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Abstract. In a holographic model, which was used to investigate the color su-
perconducting phase of QCD, a dilute gas of instantons is introduced to study
the nuclear matter. The free energy of the nuclear matter is computed as a func-
tion of the baryon chemical potential in the probe approximation. Then the
equation of state is obtained at low temperature. Using the equation of state
for the nuclear matter, the Tolman-Oppenheimer-Volkov equations for a cold
compact star are solved. We find the mass-radius relation of the star, which is
similar to the one for quark star. This similarity implies that the instanton gas
given here is a kind of self-bound matter.

1 The Set-up

We start from the bottom-up holographic model which is proposed as Yang-Mills (YM) the-
ory with color superconducting phase. It is given by the following gravitational theory [2–5].

S =

∫
dd+1ξ

√−gL , (1)

L = LGravity +LCSC , (2)

LGravity = R + d(d − 1)
L2 , (3)

LCSC = −1
4

F2 − |D
µ
ψ|2 − m2|ψ|2 , (4)

Fµν = ∂µAν − ∂νAµ , Dµψ = (∂µ − iqAµ)ψ . (5)

It describes d + 1 dimensional gravity coupled to a U(1) gauge field, Aµ, and a charged scalar
field, ψ. Here we consider the case of d = 5. The charge q denotes the baryon number of the
scalar ψ, and it is chosen as q = 2/Nc to represent the quark Cooper pair formation. The mass
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m is given to reproduce the corresponding conformal dimension of the diquark operator dual
to the scalar field ψ with the charge q = 2/Nc. Here we put 1/2κ26 = 1, and the dimensionful
U(1) gauge coupling constant is set as unit. So the metric is dimension less and Aµ has
dimension one as in the 3+1 dimensional case.

Here we add the sector of the S U(Nf ) gauge fields, which is used to build the nuclear
matter through the instanton configuration, which generates the baryon number in QCD. The
instanton configuration is here deformed since it is embedded in a higher dimensional curved
space.

L = LGravity +LCSC +LV , (6)

LV = −1
4

trF2
S U(N f ) (7)

where F2
S U(N f ) denotes the 2-form S U(Nf ) gauge field. The coupling constant g2

YM is set
as one. The mass dimension of the gauge field is taken to be one. Then, in order to pick
up the coupling of the baryon number current and the instanton configuration, we add the
Chern-Simons (CS) term,

S =
∫

dd+1x
√−gL + S CS . (8)

Hereafter we proceed the analysis according to the probe approximation with Nf = 2.

1.1 Instanton in R4

Before solving the equation of motion of our model, the ansatz for the U(1) gauge field and
the instanton configurations for S U(2) gauge fields are given. The coordinates are denoted as
(ξ0, ξ1, ξ2, ξ3, ξ4, ξ5) = (x0, x1, x2, x3, w, z). Then, we make the ansatz for U(1) gauge field as

Ab = Ab(z)δ0b . (9)

As for the S U(2) vector fields, which are set as

f⃗1 = Fi
abτi , (10)

and the following ansats are imposed,

( f⃗1)i j = Q(xm − am, ρ)ϵi jkτ
k , ( f⃗1)iz = Q(xm − am, ρ)τi , (11)

where ρ (am) denotes the instanton size (position), ϵ123z = 1, i, j = 1, 2, 3 and m = 1, . . . , 4,
where x4 = z. Then the S U(Nf ) vector part (7) is given for Nf = 2 as

LV = −
3
2

Q2
[(
g11
)2
+ g11gzz

]
. (12)

In order to see the baryon, Q is given as an instanton solution in flat 4D space {xm} [6, 7],

Q =
2ρ2

(
(xm − am)2 + ρ2)2 . (13)

Now let us make an ansatz for Q as follows:

Q2 =

NI∑

i

4ρ4

(
(xm − am

i )2 + ρ2
)4 . (14)
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This corresponds to the dilute gas approximation of instantons. Then the size of instanton is
determined by the variational principle so as to minimize the energy density.

Lastly, the CS term is given by

S CS = κCSϵ
m1···m4

∫
d4x dz A0tr(Fm1m2 Fm3m4 ). (15)

2 Effective action and EoS for nuclear matter

Let us now evaluate the effective action of the instantons. To this end, the gravity background
dual to the low temperature confinement phase is given as the following:

ds2 = k2/5ηµνdxµdxν +
4
25

k−3/5(k−2/5dz2 + z2dθ2) , (16)

where k = 1 + z2. Then the matter action with embedded instantons is obtained as

S matter =

∫
d6ξ
√−g

(
−1

4
F2 − 1

4
trF2

S U(2)

)
+ S CS

=

∫
d4xdz

(
1
2

zk3/5A′0
2 − nz

12
25

q̄2
[
k−4/5 +

25
4

k3/5
]
+ nn0A0q̄2

)
, (17)

where A′0 = ∂zA0(z), and n0 = 48κCS. In order to estimate this action, we solve the equation
of motion of A0(z). It is obtained as

−∂z

(
zk3/5A′0

)
+ nn0q̄2 = 0 . (18)

