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QCD at high temperature and density: selected highlights
Jon-Ivar Skullerud1 ,?
1

Department of Theoretical Physics, Maynooth University, Maynooth, Co Kildare, Ireland

Abstract. I review some of the recent progress in QCD at high temperature and density,
with a focus on the nature of the high-temperature transition; cold and dense matter; and
hadron properties and transport coeﬃcients at high temperature.

1 Introduction
Understanding the phase diagram of QCD and the properties of hot and dense strongly interacting
matter is an endeavour of great scope and interest. Besides the theoretical interest in the exotic forms
of matter that may appear under these conditions, a full understanding will cast light on the formation
of matter in the early universe, the properties of neutron stars, the formation of heavy elements, and
much more. Aligned to this is the experimental programme at RHIC and LHC and, in the near future,
at FAIR and NICA.
The theoretical e↵ort that has gone into this field over the past number of years is so large and
varied that it will not be possible to do it full justice in one talk, and this overview is therefore necessarily selective. Important topics that will not be covered here include the QCD equation of state
at high temperature, QCD in nonzero magnetic field, topology and deconfinement, non-equilibrium
dynamics, and much more (see for example [1–5] for complementary overviews). I will instead focus
on aspects of the transition(s) at zero chemical potential µ; exploring the chiral critical line at nonzero
µ; some progress in understanding matter at large µ and low temperature T ; and hadron properties and
transport coeﬃcients at large T . The emphasis will be on lattice QCD results, but not exclusively so:
in particular, results using other Dyson–Schwinger equations (DSEs), the functional renormalisation
group (FRG) and perturbation theory will be referenced where appropriate.

2 Transition(s) at zero chemical potential
2.1 Location and order of the chiral transiton

It is by now well established that the transition from the hadronic phase to the quark–gluon plasma at
µ = 0 is a crossover, characterised by a rapid change in the chiral condensate and a peak in the chiral
susceptibility. Away from the chiral limit (where a true phase transition is expected) there is therefore
no unique definiton of the pseudocritical temperature T c , but di↵erent definitions (e.g., the peak in
the susceptibility T χ or the inflection point of the renormalised chiral condensate T ∆ ) give compatible
results for physical quark masses. There is also good agreement on the value of T c at the physical
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Figure 1. Pseudocritical temperature T c as a function of the pion mass m⇡ from di↵erent lattice collaborations,
from [8].

point between lattice groups using di↵erent fermion formulations [6–8] as well as with recent results
from the DSE and FRG approaches [9, 10], with all finding T χ = 153 − 158 MeV. Figure 1 [8] shows
the mass dependence of T c from di↵erent lattice calculations [6–8, 11] together with scaling functions,
illustrating significant progress on the dependence of T c on the light quark mass [8, 10, 12], leading
to a critical temperature in the chiral limit T 0 = 130 − 140 MeV.

The order of the chiral phase transition in the massless 2-flavour limit mu , md ! 0 is intimately
connected with the fate of the anomalous U(1)A symmetry. This symmetry is always broken by
quantum e↵ects, but if the breaking is small (e↵ective restoration) at T c the chiral transition may be
first order or second order in the U(2)L ⌦ U(2)R /U(2)V universality class. On the other hand, if the
symmetry remains strongly broken, the chiral transition will be second order in the O(4) universality
class. Lattice studies have yet to arrive at a consensus on this issue, with [13–17] finding that the
U(1)A symmetry remains broken, while [18–21] finds that it is restored. It is worth noting that of
these studies, only [16] has performed a continuum extrapolation. A recent FRG calculation [22] is
consistent with U(1)A restoration and an O(4) universality class.

The chiral transition is expected to be first order in the 3-flavour massless limit, mu = md = m s = 0.
An open question is whether the transition is first or second order for physical strange quarks, and if
it is first order, what is the critical pion mass mc⇡ separating the first order transition region from the
crossover region? The evidence from a number of lattice studies is that the first order region shrinks as
the continuum limit is approached, with upper limits of mc⇡ . 50 MeV from highly improved staggered
fermions [23] and mc⇡ . 110 MeV from Wilson–clover fermions [24]. A recent study with Wilson–
clover fermions [25] found evidence of a first order transition, while no such evidence was found in a
study using staggered fermions [26].
This question has also been addressed by studying systems with N f > 3, where the first order
transition in the chiral limit is expected to be stronger and persist to larger quark masses. Ohno et
al [25] found evidence for a first order transition also for N f = 4 using Wilson–clover fermions.
However, Cuteri et al. [27], performing a tricritical scaling analysis on staggered fermion data, found
that the transition is consistent with second order. A reanalysis of Wilson–clover data gave the same
result.

