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Abstract. We show that, when investigating Wilson-fermions correlation func-
tions on the lattice, one is bound to encounter major difficulties in defining their
dispersion relation, even at tree level. The problem is indeed quite general and,
although we stumbled upon it while studying Coulomb-gauge applications, it
also a↵ects gauge fixed studies in covariant gauges, including their most pop-
ular version, Landau gauge. In this paper we will discuss a solution to this
problems based on a redefinition of the kinematic momentum of the fermion.

1 Introduction

The investigation of the IR-properties of non abelian gauge theories is still one of the most
interesting and fruitful chapters of particle physics. In particular, lattice studies have con-
tributed a great deal to our understanding of the gauge invariant aspects of confinement,
chiral symmetry breaking, hadron spectrum etc. However, both from a theoretical and from a
practical point of view, there exists a broad interest in analysing whether and how such prop-
erties are encoded in gauge-fixed Green’s functions, mainly since most applicable continuum
methods still heavily rely on them. The corresponding first studies for QCD date back to the
’70s, see e.g. [1–5], and many analytic and numerical investigations have since followed,
both in covariant [6–31] and non-covariant gauges [32–64]. A consistent picture emerges
from this corpus, supporting Gribov’s original idea [2]: restricting the functional integral to
the first Gribov region indeed generates a dynamical mass scale O (1 GeV). Coulomb-gauge
in particular, being the closest we have to a physical description [65, 66], o↵ers many ad-
vantages; e.g., one can show that the self energy of the gluon can in fact be described with
Gribov’s original formula !A =

p|~p|2 + M4/|~p|2, again with M = O (1 GeV) [46].
A lesson one constantly learns from all lattice investigations at fixed gauge is that, to

be able to extract meaningful informations, one must take particular care in treating dis-
cretization artifacts, which often cloud the sought results. For example, the gluon self-energy
above could only be obtained after devising a proper scheme to remove spurious contributions
caused by the discretized time [46]. Similarly, extracting the Coulomb string tension directly
from the Coulomb-kernel, which one naively would consider the most straightforward pre-
scription, turns out to be a quite non trivial task; alternative, less intuitive definitions turn out
to be more efficient [59]. This holds of course also for quark-quark correlation functions, as
the extraction of the chiral mass and of the self energy for staggered fermions, necessary to
detect any evidence of chiral symmetry breaking and confinement, clearly exemplifies [55].
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In this paper we will show that for Wilson fermions extra care needs to be taken when
calculating fermionic Green’s functions. Indeed, the problem lies in the very definition of
a suitable kinematic momentum against which to plot fermionic correlation functions, inde-
pendently of the gauge, and thus a↵ects all gauge fixed investigation, e.g. also in Landau
gauge [14]. Of course, one could argue that other lattice fermions could be used for QCD
instead, since they should not su↵er from such problems. However, the recent surge in inves-
tigations of beyond the standard model scenarios, with many lattice simulations performed
for di↵erent models, has increased the interest in studying the non perturbative properties of
correlation functions in QCD-like theories; depending on the model chosen, one will want to
keep the freedom of using the most convenient discretization for the fermionic fields. Indeed,
that’s how we noticed the issue in the first place - when trying to apply the analysis of [55]
to SU(2) + (adjoint) Wilson fermions configurations generated by the Edinburgh-Swansea-
Odense collaboration as a model for minimal walking Technicolor [67–70].

2 The fermion self energy

The most general structure for the expectation value of the Dirac operator, both in covariant
and Coulomb gauges, reads [14, 55]:

S −1(~p, p4) = i ~p/As(~p, p4) + i p/4At(~p, p4) + i piγi p4γ4Ad(~p, p4) + B(~p, p4)1 . (1)

Ad can be shown to vanish in general, while of course As(p) = At(p) for covariant gauges
[14, 55]. For Coulomb gauge, moreover, As, At and B can be shown to be p4 independent
[55]. Factorizing As = Z−1 out, Eq. (1) can be rewritten as [14, 55]:

S −1(~p, p4) = Z−1(~p)
⇥
i ~p/ + i p/4 ↵(~p) + M(~p)1

⇤ ⇣
cov. S −1(p) = Z−1(p)

⇥
i p/ + M(p)1

⇤⌘
, (2)

where ↵ = At/As and M = B/As. The inverse Dirac propagator above can be used to define
the static quark propagator S (~p) =

R
dp4 S (~p, p4), which, in analogy to the free case, corre-

sponds up to a factor 1/2 to the Hamiltonian operator H. Contrary to covariant gauges, this
is straightforward to calculate in Coulomb gauge, yielding [55]:

H(~p) =
Z(~p)
↵(~p)

q
~p2 + M2(|~p|)

i ~p/ + M(~p)1
=

Z(~p)
↵(~p)

−i ~p/ + M(~p)1
q
~p2 + M2(|~p|)

. (3)

The dispersion relation of the fermion can therefore be directly read o↵ from Eq. (3), since
the inverse coefficient of −i ~p/ + M( ~p) corresponds to the eigenvalue of H:

!(|~p|) = ↵(|~p|)
Z(|~p|)

q
~p2 + M2(|~p|) . (4)

As shown in [55], chiral symmetry breaking is encoded in M(|~p|), while for a confining theory
both !A and ! should be IR-divergent. Non-perturbative Coulomb gauge therefore nicely
decouples the chiral symmetry and confinement properties of QCD-like theories, making it
an interesting tool in the analysis of beyond the standard model scenarios [71].

