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Abstract. We report on the recent progress on the computation of the dou-
bly heavy baryon spectrum in e↵ective field theory. The e↵ective field theory
is built upon the heavy-quark mass and adiabatic expansions. The potentials
can be expressed as NRQCD Wilson loops with operator insertions. These
are nonperturbative objects and so far only the one corresponding to the static
potential has been computed with lattice QCD. We review the proposal for a
parametrization of the potentials based in an interpolation between the short-
and long-distance regimes. The long-distance description is obtained with a
newly proposed E↵ective String Theory which coincides with the previous ones
for pure gluodynamics but it is extended to contain a fermion field. We show
the doubly heavy baryon spectrum with hyperfine contributions obtained using
these parametrizations for the hyperfine potentials.

1 Introduction

In the past two decades, there have been continuous discoveries at various experimental fa-
cilities of hadrons that fall into the category of doubly heavy hadrons. In this category one
can find the nearly two dozen exotic quarkonium states discovered so far, such as the dou-
ble charm tetraquark, T+cc, recently discovered by the LHCb Collaboration [1], as well as the
somewhat older discovery of the pentaquark states [2]. Furthermore, traditional hadrons, in
the quark model sense, also belong to this class, such as standard quarkonium and the main
subject of this report, doubly heavy baryons, which have been first observed by the LHCb
Collaboration [3, 4] in the form of the ⌅++cc .

All doubly heavy hadrons share a set of characteristic scales. The ratios of some of these
scales are small and can be used as expansion parameters for the description of the properties
of these states. Two of these expansion can be applied to almost all of the cases of interest.
First, the heavy-quark mass, mQ, is larger than the characteristic scale of momentum transfer
in hadrons, ⇤QCD, which is the scale of nonperturbative dynamics in QCD. The second is
that one can perform an adiabatic expansion between the heavy-quark dynamics and the one
of the light degrees of freedom, that is the gluons an light quarks. The characteristic energy
scale of the heavy-quark dynamics is their binding energy, which can be written as mQv

2,
with v ⌧ 1 the heavy-quark relative velocity, while the light degrees of freedom dynamics
are dominated by nonperturbative e↵ects and therefore characterized by the ⇤QCD scale.

⇤e-mail: jtarrus@iu.edu

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons 
Attribution License 4.0 (http://creativecommons.org/licenses/by/4.0/).

EPJ Web of Conferences 258, 04003 (2022) https://doi.org/10.1051/epjconf/202225804003
A Virtual Tribute to Quark Confinement and the Hadron Spectrum (vConf21)



An E↵ective Field Theory (EFT) describing any doubly heavy hadron1 exploiting these
two expansion has been proposed in Ref. [5]. Since this EFT reproduces the Born-
Oppenheimer (BO) approximation at leading order it is often referred as BOEFT. The EFT
was constructed in the single hadron sector up to the heavy-quark spin and angular momen-
tum terms suppressed by 1/mQ. Expressions of the potentials as operator insertions in the
Wilson loop were obtained by matching the EFT to nonrelativistic QCD (NRQCD) [6–8].
The computation of the Wilson loop with operator insertions cannot be done using perturba-
tive techniques and should be carried out (ideally) in lattice QCD or other nonperturbative
approaches.

BOEFT has been applied to doubly heavy baryons in Ref. [9]. In this case, the Wilson
loop with light-quark operator insertions corresponding to the static potential, has been ob-
tained in the lattice [10, 11] including several excited states. This lattice data was used in
Ref. [9] to obtain the double charm and bottom baryon spectrum at leading order in BOEFT.
In the case of the heavy-quark spin and angular-momentum dependent potentials there is no
available lattice data. To sidestep this problem, in Ref. [12], a phenomenological parametriza-
tion of these potentials was put forward. This parametrization consists of an interpolation be-
tween the descriptions of the potentials in the short- and long-distance regimes. In the short-
distance regime, r ⌧ ⇤−1

QCD, one can use the multipole expansion to find model-independent
parametrizations of the potentials in terms of some nonperturbative constants. On the other
hand, for the description of the potentials in the long-distance regime, r ⌧ ⇤−1

QCD, an E↵ective
String Theory (EST) [13] has been developed in Ref. [12]. This EST is an extension of the
one which has been used to very successfully describe the standard and hybrid quarkonium
potentials [14–17].

