
observables can be factorized into physical PDFs via a perturbative procedure
called matching, analogous to the standard factorization of experimental cross
sections. In this short review, aimed at a broader high-energy and nuclear
physics community, we discuss the recent highlights of this research program.
Key concepts are outlined, followed by a case study illustrating the typical stage
of current lattice extractions and by a brief review of the most recent explorations. We finalize with a number of messages for the prospects of lattice
determinations of partonic structure.

1 Introduction
Ever since the amazing discovery of nucleon’s internal structure, it was one of the most important goals of hadron physics to fully understand and describe this structure. For many years,
the focus has been on longitudinal properties, especially for an unpolarized nucleon. Several
collider experiments can be well described taking only these properties into account. They
are summarized in unpolarized parton distribution functions (PDFs), objects that are well
known from multiple global analyses based on thousands of experimental measurements.
However, it was realized that the full picture requires also addressing polarized nucleons –
thus, also polarized PDFs (helicity and transversity) are important. These functions, in particular transversity, are significantly less constrained by collider data. Moreover, description
of some scattering events requires even more – knowledge about the transverse position and
motion of partonic constituents of hadrons. Quantification of these aspects necessitates generalizing PDFs to more complicated distributions – generalized parton densities (GPDs) and
transverse-momentum-dependent PDFs (TMDs). For these, our knowledge is even more restricted and we are basically at the beginning of the quest to unravel them. This quest needs
a coordinated eﬀort of the experimental and theoretical/phenomenological communities. The
former will be enabled by the recent or ongoing construction of new experimental facilities,
such as the 12 GeV upgrade at Jeﬀerson Lab and the Electron-Ion Collider (EIC), with focus
on providing the missing empirical data addressing fundamental questions about the nucleon
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structure. In turn, the latter will consist in building realistic models, increasing the reliability of perturbative expansions, as well as attempting to access nucleon’s properties from
first principles. This last possibility is the natural place where lattice QCD (LQCD) can be
expected to yield progress, being the only feasible program to quantitatively extract QCD
predictions directly from its Lagrangian.
Before calculations of x-dependent distributions became a reality, LQCD had a long history of computing moments of these functions, see e.g. Ref. [1] for a review of this period’s
achievements. At that stage, around 2013-2014, the common belief was that LQCD was indeed restricted to calculations of moments, quantities accessible from local matrix elements
(MEs) in Euclidean spacetime. On the other hand, the full distributions, defined on the light
front, were believed to be inaccessible without the Minkowski metric. In principle, such distributions can be reconstructed from a tower of moments, but LQCD was understood to be
practically limited to the lowest three, with higher ones suﬀering from inescapable powerdivergent mixings with lower-dimensional operators and exponentially decaying signal-tonoise ratios. Already at that stage, it was known that x-dependence could, in principle, be
accessed even in Euclidean space, but the early proposals how to do it [2–4] had not turned
into practically feasible programs. In 2013, Ji came up with another idea [5, 6], known as
quasi-distributions, to calculate appropriate spatial correlations in a boosted hadron instead
of light-cone ones and relate the ensuing new objects with their physical counterparts via perturbation theory. This is possible due to the asymptotic freedom of QCD and the quasi- and
light-cone distributions having the same infrared (IR) properties. As their diﬀerences emerge
only in the ultraviolet (UV), one can use factorization and subtract the UV diﬀerence perturbatively, employing the so-called large momentum eﬀective theory (LaMET). This proposal
immediately led to first lattice evaluations for the three twist-2 PDFs [7–10] and soon thereafter to a plethora of theoretical and practical studies. The renewed interest in extracting the
x-dependence on the lattice led to the revival of the earlier approaches and to the emergence
of new ones [11–15], all of which have since achieved significant progress. This dynamical
progress is extensively reported in the reviews [16–19].
Since space for this proceeding is limited, it is not possible to discuss here all the progress
even of the last year. An interested Reader is, thus, referred to the above mentioned reviews,
with the most recent developments covered in Ref. [19]. Instead, we oﬀer here a more general
discussion addressed at a wider community, attempting to convey the key messages on what
to expect from the lattice in the area of x-dependent distributions.