2

EPJ Web of Conferences 258, 01007 (2022)
https://doi.org/10.1051/epjconf/202225801007
A Virtual Tribute to Quark Confinement and the Hadron Spectrum (vConf21)

2.2 Some surprises

Recently, some intriguing evidence has emerged suggesting that the phase structure of QCD may
be more complicated than previously thought, even at µ = 0. In [28–30] it was found that in the
region T c < T . 3T c , meson correlators exhibit certain degeneracies that are not present in the
non-interacting case. This has been explained in terms of a chiral–spin symmetry SU(2)CS and its
flavour extension SU(2N f ), which is a symmetry of the chromoelectric interaction, but is broken
by the chromomagnetic interaction. Following this, it has been conjectured that the intermediatetemperature regime is a “stringy fluid” where chiral symmetry is restored and the chromomagnetic
interaction is suppressed, but the confining chromoelectric field is still present.
Independently, it was found [31] that a condensate of thermal monopoles forms at roughly the
same temperature in full (N f = 2+1) QCD as in pure gauge theory, where this coincides with the deconfinement transition, i.e., at roughly twice the chiral transition temperature. Furthermore, Alexandru and Horvath [32, 33] found an infrared scaling of the Dirac spectral density, ⇢(λ) / 1/λ, which
only set in at T > T IR = 200 − 250 MeV > T c . They conjecture that this scaling is characteristic of a
strongly coupled régime which only ends at a much higher (yet to be determined) temperature T UV .
It is worth noting that the temperature scales for the suggested additional transitions are di↵erent,
and that no connection between the di↵erent phenomena has been established. However, these results
do point to the need for further investigations into the properties of QCD matter above T c .

3 Chiral transition line
The shape of the transition line away from µ = 0 has been computed on the lattice using continuation
from imaginary µ [7, 34] and Taylor expansion [6, 34] (see also [35] for recent results using a novel
reweighting method) as well as from Dyson–Schwinger equations [3], the functional renormalisation group [36] and a combination of the two [9, 37]. The pseudocritical temperature T c (µB ) can be
expanded in powers of µB ,
⇣ µ B ⌘2
⇣ µB ⌘4
T c (µB )
= 1 − 2
− 4
+ O(µ6B )
T c (0)
Tc
Tc

(1)

leaving the parameters 2 , 4 and any higher order parameters to be determined. All the calculations
have found that 4 is consistent with zero within errors. Results for 2 are shown in figure 2. All the
lattice results shown have been continuum extrapolated and are consistent with each other. The most
recent results from functional methods are also seen to be converging on the same values.
The right panel of figure 2 shows a summary [9] of lattice, functional and experimental data for the
chiral transition and freezout curves. In [9] their DSE/FRG calculations were found to be reliable up
to µB /T = 3, which means that the location of the critical endpoints shown in the figure should only
be considered indicative, and the spread between the di↵erent results reflect the remaining systematic
uncertainties in the approaches.
Fluctuations and correlations of the conserved quantum numbers (baryon number B, electric
charge Q and strangeness S ) play a crucial rôle in connecting theoretical predictions with experimental results. From the generalised susceptibilities,
χi,B,Q,S
j,k =

@i+ j+k (p/T 4 )
,
(@µ̂B )i (@µ̂Q )i (@µ̂S )k

µ̂a ⌘

µa
T

(2)

we may compute experimentally observable quantities such as the mean MB = χ1B , variance σ2B = χ2B ,
skewness S B = χ3B /(χ2B )3/2 and kurtosis B = χ4B /(χ2B )2 of the baryon number distribution. Cumulants
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Figure 2. Left: The curvature parameter 2 from lattice QCD [6, 7, 34, 38, 39] (bottom panel) and functional
methods (blue: DSE, green: FRG) [3, 9, 36, 37, 40] (top panel). Black points have been obtained by analytic
continuation from imaginary µ, while red points are from Taylor expansion. Right: Transition line and critical
endpoint from lattice and functional methods together with experimental freezeout lines, from [9].

up to 8th order have been computed by the Wuppertal–Budapest collaboration [41] and the HotQCD
collaboration [42] and used to determine skewness and kurtosis at nonzero baryon chemical potential
as well as preliminary results for the hyper-kurtosis (the sixth moment of the distribution). Results
have also been obtained in the FRG framework using a low-energy e↵ective theory [43, 44]. These
results may in turn be used to extract freezeout parameters from experimental data and check whether
experimental results are consistent with equilibrium QCD.