2 BOEFT for doubly heavy baryons

Doubly heavy baryons are formed by two distinct components: a heavy quark pair and a
light quark. At leading order in NRQCD the heavy quarks are static and the spectrum of the
theory is given by the so-called static energies. These are characterized by a set of quantum
numbers: the flavor of the light quark, the heavy quark pair relative distance r, and the repre-
sentation of D1h

2. The lattice results in Refs. [10, 11] show that the lowest lying static energy
corresponds to the representation (1/2)g followed by three very close states corresponding to
the representations (1/2)u, (3/2)u and (1/2)0u. In the short-distance limit the symmetry group
is enlarged from D1h to O(3) and the states can be labeled by their spin () and parity (p).
Projecting the p states into the heavy quark axis one can obtain states in representations of
D1h. We show the correspondence in Table 1. Here we will consider only doubly heavy
baryon states associated to the p = (1/2)± light quark states.

O(3) D1h

(1/2)+ (1/2)g
(3/2)− (1/2)u, (3/2)u

(1/2)− (1/2)0u

Table 1. Correspondence between short-distance O(3) representations and D1h representations.

1Excluding states corresponding to bound states of pairs of singly heavy hadrons.
2See Ref. [18] for a detailed discussion on the representations of D1h.
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The Hamiltonian densities associated to the p = (1/2)± light-quark states [9] have the
following expansion up to 1/mQ

h(1/2)± =
p

2

mQ
+

P

2

4mQ
+ V (0)

(1/2)± (r) +
1

mQ
V (1)

(1/2)± (r, p) . (1)

At leading order we have just the static potential

V (0)
(1/2)± (r) =V (0)

(1/2)± (r) . (2)

The heavy-quark spin and angular-momentum dependent operators appear at next-to-leading
order and read as

V (1)
(1/2)±SD(r) =V s1

(1/2)± (r)SQQ · S1/2 + V s2
(1/2)± (r)SQQ ·

�T 2 · S1/2
�
+ Vl

(1/2)± (r)
�
LQQ · S1/2

�
, (3)

with T i j
2 = r̂

i
r̂

j − δi j/3, S1/2 = /2 and 2SQQ = QQ = Q1 2 Q2 + 2 Q1Q2 , where  are
the standard Pauli matrices and 2 is an identity matrix in the heavy-quark spin space for the
heavy quark labeled in the subindex.

For the potentials in Eqs. (2) and (3) the matching expressions of Ref. [5] in terms of the
Wilson loop with operator insertions reduce to

V (0)
(1/2)± (r) = lim

t!1
i
t

log
⇣
Tr
h
h1i(1/2)±
⇤

i⌘
, (4)

and

V s1
(1/2)± (r) = −cF lim

t!1
4
3t

Z t/2

−t/2
dt0

Tr
h
S1/2 · hgB(t0, x1)i(1/2)±

⇤

i

Tr
h
h1i(1/2)±
⇤

i , (5)

V s2
(1/2)± (r) = −cF lim

t!1
6
t

Z t/2

−t/2
dt0

Tr
h�

S1/2 · T 2
� · hgB(t0, x1)i(1/2)±

⇤

i

Tr
h
h1i(1/2)±
⇤

i , (6)

Vl
(1/2)± = − lim

t!1
2
Z 1

0
ds s

Tr
h
S1/2 ·

⇣
2
3 2 − T 2

⌘
· hgB(t/2, z(s))i(1/2)±

⇤

i

Tr
h
h1i(1/2)±
⇤

i , (7)

where z(s) = x1 + s(R − x1) and we use the following notation for the Wilson loop averages

h. . . i(1/2)±
⇤ = hQ(1/2)± (t/2, R) . . .Q†(1/2)± (−t/2, R)P

⇢
e−ig

R
C1+C2

dzµAµ(z)
�
i , (8)

with C1 and C2 the upper and lower paths of a rectangular Wilson loop. Note that, unlike
the quark-antiquark case, the flow is in the same direction for both paths. The interpolating
operators are

Q↵(1/2)+ (t, x) =
h
P+ql(t, x)

i↵
T l , (9)

Q↵(1/2)− (t, x) =
h
P+γ5ql(t, x)

i↵
T l , (10)

where ↵ = −1/2, 1/2, and we have used the following 3̄ tensor invariants

T l
i j =

1p
2
✏li j, i, j, l = 1, 2, 3 . (11)
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Figure 1. Matching of the Wilson loop with operators insertions with the expansion in weakly-coupled
pNRQCD up to next-to-leading order. The single lines represent the antitriplet fields, the double lines
the sextet field, the dotted and the curly lines the light-quark and gluon fields respectively. The crossed
circles indicate the insertion of a Q operator while the other vertices stand for various multipolar cou-
plings of the heavy-quark pair with chromoelectric or chromomagnetic fields. The upper line corre-
sponds to the static potential while the second and third correspond to the heavy-quark spin-dependent
potentials.