2 Key concepts
We start by reminding the Reader about the basics of the lattice formulation, to emphasize
the implications for the robustness and reliability of lattice-extracted distributions. LQCD is
formulated on a discretized grid, with quarks living on lattice sites and gluons on links between them. This grid is finite and discrete, thus IR (the lattice extent, L) and UV (the lattice
spacing, a) regulators are naturally introduced. Typical lattice sizes nowadays employed are
L/a ∈ [32, 128] and lattice spacings a ∈ [0.03, 0.15] fm. As quark masses are free parameters,
one can simulate at arbitrary pion masses, typically chosen to be between the physical one
and several hundred MeV. The latter, while unphysical, allows one to significantly reduce the
computational cost. This cost is still rather huge – the above setup regularizes the formally
infinite QCD path integral, but the number of dimensions is still of O(108 −109 ), necessitating
the usage of world’s most powerful supercomputers.
Obviously, the ultimate interest is in continuum QCD. Consequently, the regulators need
to be removed, as well as eﬀects of other choices like the non-physical pion mass. The key
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strength of LQCD is that all of this can be done in a controlled manner. However, it also
implies that lattice studies on a given subject proceed in stages:
1. Feasibility studies.
2. Qualitative explorations.
3. Advanced studies.
4. Precision studies.
The first stage only aims at establishing whether a given approach can be used in practice.
Some methods may prove to be e.g. prohibitively expensive or may suﬀer from a very unfavorable signal-to-noise ratio. If the feasibility criterion is satisfied, the approach is typically
explored qualitatively in a non-physical setup, e.g. at a large pion mass and with only a single
lattice spacing. Conclusions from such studies are usually only qualitative, with no quantitative comparison with experiment possible. At this stage, possibities to optimize the method
are also realized. Later on, systematic eﬀects are started to be addressed and first quantitatively reliable results can be obtained, although with rather large overall uncertainty. In the
last stage, additional optimizations of the method or setup can ensue and the fully quantified
errors are reduced to a desired level, depending mostly on the available computer resources
and uncertainties external to the lattice, such as truncation eﬀects from a required perturbative
input.
Needless to say, the duration of each stage is closely bound to the complexity of the
physical question and the lattice method. For the case of nucleon structure, in particular the
x-dependent distributions, this complexity is significant and thus, the few years since Ji’s
breakthrough proposal and the revival/conception of other approaches have not been enough
to get to the stage of precision studies. For most approaches and distributions, the studies
are somewhere between the first and third stage. It is natural that studies of the simplest
quantities, twist-2 PDFs, are most advanced – quantification of systematics is progressing
and in a few years, first precision studies may be expected. The 3-dimensional distributions,
in turn, lead to additional challenges and thus, are at a more exploratory stage.
Below, we discuss shortly the numerous aspects that need to be addressed to arrive
at robust lattice-extracted distributions. To make the arguments more concrete, we concentrate on the two most popular quasi- and pseudo-distribution approaches, in the context of calculating PDFs and GPDs. In both of them, one computes MEs of the form
MΓ (z, P) = ⟨N(P3 )|ψ(z)ΓA(z, 0)ψ(0)|N(P3)⟩. |N(P3 )⟩ is a boosted hadron state, with boost
P3 taken in the z-direction. A Wilson line of length z in the same direction, A(z, 0), is inserted
to maintain gauge invariance. The type of distribution is determined by the Dirac structure Γ.
In general, one can consider also momentum transfer, t, with t = 0 (t  0) for PDFs (GPDs).
At t  0, it is also necessary to use additional projectors to disentangle the two (four) GPDs
in the chiral-even (chiral-odd) case. An important aspect is also that the spacetime locations
of the source, the sink and the operator insertion need to be suﬃciently separated to isolate
the desired ground-state hadron.