4 Large density
The methods employed to map out the phase diagram at high T and small µ break down at lower temperature, in particular in the region relevant to nuclear matter and the interior of neutron stars. Recent
progress has been made with several alternative methods including complex Langevin simulations,
Lefschetz thimble-based methods [45], density of states [46, 47] and strong coupling expansions [48].
In addition, QCD-like theories where the sign problem is absent or weak may serve as a laboratory
for generic features of gauge theories at high density as well as provide checks on the validity of other
methods. Finally, perturbation theory, valid at asymptotically high densities, can provide constraints
on physics at intermediate densities. In the following only a few selected highlights will be presented.
Complex Langevin methods have now reached the point where they have been used to simulate
fully dynamical QCD with pion masses down to ⇠ 500 MeV [49–51]. Figure 3 shows the fermion
density as a function of the chemical potential from a simulation with N f = 2 Wilson fermions
with m⇡ ⇡ 500 MeV and a lattice spacing a ⇡ 0.06 fm [51]. At low temperature the Silver Blaze
phenomenon is clearly seen, as the density remains zero up to µ = mN /3 with an onset of nuclear
matter beyond this point. At very high chemical potential we observe saturation, where all available
fermion states on the lattice are occupied.
Recent developments in strong coupling methods [48], based on a character expansion of the
gauge field action, have allowed simulations to be carried out for heavy quarks (using a hopping
parameter expansion) [53] as well as for light quarks (using a dual formulation) [54, 55]. Recently, a
continuous-time formulation for staggered fermions has been developed [52]. Figure 3 shows results
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Figure 3. Left: Fermion density as function of chemical potential from complex Langevin with N f = 2 Wilson
fermions [51], at temperatures ranging from 100 MeV (Nt = 32) to 800 MeV (Nt = 4). Right: Energy density
as a function of temperature and chemical potential in the strong coupling expansion, from [52]. A first order
nuclear gas–liquid transition with a critical endpoint is observed.

using this formulation, exhibiting a first-order nuclear gas–nuclear liquid phase transition including a
critical endpoint. The strong coupling expansion has also been applied to large-Nc QCD in the heavy
dense limit [56], with findings consistent with the appearance of quarkyonic matter at large Nc .
QCD with nonzero isospin chemical potential µI [57, 58] and two-colour QCD (QC2 D) [59–63]
do not su↵er from the sign problem and are amenable to direct simulations at large density, and may
hence provide benchmarks for other methods [64–69]. Both feature a superfluid phase for µI,B > m⇡
characterised by condensation of pions and scalar diquarks respectively. The phase diagrams for both
theories turn out to be remarkably similar; in particular, the superfluid transition temperature has
been found to be almost independent of µ in both cases. In QC2 D simulations with di↵erent lattice
formulations have found consistent results for the superfluid transition and have also confirmed the
existence of a “quarkyonic” phase at large µ, where quarks remain confined but the bulk degrees of
freedom are weakly interacting quarks. A BEC régime described by chiral perturbation theory has
been found at lower µ for suﬃciently light quarks [60]. It remains an open question whether there is
a large-µ deconfinement transition at small temperature.
In the absence of reliable, non-perturbative, first-principles information on cold high-density matter, constraints can be placed by combining information on the nuclear matter equation of state with
compact star observations. This may be further constrained by requiring the equation of state to match
on to perturbation theory at very high density, which has recently been computed to NNLO including NNNLO terms [70]. This approach has been pursued in [70–74]. Specifically, the low-energy
equation of state has been computed in a chiral EFT, with the EoS at intermediate density modelled
by piecewise polytropes, p / nγ . Typically, the polytropic index γ ⇠ 2.5 for nuclear matter, while
high-density perturbation theory corresponds to γ 2 [0.5, 0.8]. Combined with recent observational
data including from gravitational waves and the NICER observatory [74] only a subset of all possible
equations of state remain. A result of such an analysis [71] is shown in figure 4, where it is concluded
that stars with a mass 2M� will include a quark matter core, characterised by a small polytropic index,
for any EoS that is not ruled out by observations.
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Figure 4. Left: Equation of state for high-density QCD obtained by interpolating between a nuclear eos (bottom
left hand corner) and perturbative QCD (top right), constrained by mass and radius data from compact star
observations. The kink in the eos suggests a transition from nuclear matter to quark matter. Right: The size of
the quark matter core in a 2M star, for the di↵erent interpolations shown in the left hand plot. Figures taken
from [71].