3 Short-distance regime

In the short-distance regime r ⌧ ⇤−1
QCD. Since the relative momentum of the heavy quarks

scales as mQv ⇠ r−1, in this regime it is a perturbative quantity. Therefore, one can integrate
it out and build (weakly-coupled) potential NRQCD (pNRQCD) [19–21]. One can then in-
tegrate out the ⇤QCD modes and match pNRQCD to BOEFT. Using this two step matching
procedure one finds multipole expanded expressions of the potentials. Other examples of this
two-step matching can be found in Refs. [22, 23] for the heavy-quark spin dependent poten-
tials of quarkonium hybrids and in Refs. [24, 25] for the hybrid and standard quarkonium
transitions.

The expansion of the static potential in Eq. (4) is given diagrammatically in Fig. 1 and
corresponds to the following form

V (0)
(1/2)± (r) = −2

3
↵s

r
+ ⇤(1/2)± + ⇤

(1)
(1/2)±r

2 + . . . , (12)

with ⇤(1/2)± and ⇤
(1)
(1/2)± nonperturbative constants. The former can be obtained D or B meson

masses from heavy quark-diquark duality [26–29]. One can find analogous expansions for
the hyperfine potentials:

V s1
(1/2)± (r) = cF

⇣
∆

(0)
(1/2)± + ∆

(1,0)
(1/2)±r

2 + . . .
⌘
, (13)

V s2
(1/2)± (r) = cF∆

(1,2)
(1/2)±r

2 + . . . , (14)

Vl
(1/2)± =

1
2

"
∆

(0)
(1/2)± +

 
∆

(1,0)
(1/2)± −

1
3
∆

(1,2)
(1/2)±

!
r2
#
+ . . . , (15)

with the ∆’s corresponding to nonperturbative constants which expression as pNRQCD cor-
relators can be found Ref. [12]. The constants ∆(0)

(1/2)± can be obtained using the heavy quark-
diquark duality from the hyperfine splittings of heavy mesons.

4 Long-distance regime

At long distances a flux tube emerges from the heavy quarks joining at the position of the
light quark. The dynamics of the flux tube can be described by an EST which coincides with
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(1,0)
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⌘
, (13)

V s2
(1/2)± (r) = cF∆

(1,2)
(1/2)±r

2 + . . . , (14)

Vl
(1/2)± =

1
2

"
∆

(0)
(1/2)± +

 
∆
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∆
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4 Long-distance regime

At long distances a flux tube emerges from the heavy quarks joining at the position of the
light quark. The dynamics of the flux tube can be described by an EST which coincides with

the one for pure gluodynamics with the addition of a fermion field constrained to move on
the string.

The action of the gluonic string is just proportional to the area of the string world sheet

S g = −σ
Z

d2x
p
|detgab| , (16)

with σ the string tension, and gab the induced metric on the string. The action of a four-
dimensional Dirac field constrained on a string is given by

S l.q =

Z
d2x
p
g ̄(x)

✓
i⇢a !@ a − ml.q.

◆
 (x) ,  ̄⇢a !@ a ⌘

�
 ̄(⇢a@a ) − (@a ̄)⇢a 

�
/2

(17)

with ⇢a ⌘ γµea
µ, and e↵a ⌘ @⇠↵/@xa the Zweibein. The antisymmetrization of the partial

derivative is required by Hermiticity.
Expanding the action in Eq. (16) for small string fluctuations @⇠ ⇠ (r⇤QCD)−1 ⌧ 1 we

arrive at

S g = −σ
Z

dtdz
 
1 − 1

2
@a⇠l@a⇠

l + . . .

!
, (18)

and for the case of the fermionic action in Eq. (17) we find

S l.q =

Z
dtdz
✓
 ̄(t, z)iγa !@ a (t, z) − ml.q. ̄(t, z) (t, z) − @a⇠l ̄(t, z)iγl !@ a (t, z) + . . .