3 The kinematic momentum for Wilson fermions

If the self-energy in Eq. (4) had been obtained in the continuum, there would be noth-
ing one should be careful about. On the lattice, on the other hand, the discrete momenta
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If the self-energy in Eq. (4) had been obtained in the continuum, there would be noth-
ing one should be careful about. On the lattice, on the other hand, the discrete momenta

ki =
2⇡
aNi

ni, k4 =
2⇡
aNt

⇣
n4 +

1
2

⌘
do not define suitable kinematic variables that can be related

to the continuum ones. For staggered and overlap fermions there is however an easy pre-
scription: calculate first, either analytically or numerically, the quark propagator in the free
case, S (0)(k) = i

⇣P
µCµ(kµ)γµ

⌘
+m 1. Isolating the coefficients of the (euclidean) γ-matrices

defines now the kinematic momenta: pµ(kµ) = Cµ(kµ). The reason why such procedure works
is of course that the 1-coefficient is k independent. For Wilson fermions, on the other hand,
the doubling problem is solved by modifying exactly such coefficient, introducing an explicit
k-dependence:

S (0)(k) =
i
a

4X

µ=1

γµ p̃µ(k) +

0
BBBBBB@m +

a
4

4X

µ=1

p2
µ(k)

1
CCCCCCA 1 , (5)

with p̃µ(kµ) = 1
a sin(akµ) and pµ(kµ) = 2

a sin(akµ/2); a definition of the kinematic momenta
as for staggered/overlap fermions is therefore not possible. Previous studies in Landau gauge
[14] have ignored the problem and used pµ instead; this however does not reproduce the
correct dispersion relation even in the free case, in contrast e.g. to !A, which is a "natural"
function of pµ(kµ) [13].

To illustrate our proposal, start by considering the free static propagator:

Z 1

−1
dp4

2⇡
S 0(~p, p4) =

−i ~p/ + m 1

2
p
~p2 + m2

⌘ −i ~p/ + m 1
2!0

, (6)

where !0 is the free dispersion relation, i.e. the eigenvalue of the free Hamiltonian, the p are
all functions of k and:

S 0(~p, p4) =
−i p/4 − i ~p/ + m 1

p2
4 + ~p

2 + m2
. (7)

Notice now that the free dispersion relation can be directly obtained from the free propagator:

!−1
0 (k) =

1
p
~p2(k) + m2

=

Z 1

−1
dp4

2⇡

���S 0(~p(k), p4)
���2 , (8)

where

|S 0(p)|2 = S †0(p)S 0(p) =
1

p2
4 + ~p

2 + m2
, (9)

The kinematic momentum can be thus "defined" via S 0, calculating !0(k) through Eq. (8) and

setting |~p(k)| =
q
!2

0(k) − m2, very much in the spirit of the gluonic "tree-level correction"
of [13]. Since in lattice calculations, to avoid discretization errors arising from the breaking
of rotational invariance, one only considers diagonal momenta of the form ~k = (k, k, k) [13],
such prescription is sufficient for all practical purposes. Explicitly (for the sake of readability
the lattice spacing will be set to a = 1 in the following):

S lat
0 (k) =

−i γ4 sin(k4) − i
P

i γi sin(ki) + (m +
P
µ(1 − cos(kµ))) 1

sin2(k4) +
P

i sin2(ki) +
h
m +
P
µ(1 − cos(kµ))

i2 , (10)

���S lat
0 (k)
���2 =

1

sin2(k4) +
P

i sin2(ki) +
h
m +
P
µ(1 − cos(kµ))

i2 . (11)
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Replacing
Z

dp4

2⇡
with

1
2⇡

4⇡
Nt

X

k4

in Eq. (8) we thus get:

!−1
0,m(k) =

1
p
~p2 + m2

⌘ 2
Nt

X

k4

���S lat
0 (k)
���2 , (12)

|~p(k)| =
vuut 1
✓

2
Nt

P
k4

���S lat
0 (k)
���2
◆2 − m2 . (13)

Setting now m = 0 we get, as operative definition of the kinematic momentum:

|~p(k)|−1 =
2
Nt

X

k4

���S lat
0 (k)
���2

=
2
Nt

Nt/2X

n4=−Nt/2+1

1

sin2(k4) +
P

i sin2(ki) +
hP
µ(1 − cos(kµ))

i2 . (14)