Figure 5. Left: Masses of positive and negative parity octet baryons below the deconfinement transition, from
[75]. Right: The parity-doubling R parameter (3) for light, strange and charmed baryons.

5 Hadron properties and transport
5.1 Baryons

The FASTSUM collaboration has studied the properties of baryons at high temperature [11, 75–77],
and in particular the emergent degeneracy between positive and negative parity states. Since positive
and negative parity are states encoded in the same correlator (as forward and backward moving states
respectively), the parameter

R=

β/2−1
P
n=0

R(⌧n )/σ2 (⌧n )

β/2−1
P
n=0

;
1/σ2 (⌧

R(⌧) =

n)

6

G(⌧) − G(β − ⌧)
G(⌧) + G(β − ⌧)

(3)
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Figure 6. Mass shift (left) and width (right) for the ⌥ 1S, 2S and 3S states, from [79].

may serve as a measure of parity doubling, with R = 0 when positive and negative parity states
are completely degenerate. Figure 5 (left) shows the masses of positive and negative parity octet
baryons below the deconfinement transition [77]: we see that while the masses positive-parity baryons
remain unchanged, their negative-parity partners become lighter with increasing temperature with
degeneracy setting in close to T c , with potential impact on hadron resonance gas models [75]. The R
parameter (??) is shown in figure 5 (right). It has an inflection point which is roughly the same for all
light, strange and even singly-charmed baryons, and which coincides approximately with the chiral
transition temperature [11]. Doubly-charmed baryons, however, do not appear sensitive to the chiral
transition.
5.2 Heavy quarkonium

Heavy quarks have long been a focus of attention, both theoretically and experimentally, in the context
of the quark–gluon plasma and heavy-ion collisions, see for example the review [78]. In recent years
there has been significant progress towards a quantitative understanding of thermal mass shifts and
widths of heavy quarkonia, in particular in the beauty sector. In a series of papers [79–81] Larsen et
al. have employed lattice non-relativistic QCD (NRQCD) on hotQCD ensembles with N f = 2 + 1
and a near-physical pion mass. Using sources optimised to reproduce the zero-temperature spectrum
and wavefunctions they have been able to fit the correlators to a gaussian plus low and high energy
tails. The Bethe–Salpeter wavefunctions have also been determined [81]. Results for the vector (⌥)
channel are shown in fig. 6, suggesting a very small (negative) mass shift for the ground state and a
thermal width increasing with temperature as expected. Similar results are found for the P-wave χb0
(scalar) channel. It may be noted that a small negative mass shift has also been observed by Kim et
al. [82] and for charmonium by Kelly et al. [83], both using the BR method [84].
These results need to be independently confirmed using di↵erent approaches. The FASTSUM
collaboration has employed a wide range methods to determine the mass shift and width of the ⌥(1S)
state [85], including Gaussian fits, moments of correlators, and spectral function reconstruction with
linear, Bayesian and machine learning methods. The results are as yet inconclusive, revealing quite
di↵erent systematics for the di↵erent methods, which need to be better understood.
The Bielefeld–CCNU collaboration has conducted a long series of studies of quarkonium in
quenched QCD using nonperturbatively improved Wilson fermions. Their most recent results [86]
suggest that there is no resonance peak above T c for J/ , while the resonance peak for ⌥ persists only
up to 1.5T c . More work is clearly needed to understand the source of this discrepancy.
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5.3 Transport

Transport properties describe the real-time, non-equilibrium properties of the medium, and are as such
not directly accessible with the equilibrium methods of euclidean quantum field theory. However, a
transport coeﬃcient  can be related to the spectral functions of the relevant conserved current Jµ (x)
via Kubo relations,
⇢ (!)
;
 / lim
!!0
!