Then we have

zk3/5A′0 = d̄ =
π2

6
nn0

2z3 + 3zρ2

(z2 + ρ2)3/2 + c . (19)

Here, c denotes an integration constant of Eq. (18) over z. We take c = 0 to set as d̄(z = 0) = 0.
Due to this condition, the matter action S matter of (17) is written as

S matter =

∫
d4x
{
µQ̄ −

∫
dz
(

d̄ 2

2zk3/5 + nz
12
25

q̄2
[
k−4/5 +

25
4

k3/5
])}
, (20)

where the chemical potential µ and the charge density Q̄ ≡ d̄(∞) are given as

µ = A0(∞) =
∫ ∞

z1

dz
d̄

zk3/5 + A0(z1) =
∫ ∞

z1

dz
d̄

zk3/5 , (21)

Q̄ = d̄(∞) =
π2

3
nn0 , (22)

where z1 is an arbitrary positive value and A0(z1) is set as zero. which is the boundary condi-
tion in solving the differential equation of A0(z), Eq. (19).
Then the free energy density E of the instanton system is given as

S matter = −
∫

d5ξ E(ρ, µ) (23)

E(ρ, µ) =

∫
dz
(

d̄ 2

2zk3/5 + nz
12
25

q̄2
[
k−4/5 +

25
4

k3/5
])
− µQ̄ (24)
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2.1 EoS for nuclear matter

By giving n, n0, z1, which are the parameters of the present bottom-up model, µ(ρ) and E(ρ)
are calculated according to the Eqs. (21) and (24) as the functions of ρ. Then a minimum
point of E(ρ) is found at ρ = ρmin. Thus we can obtain E(ρmin) and µ(ρmin) for the given
parameters n, n0, z1.

Table 1. EoS of nuclear system for n0 = 1.5, z1 = 0.1

n µ(ρmin) E(ρmin) ρmin vmin

0.005 0.0688 0.00031 0.01 2.09 ×10−8

0.01 0.138 0.0000393 0.02 3.35×10−7

0.015 0.209 -0.00022 0.03 1.70×10−6

0.02 0.275 -0.00178 0.04 5.36 ×10−6

0.03 0.411 -0.00829 0.06 2.75 ×10−5

0.05 0.68 -0.0368 0.09 1.52×10−4

0.1 1.335 -0.2075 0.13 9.2 ×10−4

Table 1 shows a resultant example of such calculations for n0 = 1.5, z1 = 0.1. The regions
of the calculations are restricted to the region for µ < 1.7 [3]. On the other hand, the pressure
p, which is given by p = −E, of the instanton gas is negative for µ < µc ∼ 0.17. So in this
region, the gas is in an undesirable phase as a nuclear matter considered here.

Thus we find that the stable nuclear matter exists in the region, 1.7 > µ > µc ∼ 0.17. In
this region of the nuclear matter, its dilute gas picture is reasonable since vmin ∼ O(10−4) ≪ 1,
where vmin =

4
3πρ

3
minn indicates the volume which is occupied by instantons in a unit 3D

volume.

Here we proceed the analysis, and we can arrive at the following approximate formula

p = aµ(µ − µc) , (25)

where a = 0.13 and µc = 0.17. Then using (25), the energy density is given at T = 0 as [8]

ϵ = µq − p = µ
∂p
∂µ
− p = aµ2 , (26)

and the speed of sound is obtained as

C2
s =
∂p
∂ϵ
=
∂p/∂µ
∂ϵ/∂µ

= 1 − µc

2µ
. (27)

This leads to the following bound of C2
s as 1

2 < C2
s < 1. We notice that the lower bound

1/2 is fairly large comparing to that of the ordinary nuclear matter. We should however notice
that the constraint for C2

s comes from the formula (25), which is an approximate formula
available at small µ. It is possible to improve (25) by adding correction terms of higher
powers of µ. For example, by adding a term like µ4, we can find a new formula, p = a′µ(µ −
µ′c) + b′µ4 with appropriate values for the parameters, a′, µ′c, b

′. In this case, we can see
that the maximum value of Cs is realized at µ smaller than 1 and its maximum value is
suppressed from 1, then it decreases to Cs = 1/

√
3 in the large µ region. However, as we

can see, the correction term of µ4 becomes small in the small µ region. Then it is difficult to
suppress largely the lower bound 1/2. We find the small value of sound speed in region of

4
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0 < C2
s < 1/2 for µ < µc, where µc(� µ′c) denotes the critical point and it satisfies p(µc) = 0.

In this region of µ, however, the pressure p is negative, then the instanton gas cannot make
a nucleon matter like a star. This implies that our model can not cover the low density part
of the normal nuclear matter, in which the sound velocity decreases to zero from its upper
bound (1/

√
3). How to overcome this point is remained here as a future problem.