The values arising from Eq. (14) can be calculated once and for all for each desired lattice
size and stored to be used whenever needed. Figure 1 shows the comparison between the

"naive" fermionic kinematic momentum p(k) = 2
qP

i sin2(ki/2), as used e.g. in [14], and
our definition Eq. (14) for a 1284 lattice. As one can see, the di↵erences are quite striking
throughout the whole Brillouin-zone. Figure 2 compares the (massive) free fermionic dis-

10 20 30 40 50 60
k

0.2

0.4

0.6

0.8

1.0

p(k)

• Naive momentum

• Improved momentum

Figure 1. Comparison between p(k) = 2
qP

i sin2(ki/2) and Eq. (14) for a 1284 lattice (~k = (k, k, k)).

persion relations plotted against the naive momentum and the one obtained from Eq. (14),
with an arbitrarily chosen bare mass. While the former shows a dependence which is physi-
cally meaningless for all momenta and is bound to distort any IR results, the latter gives (by
definition!) exactly the expected physical behaviour throughout the whole Brillouin-zone.

The above definition will suffice for most applications. Should one however think that
mass contributions in the definition of the kinematic momenta might play a role in the ap-
plication at hand, and therefore wish to extend the prescription to m , 0, a bit of care is
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Figure 2. Massive fermionic dispersion relations vs. naive and improved momentum from Eq. (14).

needed. As one can immediately verify, for m , 0 Eq. (12) shifts the pole from m to 1
2 m2+m,

so that from Eq. (13) one gets ~p(k = 0) , 0, moreover with the wrong slope at the origin,
dp
dk

�����
k=0
, 1. A "mass-improved" prescription should be therefore defined as follows. Expand

first !2
0,m(k) from Eq. (12) around k = 0 up to 2nd order for diagonal momenta, obtaining:

!2
0,m(k) =

2
66666666664

Nt

2
1

P
k4

1

sin2(k4)+3 sin2(k)+
h
m+2 sin2

⇣ k4
2

⌘
+6 sin2( k

2 )
i2

3
77777777775

2

= !2
0,m(0)+

1
2

@2!2
0,m(k)

@k2

�������
k=0

k2+O(k4) .

(15)
From this on can then directly define:

|~p(k)|2 =
h
!2

0,m(k) − !2
0,m(0)

i 2666664
1
2

@2!2
0,m(k)

@k2

�������
k=0

3
777775

−1

, (16)

with:

!2
0,m(0) =

2
666664

Nt

2
P

k4
1

S m(k4)

3
777775

2

,
@2!2

0,m(k)

@k2

�������
k=0

=
N2

t
P

k4

6+6
⇣
m+2 sin2

⇣ k4
2

⌘⌘

S 2
m(k4)

2
hP

k4
1

S m(k4)

i3 ,

S m(k4) = sin2(k4) +
"
m + 2 sin2

 
k4

2

!#2
= m2 + 4(m + 1) sin2

 
k4

2

!
. (17)

4 Conclusions and outlook

In this paper we have given an improved definition of the kinematic momentum for Wilson
fermions, which we believe to be crucial if one wishes to extract any information from the IR-
behaviour of correlation functions. Such definition, adapted accordingly, should be used in
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any gauge-fixed analysis involving Wilson-fermions, e.g. also in Landau gauge. Concerning
our original motivation, i.e. the application of the analysis of [55] to the configurations used in
[67–70], two further problem still need to be solved. First, for Wilson fermions the coefficient
B in Eq. (1) is k4 dependent, both at tree level and in the interacting case. Normalizing B to its
tree level expression, i.e. the 1 coefficient in Eq. (5), as proposed in [72] for Landau gauge,
could only work if the ratio for di↵erent energies at fixed ~k, Blat(~k, k1

4)/Blat(~k, k2
4) with k1

4 , k2
4,

would exactly match their equivalent ratios at tree-level, which one can immediately verify
not to be the case. Thus a di↵erent prescription needs to be developed, a possible one being
to average the normalized ratios over k4:

B(~k) = m
1
Nt

X

k4

Blat(~k, k4)

B0
lat(~k, k4)

, (18)

where the factor m is needed to guarantee B(0) = m. The second problem comes from the fact
that for adjoint Wilson fermions the massless limit at β = 2.25 is approached for a negative
bare mass, −am0 ⇡ 1.20. However this is neither a meaningful choice in Eq. (18) nor does
it provide a reasonable tree-level correction for B, as already pointed out for Landau gauge
[72]. The proposal there was to use the PCAC mass instead, which might be a good choice
in the continuum limit, but can still be the source of other uncertainty at finite lattice spacing.
Further work will definitely be needed to settle the issue.
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