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Bottomonium observables in an open quantum system using the quantum trajectories method
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Abstract. We solve the Lindblad equation describing the Brownian motion

of a Coulombic heavy quark-antiquark pair in a strongly coupled quark gluon
plasma using the Monte Carlo wave function method. The Lindblad equation
has been derived in the framework of pNRQCD and fully accounts for the quantum and non-Abelian nature of the system. The hydrodynamics of the plasma
is realistically implemented through a 3+1D dissipative hydrodynamics code.
We compute the bottomonium nuclear modification factor and elliptic flow and
compare with the most recent LHC data. The computation does not rely on any
free parameter, as it depends on two transport coefficients that have been evaluated independently in lattice QCD. Our final results, which include late-time
feed down of excited states, agree well with the available data from LHC 5.02
TeV PbPb collisions.

1 Introduction
A striking feature of the strong nuclear force is its confining nature. At low energies and
macroscopic scales, the quarks and gluons charged under the strong interaction only exist
in neutral configurations. In the first few instants after the Big Bang, the energy density
of the Universe was much higher than today, and the quarks and gluons, now confined in
nucleons, may have propagated freely. A recent triumph of experimental nuclear physics,
the heavy ion collision experiments at the Large Hadron Collider (LHC) at CERN and the
relativistic heavy ion collider (RHIC) at Brookhaven National Laboratory may have achieved
sufficiently high energy densities to create a new state of matter, the quark gluon plasma
(QGP), in which quarks and gluons are deconfined. This has spurred theorists to investigate
observables signaling the formation of a QGP.
One such observable is the nuclear modification factor RAA defined as the ratio of the yield
of a heavy quarkonium state in an AA collision to the yield in a pp collision (adjusted for the
number of binary collisions). RAA < 1 signals heavy quarkonium suppression and has long
been theorized to signal the formation of a QGP [1, 2]. It was initially theorized that such
a suppression would be caused by Debye screening of the inter-quark potential at distances
larger than approximately the inverse of the Debye mass. In the years since these initial
predictions, our understanding of the mechanism of heavy quarkonium suppression shifted
due to the finding of thermal corrections to the real part of the in-medium potential related
to screening and a non-zero imaginary part related to in-medium dissociation due to Landau
⇤ e-mail: vandergriend@tum.de

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons
Attribution License 4.0 (http://creativecommons.org/licenses/by/4.0/).

EPJ Web of Conferences 258, 05005 (2022)
https://doi.org/10.1051/epjconf/202225805005
A Virtual Tribute to Quark Confinement and the Hadron Spectrum (vConf21)

damping [3]. This was subsequently extended by the inclusion of non-Abelian singlet-octet
transitions using the e↵ective field theory (EFT) potential non-relativistic QCD (pNRQCD)
[4–7].
Due to the hierarchies of scale inherent to in-medium heavy quarkonium, EFT methods,
and specifically pNRQCD, and the formalism of open quantum systems (OQS) are especially
useful tools to describe the combined system. In Refs. [8, 9], pNRQCD and OQS methods were applied to in-medium bottomonium, and an in-medium evolution equation taking
the form of a Lindblad equation was derived. Refs. [10, 11] made use of the QTraj code
presented in Ref. [12], which implements the quantum trajectories algorithm, to solve the
Lindblad equation and present RAA and the elliptic flow v2 of the ⌥(1S ), ⌥(2S ), and ⌥(3S )
as functions of centrality and transverse momentum pT . The remainder of this proceeding
is structured as follows: in Sec. 2, we provide the necessary theory background to describe
in-medium heavy quarkonium; in Sec. 3, we detail the quantum trajectories algorithm and the
QTraj code used to solve the Lindblad equation describing the in-medium evolution of heavy
quarkonium; in Sec. 4, we present our results; and we conclude in Sec. 5. We emphasize that
the method and results presented in this work are fully quantum, non Abelian, heavy quark
number conserving, and account for dissociation and recombination.

2 Theory background
In this section, we present the theoretical tools, namely pNRQCD and OQS methods, necessary to describe in-medium heavy quarkonium realizing the hierarchy of scales
M & 1/a0 � ⇡T ⇠ mD � E,

(1)

where M is the heavy quark mass, a0 is the Bohr radius of the bound state, T is the temperature of the medium, mD ⇠ gT is the Debye mass, and E is the binding energy of the state.
We direct the reader to Refs. [8, 9] for a more detailed discussion.
pNRQCD is an EFT of the strong interaction obtained from full QCD via the sequential
integrating out of the hard scale M from full QCD to obtain the EFT non-relativistic QCD
(NRQCD) [13, 14]. From NRQCD, further integrating out the soft scale Mv, where v ⌧ 1
is the relative quark-antiquark velocity in a heavy-heavy bound state, gives pNRQCD [15–
17]. The degrees of freedom of the resulting theory are heavy-heavy bound states in color
singlet and octet configurations and gluons and light quarks at the ultra-soft scale Mv2 . At
the Lagrangian level, pNRQCD implements a double expansion in the bound state radius r
and the inverse of the heavy quark mass M
�

1
LpNRQCD = Tr S † (i@0 −h s )S +O† (iD0 −ho )O+O† r·g E S +S † r·g E O+ O† {r · g E , O} , (2)
2
where h s,o are the singlet and octet Hamiltonians h s,o =
Vs = −

C f ↵ s (1/a0 )
,
r

Vo =

p2
M

+ V s,o with

↵ s (1/a0 )
,
2Nc r

(3)

are the attractive singlet Coulombic and repulsive octet Coulombic potentials, respectively.
C f = (Nc2 − 1)/(2Nc ) where Nc = 3 is the number of colors, and ↵ s (1/a0 ) is the strong
coupling evaluated at the inverse of the Bohr radius. The potentials encode the information
of the integrated-out soft scale.
The OQS formalism allows for the rigorous description of a quantum system of interest
coupled to an environment. Within the OQS formalism, three time scales characterize the
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combined system: the system intrinsic time scale ⌧S , the environment correlation time ⌧E ,
and the relaxation time ⌧R . For in-medium heavy quarkonium, these scales are given by
⌧S ⇠

1
,
E

⌧E ⇠

1
,
⇡T

⌧R ⇠

1
1
⇠ 2
,
⌃ s a0 (⇡T )3

(4)

where ⌃ s is the thermal self energy of the quarkonium.
The hierarchy of scales of Eq. (1) implies that ⌧S , ⌧R � ⌧E and the system realizes
quantum Brownian motion allowing for the use of two simplifying assumptions: the Born
and Markov approximations. The Born approximation amounts to a temporal course graining
to time scales over which the quarkonium has no e↵ect on the plasma, i.e., time scales over
which any excitation caused by the presence of the quarkonium in the medium have relaxed
back. At the calculational level, this implies the density matrix of the combined quarkoniumplasma system may be taken to factorize, i.e., ⇢(t) / ⇢S (t) ⌦ ⇢E . The Markov approximation
implies that only the state of the quarkonium at time t is necessary to describe the evolution
at time t. This eliminates a memory integral and gives evolution equations which are local in
time.
Refs. [8, 9] use pNRQCD and the OQS formalism to derive the evolution equations of inmedium heavy quarkonium in a strongly coupled medium. The evolution equations take the
form of a master equation which in the limit ⇡T � E takes the form of a Lindblad equation
[18, 19]
o!
⇥
⇤ X n
d⇢(t)
1 n n† n
n†
= −i H, ⇢(t) +
(5)
Ci ⇢(t)Ci − Ci Ci , ⇢(t) ,
dt
2
n
where

⇢(t) =

Ci0

=

⇢ s (t)
0
p

!
0
,
⇢o (t)

0
BB0
r BBB@
1
i

H=

1
p 12 CC
Nc −1 C
CCA ,
0

0
!
r2 BB1
0
+ γ BBB@
ho
2 0

hs
0

Ci1

=

s

0

Nc2 −2
2(Nc2 −1)

(Nc2 − 4) i 0
r
2(Nc2 − 1) 0

1
CCC
CCA ,

!
0
.
1

(6)

(7)

⇢ s,o (t) are the singlet and octet density matrices.  is the heavy quark momentum di↵usion
coeﬃcient describing the in-medium di↵usion of a single heavy quark [20, 21], and γ is its
dispersive counterpart first identified in Refs. [8, 9]. They are defined as
=
where

g2
6Nc

Z

1

0

Dn
oE
ds Ẽ a,i (s, 0), Ẽ a,i (0, 0) ,

Ẽ a,i (t, 0) = ⌦† (t)E a,i (t, 0)⌦(t),

γ = −i

g2
6Nc

Z

0

1

Dh
iE
ds Ẽ a,i (s, 0), Ẽ a,i (0, 0) , (8)

"
Z
⌦(t) = exp −ig

t

−1

#
dt0 A0 (t0 , 0) .

(9)

 and γ are the only free parameters entering the Lindblad equation.