The calculation of the above bare MEs is the most expensive part of the calculation. It is
important to emphasize that the actual cost may vary even by orders of magnitude, depending
on simulation parameters, in particular the nucleon boost and the pion mass. Increasing the
nucleon boost leads to an exponentially decaying signal and the problem becomes even more
severe when lowering the pion mass. Working with large nucleon boosts (e.g. of O(3 GeV))
at the physical point, the signal is clean only at very low separations between the source and
the sink. However, in such a situation, one can hardly extract any ground-state properties,
as the correlators receive sizable contributions additionally from tens of excited states, see
Ref. [20] for an extensive discussion. The signal is further contaminated with noise when
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extracting GPDs, due to the nonzero momentum transfer and the necessity to use additional
projectors. An important technique to deal with the worsening noise for boosted hadrons is
momentum smearing [21]. It does not cure the exponential problem, but moves it to larger
momenta. Realistically, the signal-to-noise problem becomes severe when getting to boosts
of order 2-2.5 GeV at typically used non-physical pion masses and already around 1.5 GeV at
the physical point, see Tab. 1 of Ref. [18] for a comparison of experience of diﬀerent collaborations. Larger boosts most likely suggest lack of control over excited states and unknown,
possibly very large, systematic errors. It should be kept in mind that large boosts also lead
to enhanced discretization eﬀects when the boost in lattice units becomes comparable to the
inverse lattice spacing, the UV cutoﬀ of the lattice theory.
Apart from the above, the calculation of bare MEs is subject to several standard sources
of systematic eﬀects. In early stages of a computational program, these may be largely unexplored. Addressing these systematics is mandatory towards the more mature stages and good
control over them is a prerequisite for precision physics. Thus, a fully controlled calculation
necessitates the use of at least 3 lattice spacings to perform the continuum limit extrapolation
(after removal of divergences), a check of finite volume eﬀects, pion mass eﬀects (if not simulating directly at the physical point) and several other sources of possible contaminations.
Depending on the final desired accuracy, one may need to address also subleading eﬀects,
e.g. the assumption that up and down quarks are degenerate is totally safe when aiming at
10% precision, but cannot be made if 1% total error is targeted; in such a case, one would
need to take into account the diﬀerent masses and electric charges of the light quarks.
The diﬃculty of the partonic distributions program consists also in the presence of additional sources of systematic eﬀects beyond the ones for bare MEs. An important issue is the
non-perturbative renormalization of the latter. The extra complication with respect to standard lattice hadron structure calculations arises due to the non-locality of inserted operators.
In approaches based on the Wilson line, its presence induces a power divergence, in addition to the standard logarithmic one. The most commonly used renormalization strategies are
types of RI/MOM renormalization tailored for non-local operators [22–25] and ratio schemes
[25, 26]. However, as argued in Ref. [27], contamination from IR eﬀects may ensue at large z.
In particular, RI/MOM schemes were shown to evince a residual divergence [28], important
numerically at very fine lattice spacings. Proposals to overcome this issue were put forward
recently, the so-called hybrid scheme [27] and “self-renormalization” [29].
Further important systematics go beyond bare and renormalized MEs. Since these MEs
are Euclidean quantities, it is unsurprising that a delicate step is to “translate” Euclidean MEs
to physical x-distributions. This has two separate aspects, related to the change from coordinate to momentum space and from spatial to light-cone correlations. At this stage, also the
crucial diﬀerence between quasi- and pseudo-distribution approaches emerges. In the former,
renormalized MEs are first subjected to x-dependence reconstruction, leading to momentumspace quasi-distributions that are matched to their light-cone counterparts. In turn, matching
to physical distributions for the latter is performed in coordinate space, defining light-cone
Ioﬀe-time distributions, then subjected to x-dependence reconstruction. The reconstruction
issue, broadly discussed in Ref. [30], originates from the mathematically ill-defined attempt
to obtain a continuous distribution from a discrete and truncated set of MEs, which poses
a so-called inverse problem. The problem can be tackled by providing an additional input
that complements the lattice data, in the form of a physically-justified assumption or a mathematical criterion. As such, the solution of the inverse problem is non-unique and diﬀerent
methods should be used to avoid introducing a bias. The translation from spatial to light-cone
correlations (matching) is also subtle. It can be done safely only if MEs were extracted for
a suﬃciently highly boosted nucleon. In the presence of the exponentially decaying signal,
care is needed to estimate eﬀects from a finite boost. These higher-twist eﬀects are power-
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suppressed, but may be sizable with currently attainable hadron momenta and are expected
to be enhanced both at small and large x. Since matching relies on factorization, the involved
perturbative expansion is also potentially sensitive to truncation eﬀects. For a long time only
1-loop formulae were known, but recently first calculations at two loops appeared [31–35],
leading to conclusions about the size of truncation eﬀects. The latter need to be controlled
also at the (separate or concurrent with matching) stage of translating from a lattice-applicable
scheme to MS.