Gi j (⌧)

=

Z

3

d x

D

E

Ji (⌧, ~x)J j (0, ~0)

1
=
2⇡

Z1

K(!, ⌧; T )⇢i j (!)d! ,

(4)

0

where K(!, ⌧; T ) is a known integral kernel. While there has been some progress on shear and bulk
viscosity [87, 88] and jet quenching [89, 90], we are still some way from obtaining quantitatively
reliable predictions for these quantities, in contrast to the heavy quark di↵usion coeﬃcient and the
electrical conductivity, which will be reviewed below.
Two methods have been used to compute the heavy quark di↵usion coeﬃcient from the lattice.
One method [91] uses an e↵ective theory where the heavy quark momentum di↵usion coeﬃcient is
written in terms of a Polyakov loop correlator with a colour-electric field insertion. The main benefit
of this method is that the related spectral function has a smooth behaviour as ! ! 0, greatly reducing
any uncertainties related to determining a potentially narrow transport peak. The main drawback is
that the correlator is inherently noisy, and noise reduction techniques must be used to get a reasonable
signal. Recent continuum extrapolated results from this method have been reported by TUMQCD
[92], using a multilevel algorithm which is applicable for pure gauge theories, and by the Bielefeld–
Darmstadt collaboration [93, 94] using the Wilson flow, which is also applicable in the presence of
dynamical fermions. The results are consistent with each other and with earlier results [95, 96].
The second method uses fermionic vector correlators of charm and beauty quarks, with the benefit
that finite quark mass e↵ects are directly included, and the correlators are much less noisy than the
gluonic correlators in the EFT method. The main drawback is that it can be very diﬃcult to reliably
determine the height of a possibly narrow transport peak. Continuum extrapolated results for both
charm and beauty di↵usion have recently been presented by the Bielefeld–CCNU collaboration [86].
Figure 7 (left) shows a comparison of lattice results for the di↵usion coeﬃcient D together with
the NLO perturbative value. The results from each of the two methods are internally consistent, but
the results from fermionic correlators are systematically smaller than from the e↵ective field theory.
The electrical conductivity has been computed on the lattice by a number of groups using various
approaches (see [98] for a recent review). In addition to earlier results with O(a) improved Wilson fermions and heavier than physical light quarks [99–101], there are now results using staggered
fermions with physical up, down and strange quark masses [102, 103]. A summary of these results
are shown in figure 7 (right panel). We see that there is good agreement between all the results despite
the di↵erent methods used, suggesting that we are close to a quantitative, reliable determination of
the conductivity of the QGP and its temperature variation. Astrakhantsev et al. have also computed
the response of the conductivity to an external magnetic field [102] and to a nonzero baryon chemical potential [103]. The latter shows a reduction in the conductivity as µB increases, in qualitative
agreement with a direct calculation in two-colour QCD [61].

6 Summary
There has been a large amount of progress on understanding the properties of QCD at high temperature
and density recently. In particular, we have reached the era of precision physics determining the chiral
transition temperature T c as well as the high-temperature equation of state, and we are within reach of
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Figure 7. Left: summary of continuum-extrapolated lattice results for the heavy quark di↵usion coeﬃcient in
pure gauge theory [86, 92–94, 96]. Hatched symbols are obtained using the EFT description; filled symbols are
from fermionic operators. Right: Summary of lattice results for the electrical conductivity of QCD matter, from
[97].

precision results for fluctuations both at zero and nonzero baryon density. We are also approaching a
quantitative understanding of hadron properties in the hot medium as well as some transport properties, in particular the electrical conductivity. At the same time, despite significant progress especially
in complex Langevin methods and constraints from compact star observations, we are far from being able to make reliable predictions in the low-temperature, high-density region relevant for neutron
stars. First-principles calculations of the shear viscosity beyond theories with gravity duals are also in
their infancy. Finally, the strong interaction has given us many surprises in the past and continues to
surprise us in the present. It seems likely that there will be more surprises in store also in the future.
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