3 Computational methods
In this section, we introduce the QTraj code presented in Ref. [12] and used in Refs. [10, 11]
to solve the Lindblad equation describing the in-medium evolution of heavy quarkonium.
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3.1 Quantum trajectories algorithm

We make use of the quantum trajectories algorithm to solve the Lindblad equation given in
Eq. (5); for a general introduction to this method, see Ref. [22]. The central idea of the
quantum trajectories algorithm is to split the quantum number conserving diagonal pieces of
the evolution specified by the Lindblad equation from the o↵-diagonal pieces which alter the
quantum numbers of the state. The former are collected into an e↵ective Hamiltonian
i X n† n
C C .
(10)
He↵ = H −
2 n i i

The QTraj code presented in Ref. [12] and used in Refs. [10, 11] implements the quantum
trajectories algorithm to solve the Lindblad equation derived in Refs. [8, 9] as follows:
1. Initialize the wave function | (t0 )i.

2. Generate a random number 0 < r1 < 1 and evolve with He↵ until
−i

|| e

Rt

t0

dt0 He↵ (t0 )

| (t0 )i ||2  r1 .

Designate the first time step fulfilling the above inequality the jump time t j ; if t j < t f ,
where t f is the simulation end time, proceed to step 3 to initiate a quantum jump;
otherwise, end the simulation at time t f .
3. Perform a quantum jump:
(a) If the state is in a singlet configuration, jump to the octet configuration; if the state
is in an octet configuration, generate a random number 0 < r2 < 1 and jump to
the singlet configuration if r2 < 2/7; otherwise, remain in the octet configuration.
(b) Generate a random number 0 < r3 < 1; if r3 < l/(2l+1), take l ! l−1; otherwise,
take l ! l + 1.
(c) Multiply the wave function by r and normalize.
4. Return to step 2.
Each realization of the above algorithm is a quantum trajectory. The average of N quantum
trajectories converges to the solution of the Lindblad equation as N ! 1.
3.2 Simulation details
3.2.1 Input parameters

We estimate our systematic uncertainties by varying  and γ. We utilize three di↵erent
parametrizations of ̂(T ) = (T )/T 3 which we denote ̂U (T ), ̂C (T ), and ̂L (T ) corresponding
to the upper, central, and lower “fit” curves of Fig. 13 of Ref. [23]. In contrast to the direct
extraction of , we utilize three values of γ̂ = γ/T 3 = {−3.5, −1.75, 0} extracted indirectly
from unquenched lattice measurements of δM(1S ); this procedure is outlined in Ref. [24].
Recent lattice studies [25, 26] favor δM(1S ) ' 0 (and hence γ = 0) while the studies [27, 28]
used in Ref. [24] favor more negative values of δM(1S ) (and hence of γ).
We take M as the mass of the bottom quark from M = mb = m⌥(1S ) /2 = 4.73 GeV with
m⌥(1S ) from Ref. [29]. We set the value of the strong coupling ↵ s by solving
a0 =

2
,
C f ↵ s (1/a0 )mb

using the 1-loop, 3-flavor running of ↵ s with ⇤

4

N f =3
MS

= 332 MeV [30] giving ↵ s = 0.468.

(11)
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3.2.2 Lattice parameters

As a numerically tractable discretization of a Dirac delta function, we initialize each quantum
trajectory as a Gaussian
` −r2 /(ca20 )
,
(12)
` (t0 ) / r e

with r (r) normalized to 1 over the 1-dimensional lattice with c = 0.2. We utilize a lattice of
radial volume L= 80 GeV−1 with NUM= 4096 lattice sites corresponding to a lattice spacing
a = 0.0195 GeV−1 ; we utilize a time step of dt = 0.001 GeV−1 . For an analysis of the
systematic error associated with the temporal and spatial discretization and finite size e↵ects,
we direct the reader to Sec. 7 of Ref. [12].
3.2.3 Medium interaction

Interaction with the medium is implemented by coupling to a 3 + 1D dissipative relativistic hydrodynamics code using a realistic equation of state fit to lattice QCD measurements
[31]. The hydrodynamics code uses the quasiparticle anisotropic hydrodynamics (aHydroQP)
framework [32–34] and in Ref. [35] was tuned to soft hadronic data from 5.02 TeV collisions
using smooth optical Glauber initial conditions. In Ref. [10], per centrality bin, approximately 132000 trajectories through the plasma were Monte Carlo sampled and the temperature evolution averaged in each bin. The Lindblad equation was solved using the single
average temperature evolution in each centrality bin. In Ref. [11], approximately 7 − 9 ⇥ 105
physical trajectories through the plasma were generated by Monte Carlo sampling. For each
physical trajectory, the production point was sampled in the transverse plane using the nubin
(x, y, b), the initial pT from an ET−4 spectrum, and
clear binary collision overlap profile NAA
the azimuthal angle φ uniformly in [0, 2⇡]. Approximately 50 − 100 quantum trajectories
were generated per physical trajectory. The distinct physical trajectories allow for the extraction of di↵erential observables including v2 and the presentation of results as a function of
pT . The wave function is initialized at t = 0 fm and evolved in the vacuum until t = 0.6
fm at which time interaction with the medium is initialized; the wave function is evolved in
the medium until the local temperature falls below T f = 250 MeV, from which time forward
vacuum evolution is again used, to ensure that the hierarchy of scales of Eq. (1) is fulfilled at
all times.
3.2.4 Feed down of excited states