The above discussion has still not enumerated all possible sources of systematics. More
elaborate considerations can be found in the reviews [16–19] and in papers referenced therein.
Let us summarize this part with the main message of this discussion – the lattice extraction
of partonic distributions is comparatively more complicated with respect to most other lattice
calculations and thus, subject to several other sources of systematic eﬀects. At the present
stage, there is no complete calculation for any distribution in the sense of robustly quantifying
all systematics. As such, the current results are qualitative and no quantitative comparison
with available experimental/phenomenological results should yet be attempted. However, it
is important to bear in mind that the sources of systematics are known and thus, they can and
will be addressed in the rather near future. In the next section, the above will be illustrated
more concretely with recent lattice computations.

3 Case study: twist-2 PDFs
Unpolarized twist-2 isovector (u − d) PDFs are the simplest nucleon PDFs that can be extracted on the lattice and at the same time, the most well-known from phenomenological
global fits. As such, they are the natural benchmark case for LQCD and their accurate reproduction is an important aim to demonstrate the robustness of the lattice approach and good
control over the numerous systematic eﬀects. The current state-of-the-art can be well illustrated based on two recent calculations at or near the physical point, from Extended Twisted
Mass (ETMC) and HadStruc collaborations, using the pseudo-distribution approach. The
ETMC work [36] reused the data of Refs. [37, 38], where unpolarized and helicity PDFs were
extracted in the quasi-distribution formalism from a physical point calculation using twisted
mass (TM) fermions with a clover term, at a lattice spacing a = 0.094 fm and L/a = 48.
In turn, HadStruc [39] used clover fermions at three pion masses, mπ = 358, 278, 172 MeV,
with the same lattice spacing and L/a = 32, 64. The final distributions are shown in Fig. 1,
the valence PDF qv for HadStruc and additionally diﬀerent combinations with antiquarks for
ETMC, qv2s ≡ qv + 2q̄, q ≡ qv + q̄ and q̄ alone.
Direct comparison is possible for qv . Results from both calculations are qualitatively very
similar. In HadStruc’s work (left part of Fig. 1), there is good quantitative agreement with
global fits for x  0.4 (where the errors are the largest) and a discrepancy with phenomenology observed at larger x. This is the typical situation of present lattice extractions and it has
a clear origin in unaccounted for systematics from various sources – the plotted errors are
merely statistical and do not reflect that the calculation was done only with a single lattice
spacing, using only 1-loop matching etc. Conclusions are similar also for ETMC (right part of
Fig. 1) when only statistical errors are considered (purple bands). The tension with global fits
is somewhat smaller, which suggests an accidentally more favorable interplay of unquantified
systematics. However, in this case, an estimate of these systematics was attempted, taking
typical (“plausible”) magnitudes (based on other hadron structure studies) of cutoﬀ, finite
volume, excited states and truncation eﬀects, as proposed in Ref. [40], with two additional
systematic eﬀects assessed more quantitatively. The enlarged total uncertainty from combining statistical and “plausible” systematic eﬀects (cyan band) led to total agreement with
global fits for the whole x-range. While such a procedure for systematics cannot be treated

5

EPJ Web of Conferences 258, 01005 (2022)
https://doi.org/10.1051/epjconf/202225801005
A Virtual Tribute to Quark Confinement and the Hadron Spectrum (vConf21)

Figure 1:

Recent results for the
nucleon’s unpolarized isovector PDFs.
Left: qv [39]. Right: qv (upper left),
qv2s (upper right), q (lower left), q̄ (lower
right) [36]. Plots reprinted based on the
arXiv distribution license.

as replacement for their careful (and laborious) quantification, it is an important check that
systematic eﬀects typically found in other studies may be enough to explain the remaining
diﬀerences between lattice-extracted PDFs and their phenomenological counterparts.
The same lattice data were also subjected to analyses in the robust NNPDF (Ref. [40] for
ETMC and Ref. [41] for HadStruc) and JAM (only for ETMC [42]) global fitting frameworks.