◆
,

(19)

with l = 1, 2, and a = 0, 3.
The mapping of the chromomagnetic field into string fluctuations can be found in

Ref. [14]. However, mappings into string fermion operators are now possible and in fact
provide the leading order contribution to the potentials in Eqs. (5)-(7). This mapping is as
follows:

B

l(t, z) 7! ⇤ f  ̄(t, z)
⌃l

2
 (t, z) , (20)

B

3(t, z) 7! ⇤0f  ̄(t, z)
⌃3

2
 (t, z) , (21)

with ⌃ = diag(, ). To convert the two-dimensional spin operators in Eqs. (5) and (6) into
four-dimensional spin operators, we have used the prescription S1/2 7! ⌃/2.

We compute the potentials in Eqs. (4)-(7) as correlators in the EST using the mapping
defined by Eqs. (20)-(21). We find the following result for the static potential:

V (0)
(1/2)± (r) = σr + E1 , (22)

and analogously for the heavy-quark spin and angular-momentum dependent potentials one
finds

V s1
(1/2)± (r) =

cF

3r

 
1 ⌥ ml.q.

E1

! ⇣
⇤0f − 2⇤ f

⌘
, (23)

V s2
(1/2)± (r) =

cF

r

 
1 ⌥ ml.q.

E1

! ⇣
⇤0f + ⇤ f

⌘
, (24)

Vl
(1/2)± (r) = − 1

2r

 
1 ⌥ 4
⇡2

ml.q.

E1

!
⇤ f , (25)

with E1 =
q

(⇡/r)2 + m2
l.q..
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Table 2. Global fit of p = (1/2)+ l = 0, 1, 2, 3 multiplets hyperfine splittings for all the lattice data
available for various values of r0 with ∆(0)

(1/2)+ = 0.122 GeV2 from the B-meson splittings and
∆

(1,0)
(1/2)+ = ∆

(1,2)
(1/2)+ = 0.

r0 [fm] ⇤ f [GeV] ⇤0f [GeV] χ2
d.o.f

0.1 −0.355(10) −0.265(19) 0.66
0.2 −0.368(13) −0.264(25) 0.72
0.3 −0.348(19) −0.270(33) 0.69
0.4 −0.266(27) −0.286(44) 0.60
0.5 −0.085(41) −0.314(61) 0.58
0.6 0.224(75) −0.353(102) 0.83

5 Spectrum with hyperfine contributions

The leading order spectrum for doubly heavy baryons can be obtained by solving the
Shrödinger equation with the static potential in Eq. (4) which has been computed on the
lattice in Refs. [10, 11]. The results for the leading order spectrum can be found in Ref. [9].
Analogous lattice computations of the hyperfine potentials in Eqs. (5)-(7) are not available.
To address this problem a parametrization of these potentials has been proposed in Ref. [12].
The parametrization consists of an interpolation between the short- and long-distance regime
descriptions discussed in Sec. 3 and Sec. 4, respectively. The proposed parametrizations of
the hyperfine potentials are as follows:

V s1 int
(1/2)± = cF

⇣
∆

(0)
(1/2)± + ∆

(1,0)
(1/2)±r

2
⌘

r6
0 +

⇣
⇤0f−2⇤ f

⌘

3

⇣
1 ⌥ ml.q.

E1

⌘
r5

r6 + r6
0

, (26)

V s2 int
(1/2)± = cF

∆
(1,2)
(1/2)±r

2r6
0 +
⇣
⇤0f + ⇤ f

⌘ ⇣
1 ⌥ ml.q.

E1

⌘
r5

r6 + r6
0

, (27)

Vl int
(1/2)± =

1
2

h
∆

(0)
(1/2)± +

⇣
∆

(1,0)
(1/2)± − 1

3∆
(1,2)
(1/2)±

⌘
r2
i

r6
0 − ⇤ f

⇣
1 ⌥ 4

⇡2
ml.q.

E1

⌘
r5

r6 + r6
0

. (28)

Note that for r0 = 0 we recover the long-distance potentials and for r0 ! 1 we recover the
short-distance potentials.

To obtain the unknown parameters in the interpolated potentials in Eqs. (26)-(28) a χ2

function was minimized. This function is constructed as the sum of the hyperfine splittings
corresponding to the masses of the doubly heavy baryons from the lattice determinations of
Refs [30–32, 32–38]. The formulas for the hyperfine contributions to the masses of doubly
heavy baryons for the states associated to the static energies (1/2)g and (1/2)0u can be found
in Ref. [9].