Using the quantum trajectories algorithm as implemented in the QTraj code [12], one can
calculate the survival probability of a quarkonium state, i.e., the probability a state traverses the QGP without dissociating. In order to compare with experiment, we must take
into account the probability that an excited state decays into a lower-lying state after exiting the plasma. The experimentally observed production cross section of a state is re~ exp = F σ
~ direct where the vectors contain
lated to the direct production cross section by σ
the states and F is a matrix describing the feed down. We take into account the states
{⌥(1S ), ⌥(2S ), χb0 (1P), χb1 (1P), χb2 (1P), ⌥(3S ), χb0 (2P), χb1 (2P), χb2 (2P)}. Fi j where i < j
is the branching ratio of the state j to i, the diagonal of F is 1, and Fi j = 0 for i > j. RAA of
state i is calculated from the relation


~ direct i
F · S (c, pT , φ) · σ
i
RAA (c, pT , φ) =
,
(13)
~ exp
σ
where S (c, pT , φ) is a diagonal matrix containing the survival probabilities and c labels the
centrality class. The feed down fractions of F are taken from the Particle Data Group [29].
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~ exp = {57.6, 19, 3.72, 13.69, 16.1, 6.8, 3.27, 12.0, 14.15}
Our experimental cross sections are σ
nb and are computed using data from the experimental measurements of Refs. [36, 37] as
explained in Sec. 6.4 of Ref. [10].

4 Results
In Fig. 1, we present our QTraj results for RAA of the ⌥(1S ), ⌥(2S ), and ⌥(3S ) as functions
of pT against experimental measurements of the ALICE [38], ATLAS [39], and CMS [36]
collaborations. We observe good agreement with the experimental data and note the generally
flat dependence of RAA on pT of both our theoretical and the experimental results. In Figs. 2
and 3, we present our QTraj results for v2 of the ⌥(1S ) as a function of centrality and of
pT , respectively, against measurements of the ALICE [40] and CMS [41] collaborations. We
note that our results lie within the uncertainty bounds of the experimental measurements.
In Ref. [11], we present results for RAA of the ⌥(1S ), ⌥(2S ), and ⌥(3S ) as functions
of centrality. We additionally plot the double ratios of RAA [⌥(2S )] and RAA [⌥(3S )] to
RAA [⌥(1S )] against centrality and pT . We also give the elliptic flow of the ⌥(2S ) and ⌥(3S )
against centrality.
κ� ∈ {κ�L(T),κ�C(T),κ�U(T)}, γ� = -1.75
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CMS: 0-100% and |y| < 2.4
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Figure 1. Nuclear modification factor RAA of the ⌥(1S ), ⌥(2S ), and ⌥(3S ) as a function of pT compared
to experimental measurements. The experimental data are taken from the ALICE [38], ATLAS [39],
and CMS [36] collaborations. The bands in the theoretical curves indicate variation with respect to ̂(T )
(left) and γ̂ (right). The central curves represent the central values of ̂(T ) and γ̂, and the dashed and
dot-dashed lines represent the lower and upper values, respectively, of ̂(T ) and γ̂. Taken from Ref. [11].

5 Conclusions
The hierarchy of scales inherent to in-medium bottomonium make the EFT pNRQCD and
the OQS formalism natural tools to describe the system and extract observables of interest.
Carrying out this analysis, the authors of Refs. [8, 9] found that the in-medium evolution
equations of bottomonium take the form of a master equation which in the limit ⇡T  E
takes the form of a Lindblad equation. In Refs. [10, 11], the QTraj code [12] was utilized to
solve the Lindblad equation and extract the nuclear modification factor RAA and the elliptic
flow v2 of the ⌥(1S ), ⌥(2S ), and ⌥(3S ) as functions of centrality and transverse momentum
pT . The method is fully quantum, non-abelian, heavy quark number conserving, and accounts
for dissociation and quantum recombination; furthermore, the RAA and v2 results show good
agreement with experimental measurements of the ALICE, ATLAS, and CMS collaborations.
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Figure 2. Elliptic flow v2 of the ⌥(1S ) as a function of centrality compared to experimental measurements of the CMS [41] collaboration. The bands represent uncertainties as in Fig. 1. Taken from
Ref. [11].
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Figure 3. Elliptic flow v2 of the ⌥(1S ) as a function of pT compared to experimental measurements of
the ALICE [40] and CMS [41] collaborations. The bands represent uncertainties as in Fig. 1. Taken
from Ref. [11].
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