We only briefly summarize the main findings. The NNPDF study of ETMC data (in the
quasi-PDF formalism) led to conclusions similar to the above, with larger diﬀerences with
respect to global fits. This is unsurprising, since systematic eﬀects are diﬀerent at some stages
of pseudo- and quasi-PDF extractions, here with their less favorable interplay in the latter.
However, again, the “plausible” magnitudes for unquantified systematics brought the final
neural-network-reconstructed distributions to agreement with NNPDF3.1. An estimate of
systematics was performed also for the HadStruc data combined with the NNPDF framework,
leading to better agreement with phenomenology as compared with the case of only statistical
errors, but still with some leftover tensions due to incompleteness of systematic estimates at
this stage. Finally, the JAM framework as applied to ETMC unpolarized data pointed to
similar conclusions, again confirming the need for careful systematic analyses and the need
to reduce the overall uncertainties. Interestingly, the JAM work also used lattice data for
helicity PDFs. This case is diﬀerent from the phenomenological point of view, as this kind of
PDFs is significantly less constrained by experimental data. The authors concluded that the
lattice data can already have some additional constraining power and the tensions with global
fits are already smaller than for unpolarized PDFs. There is, however, no fundamental reason
why helicity PDFs would have smaller systematic eﬀects than unpolarized ones and these
smaller tensions are, again, likely the consequence of a possibly more favorable interplay of
the several unaccounted for systematics. It is still fair to assess that LQCD can have an impact
on global extractions of helicity PDFs, given the smaller abundance of empirical data for
polarized nucleons. This becomes even more obvious for the transversity case (see e.g. Refs.
[43, 44]), where LQCD can provide significant constraints that can complement experimental
data planned to be obtained in the near future. As argued above, the total uncertainties need to
be robustly quantified to achieve this aim (see e.g. Refs. [45, 46] for studies of discretization
eﬀects). The unpolarized case can serve as a benchmark for this, given the unlikely prospect
of lattice data to contribute to the global extraction of these under the abundance of empirical
data taken over tens of years at various experimental facilities.
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4 New exploratory directions
In this section, we take a short look at other recent lattice explorations of partonic distributions. For lack of space, only subjectively chosen highlights are mentioned and for a more
complete overview of the activities of the last 2 years, we refer to Refs. [18, 19].
• Flavor-singlet PDFs. The previous section concentrated on the case of isovector
PDFs. Getting flavor-decomposed ones is significantly more challenging, since quarkdisconnected diagrams need to be computed. These are more noisy than the quarkconnected ones and thus, require more expensive computations and special techniques.
The first flavor-singlet PDFs (unpolarized, helicity and transversity) for the light quarks
were obtained in Refs. [47, 48] in the quasi-PDF approach. The disconnected diagrams
were addressed via techniques optimized earlier for local operators, with explicit low
modes treatment and stochastic high modes evaluation using hierarchical probing and the
one-end trick. The results were obtained with TM quarks at a non-physical pion mass
(mπ = 260 MeV) and are subject to follow-up studies of several sources of systematics.
With respect to isovector ones, an additional one is the mixing with gluon PDFs, neglected
in this work. However, this mixing can be expected to be a small eﬀect for light quarks (but
not for the heavier ones, which appear in the nucleon predominantly from gluon splitting).
• Gluon PDFs. Gluonic quantities evince significant noise in LQCD calculations and hence,
gluon PDFs are diﬃcult to determine. The recent exploratory pseudo-distribution study by
the HadStruc collaboration [49] (clover fermions, mπ = 358 MeV) utilized several special
techniques to get a robust signal. Particularly important was the momentum-smeared distillation technique [50], earlier tested for quark PDFs in Ref. [51]. Combining it with the
summed GEVP method of extracting the matrix elements, it eﬀectively allows to extract
the data at smaller source-sink separations with demonstrable control over excited states.
Another important technique, first introduced in Ref. [46], was reconstruction of the xdistribution with Jacobi polynomials. At this stage, mixing with singlet quark PDFs was
neglected. The final gluon PDF was found to agree well with phenomenological determinations in the whole x-range. Obviously, this cannot prevent further studies of systematics,
leading to robustly quantified total uncertainties.