Several fits where performed in Ref. [12]. The results of the fits show that with the current
lattice data on the heavy baryon masses it is not possible to determine the values for ∆(1,0)

(1/2)±

and ∆(1,2)
(1/2)± . Therefore, the preferred fit consists of only the leading order short-distance piece

with ∆(0)
(1/2)± fixed by heavy quark-diquark duality. The results of this fit can be found in table 2

for various values of the interpolation parameter r0. In Fig. 2 we show the spectrum of double
charm and bottom baryons including the hyperfine contributions corresponding to the values
of the parameters of r0 = 0.5 fm in Table 2.
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Analogous lattice computations of the hyperfine potentials in Eqs. (5)-(7) are not available.
To address this problem a parametrization of these potentials has been proposed in Ref. [12].
The parametrization consists of an interpolation between the short- and long-distance regime
descriptions discussed in Sec. 3 and Sec. 4, respectively. The proposed parametrizations of
the hyperfine potentials are as follows:

V s1 int
(1/2)± = cF

⇣
∆

(0)
(1/2)± + ∆

(1,0)
(1/2)±r

2
⌘

r6
0 +

⇣
⇤0f−2⇤ f

⌘

3

⇣
1 ⌥ ml.q.

E1

⌘
r5

r6 + r6
0

, (26)

V s2 int
(1/2)± = cF

∆
(1,2)
(1/2)±r

2r6
0 +
⇣
⇤0f + ⇤ f

⌘ ⇣
1 ⌥ ml.q.

E1

⌘
r5

r6 + r6
0

, (27)

Vl int
(1/2)± =

1
2

h
∆

(0)
(1/2)± +

⇣
∆

(1,0)
(1/2)± − 1

3∆
(1,2)
(1/2)±

⌘
r2
i

r6
0 − ⇤ f

⇣
1 ⌥ 4

⇡2
ml.q.

E1

⌘
r5

r6 + r6
0

. (28)

Note that for r0 = 0 we recover the long-distance potentials and for r0 ! 1 we recover the
short-distance potentials.

To obtain the unknown parameters in the interpolated potentials in Eqs. (26)-(28) a χ2

function was minimized. This function is constructed as the sum of the hyperfine splittings
corresponding to the masses of the doubly heavy baryons from the lattice determinations of
Refs [30–32, 32–38]. The formulas for the hyperfine contributions to the masses of doubly
heavy baryons for the states associated to the static energies (1/2)g and (1/2)0u can be found
in Ref. [9].

Several fits where performed in Ref. [12]. The results of the fits show that with the current
lattice data on the heavy baryon masses it is not possible to determine the values for ∆(1,0)

(1/2)±

and ∆(1,2)
(1/2)± . Therefore, the preferred fit consists of only the leading order short-distance piece

with ∆(0)
(1/2)± fixed by heavy quark-diquark duality. The results of this fit can be found in table 2

for various values of the interpolation parameter r0. In Fig. 2 we show the spectrum of double
charm and bottom baryons including the hyperfine contributions corresponding to the values
of the parameters of r0 = 0.5 fm in Table 2.

Λc
0D0 Threshold

(1/2)g

(1/2)u′

(3/2)u\(1/2)u

(1/2)+ (3/2)+ (5/2)+ (7/2)+ (1/2)- (3/2)- (5/2)- (7/2)- (9/2)-
3.6

3.8

4.0

4.2

4.4

4.6

4.8

Mass(GeV)

Λb
0B0 Threshold

(1/2)g

(1/2)u′

(3/2)u\(1/2)u

(1/2)+ (3/2)+ (5/2)+ (7/2)+ (9/2)+ (1/2)- (3/2)- (5/2)- (7/2)- (9/2)-

10.2

10.4

10.6

10.8

11.0

11.2
Mass(GeV)

Figure 2. Spectrum of doubly heavy baryons in terms of j⌘P states. Each line represents a state. The
mixed (3/2)u\(1/2)ustates do not include hyperfine contributions

6 Conclusions

We have reported on the results for the doubly heavy baryon spectrum including hyperfine
contributions. The hyperfine potentials, which can be written in terms of the Wilson loop
with operator insertions, are nonperturbative quantities that should be, ideally, computed in
lattice QCD. However, these computations are often not available. To sidestep this issue,
in Ref. [12], a parametrization of the potentials has been proposed. This consists of an in-
terpolation between the short- and long-distance regimes. In the short-distance region the
potentials can be computed in terms some unknown constants using weakly-coupled pN-
RQCD. Similarly, in the long-distance regime an E↵ective String Theory (EST) can be used.
In Sec. 4 we reviewed the EST with a fermion field constrained into the string which is appro-
priate to compute the potentials for doubly heavy baryons. This procedure to obtain reliable
parametrizations of the potentials can be of significant utility in future studies of doubly heavy
hadrons.
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