• Twist-3 PDFs. Apart from leading-twist (twist-2) PDFs, full characterization of nucleon’s
longitudinal structure requires knowledge also of higher-twist distributions. Recently,
twist-3 PDFs (chiral-even gT (x) and chiral-odd hL (x), e(x)) were addressed in a series of
papers [52–55]. Two of these papers [52, 54] derived the 1-loop matching for the three
twist-3 distributions, with special attention paid to the role of zero-mode contributions for
the chiral-odd cases. At this stage of exploratory studies, mixing with quark-gluon-quark
operators was neglected (see Refs. [56, 57] for a discussion of taking this mixing into account). The first lattice calculations (TM fermions, mπ = 260 MeV) appeared in the other
two articles, for gT [53] and hL [55]. The twist-3 functions were compared to their twist-2
counterparts, the helicity and transversity PDFs. It was observed that the twist-2 and twist3 distributions are similar in magnitude, with a noticeably steeper descent of the latter at
small x. In addition, the authors performed tests of Wandzura-Wilczek (WW) approximations [58], wherein the twist-3 functions are fully determined by their twist-2 counterparts.
Both for gT and hL , the WW relations hold within statistical errors for x  0.5, with the
magnitude of errors such that violations up to around 40% are possible. This still does not
take into account several systematic eﬀects, making these conclusions very preliminary.
• Generalized parton distributions (GPDs). These oﬀ-forward generalizations of PDFs
are one of the crucial distributions for probing nucleon’s 3D structure. Their first lattice
determination appeared recently from ETMC – for unpolarized (H, E) and helicity (H̃, Ẽ)
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GPDs [47] as well as transversity (HT , ET , H̃T , ẼT ) GPDs, using again TM fermions at
mπ = 260 MeV. Results were obtained in the standard Breit frame at zero and non-zero
skewness ξ (when momentum transfer has a longitudinal component). Two/four diﬀerent
projectors were applied to disentangle the GPDs for the chiral-even/odd case. It was found
that the GPDs are suppressed with respect to PDFs, as expected, particularly at small x.
For the non-zero skewness case, qualitatively diﬀerent regimes were found, the DGLAP
(|x| > ξ) and ERBL (|x| < ξ) regions, with GPDs further suppressed in the latter. First
preliminary results were also reported for a twist-3 GPD (G̃2 (x); its combination with H̃(x)
being the oﬀ-forward generalization of gT (x)) in the same setup [59]. The GPDs calculation
is significantly more complex than for PDFs and thus, the amount of work needed for their
full mapping in terms of the (x, t, ξ) variables and the full quantification of systematics is
very large.
• Transverse-momentum-dependent PDFs (TMDs). While GPDs incorporate information about the transverse position of partons, knowledge about their transverse motion is
encoded in another class of distributions, the TMD PDFs. In this case, the new theoretical aspect is the need to handle a new kind of divergences, so-called rapidity divergences,
originating from gluon radiation and unregulated by dimensional regularization. A rapidity
regulator can be incorporated into a (non-perturbative) soft function, which has a rapidityindependent (intrinsic) part and a part responsible for its evolution in rapidity, defining the
Collins-Soper (CS) kernel. The soft function can be obtained via LaMET, as shown in
Refs. [60, 61]. On the lattice, one can calculate a pseudoscalar meson form factor, factorizable into the intrinsic soft function and a quasi-TMD wave function. The first explorations
of this method appeared recently from LPC (clover fermions, mπ = 333 MeV with heavier
valence quarks) [62] and Beijing+ETMC (TM quarks, mπ = 350 MeV, also with heavier
valence pion mass) [63], both with tree-level matching. Feasibility of the approach was,
thus, established and some first systematics were addressed (e.g. higher-twist contamination, momentum and pion mass dependence). Also the CS kernel calculation was recently
undertaken from a ratio of quasi-TMDs at diﬀerent rapidities [64] or of first Mellin moments of TMDs [65]. Several lattice extractions in diﬀerent setups [62, 63, 65–67] lead
to a qualitatively consistent picture, with the most recent one [67] concluding, unsurprisingly, an important role of power corrections and NLO perturbative matching. Incorporating these is an important next step for the other groups, together with analyses aiming at
checks of various systematic eﬀects to establish quantitatively reliable conclusions.
• Other hadrons. The above described work concentrated on partonic distributions of the
nucleon. Obviously, there is phenomenologically relevant interest also in other hadrons.
Recent work for the pion included advanced studies aimed at estimating the systematics
of such computations, using e.g. several lattice spacings to check for discretization effects, eﬀects of using chiral fermions, comparing renormalization procedures (including
the new hybrid scheme [27]), assessing the role of 2-loop corrections to matching [68–70].
An attempt to reconstruct the x-dependence from 3 accessible low moments was made in
Ref. [71]. It was found that adding the 4th moment from phenomenology has a negligible
eﬀect and also that the JAM18 pion PDF [72] reconstructed with 3 moments is consistent with the full one with increased uncertainties. Hence, it is clear that higher moments
become important only at a higher level of precision. It is worth to mention that studies
of pion distributions have been pursued also with other approaches: auxiliary light quark
[73], current-current correlators [74], pseudo-PDFs [75] and auxiliary heavy quark (heavy
OPE) [76], the latter recently advanced also theoretically [77]. Other than for the pion, distribution amplitudes for K ∗ and φ mesons were recently calculated, phenomenologically
important for B/B s decays wherein tensions with the Standard Model were reported by
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LHCb. On the baryonic side, the PDF of the ∆+ was calculated [78], with its importance
consisting in the possibility of shedding light on the sea quark asymmetry in the nucleon.

5 Summary and prospects

Figure 2: Dynamical progress of lattice PDFs/GPDs, with papers grouped according to the
method and topic.

The seminal 2013 paper of Ji [5] sparked intense interest in determining partonic distributions on the lattice, proposing a powerful framework how to access the relevant light-cone
correlations with lattice-calculable Euclidean ones and also leading to the revival or conception of alternative methods, all based at some stage on factorization to get to the physical
distributions. This dynamical progress is illustrated in Fig. 2, where papers only of the last
around 3 years are referenced.
This proceeding has been written with a broader community in mind and below, we summarize the main messages that it tried to convey.
• Extraction of partonic distributions is diﬃcult on the lattice, requiring multiple non-trivial
ingredients. It is crucial that control over all these ingredients is possible, but it can be
achieved only with dedicated and careful studies of several sources of systematic eﬀects.
• Thus, the road from exploratory to precision studies is long. Most present-day calculations for partonic distributions are at the stage of exploratory or somewhat more advanced
studies, but conclusions remain so far qualitative.
• Unpolarized twist-2 PDFs, well-known from global fits to abundant sets of experimental
data, are the natural benchmark for the lattice – their reproduction within completely and
properly quantified uncertainties will be one of the milestones for the lattice program. At
the present stage, there are indications that the size of systematic uncertainties is similar to
their magnitude found in other lattice hadron structure studies. Nevertheless, proper quantification of the systematics will require dedicated studies, both on the lattice (additional
simulations e.g. at several lattice spacings and volumes) and theoretical (e.g. perturbative
corrections at higher order or explicit methods to calculate power corrections).
• For other distributions, lattice can be foreseen to provide constraints that can be incorporated into extractions from experimental data. For several cases where experimental data
are basically non-existent, lattice can provide the only available information or one that
can be on a similar footing as data that will come from ongoing or planned experiments
focused on nucleon’s 3D structure (e.g. from the 12 GeV program at JLab or the EIC in
a more distant future). The prerequisite for this is, again, the complete quantification of
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lattice uncertainties. Under this condition, one can aim at simultaneous fits of diﬀerent
lattice and experimental data, treating the former as “lattice cross sections” in analogy with
experimental ones [14, 15].
Overall, this points to a projected very important role for the lattice in understanding
hadronic structure. It has been shown that lattice calculations are feasible for a wide range of
distributions, with varying level of diﬃculty, naturally increasing for more complicated distributions due to additional ingredients that need to be taken into account. The remaining task
is to make the calculations quantitatively reliable, something that is also feasible with dedicated computational and theoretical eﬀorts. On the lattice side, the task will be augmented by
increasing computing power, necessary to handle large boosts for hadrons simulated on large
and fine lattices. As the history of lattice computations shows, optimizations in handling the
simulations can likely turn out to help as well. This allows us to conclude very optimistic
prospects for this rich lattice program and eventually, predict a truly complementary role of
LQCD in the quest to understand the details of the structure of the nucleon and other hadrons.
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