In this sense, the nuclear matter given here might be a special one. Our model is consid-
ered in a restricted region of density or µ, µc < µ < 1.7, where 1.7 denotes the transition point
to the deconfined RN phase. Here, therefore, we proceed analysis by using a simple model
with (25) and (26), then we arrive at the EoS of the nuclear matter given as the instanton gas.
It is written as,

p = ϵ −
√

aϵ µc . (28)

z1�0.1

For n0�1.5

0.5 1.0 1.5 2.0

Μ

0.1
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0.4

0.5

P

Figure 1. p = −E(µ) versus µ at stable instanton size ρmin near phase transition point µc = 0.17. The
solid curve denotes the numerical calculations, and the dotted curve represents p = 0.13µ(µ − µc).

3 TOV equation and M-R relation of neutron star

The TOV equations for a star with the mass m and p at the radius r in the star are given as,

dp
dr

= −G(ϵ + p)
m + 4πr3 p
r(r − 2Gm)

, (29)

dm
dr

= 4πr2ϵ . (30)

Here, G denotes the gravitational constant. They can be solved by using the EoS given in
(28) with the boundary condition, p(r = 0) = pc and m(r = 0) = 0. Solving these equations,
we obtain the mass of the star, M = m(R), and its radius R, where R is defined by p(R) = 0.

In order to obtain the numerical results with dimensionful quantities, we must adjust the
scale parameters for each dimensionful quantities (x̃). To do so, the above TOV equations are
rewritten by using the dimensionless quantities as [9]

dp̃
dr̃

= −B(ϵ̃ + p̃)
m̃ + 4πAr̃3 p̃
r̃(r̃ − 2Bm̃)

, (31)

dm̃
dr̃

= 4πAr̃2ϵ̃ , (32)

where

A =
r3

0ϵ0

m0
, B =

Gm0ϵ0
p0r0

, (33)
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Figure 2. Plot of the neutron mass M(R) (in unit of solar mass M⊙) versus the radius R for p = ϵ−√aϵµc

(or p = aµ(µ − µc)), µc = 0.17 and a = 0.13.

and the various variables (x) are replaced by the dimensionless quantities (x̃) by using its
typical dimensionful value x0 as x = x0 x̃. For example, we rewrite as p = p0 p̃.

Then the solutions of (31) and (32) with A = B = 1 are equal to the one of (29) and (30)
with G = 1. Thus the solution of the latter equations are translated to the one of the former
ones as shown in Fig. 2. It is given for r0 = 3.0 km in natural unit. In this case, we find
m0 = 2.03M⊙ 1 and ϵ1/40 = 0.896 GeV, which provides physical unit to the quantities given in
the Table 1. For example, the energy density of the center in the star, whose mass is about two
solar mass, is given by 0.00242 GeV4. This is about twice as large as the one of the normal
nuclear matter.

4 Comparison with the observational data

There are some important observational data which can constrain the theoretical EoS. We
now have the following at least three important constraints for the M-R relation;

1. Two solar mass (2M⊙) neutron star observation from the Shapiro delay measure-
ment [10, 11].

2. Radius constraint from GW170817 via the gravitational wave observation. The actual
constraint is 9.0 < R < 13.6 km for M = 1.4M⊙ [12–14].

3. Upper bound of M for cold spherical neutron stars which is estimated from no detection
of relativistic optical counterpart in the analysis of GW170817. The actual limit is
estimated as the range 2.15 − 2.26M⊙ [15].

The maximum mass Mmax of our result overshoots the 2.15 − 2.26M⊙ constraint, but we can
expect that there are some phase transitions at high density such as the chiral, deconfined,
and color superconducting phase transitions which we do not consider in this study. Then,
EoS can be softer than the present one at high density and thus Mmax should be smaller than
the present value.

With our EoS, the M-R curve flows down to the left bottom, Such behavior is similar to
the M-R curves obtained with EoS proposed in Ref. [16]; the actual behavior of the curves
can be seen in Refs. [17, 18] denoted as “SQM1-3"; these EoS which contain the quark matter
make self-bounded neutron stars which do not have minimum masses. The tendency of the

1The symbol M⊙ denotes the solar mass.
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M-R curves in the small M region in our model may be modified when we suitably introduce
“interactions" to the present model because we employ the dilute instanton gas approxima-
tion; the baryonic contribution can be expected to have relatively strong effects on EoS at
low density. In addition, we here use the dilute gas of the instanton of the S U(2) gauge field
and thus the number of the flavor is considered as two. But since the core of the neutron
star is very dense, the hyperon degree of freedom can join the game as the baryonic mode in
addition to nucleons. In the present study, we consider the simple symmetric nuclear matter
because the difference between the flavors and effects of the electrons are difficult to include
in the model at present. Therefore, the inclusion of the effects such as the beta equilibrium
and charge neutrality are our future work.

5 Summary and discussions

In this paper, we have studied cold nuclear matter and its equation of state (EoS) based on
the six dimensional holographic model. The nuclear matter was introduced as a dilute gas of
deformed instantons in the AdS soliton background. The instantons are electric charge neutral
and they are made of the S U(2) gauge fields and the action includes the Chern-Simons term
as well as the kinetic term. Owing to the energy balance between these two terms in the
action, the size of the instanton can be determined for fixed parameters of the model. As the
result, EoS for nuclear matter, i.e., pressure as a function of energy density, is obtained.

Then, we applied the EoS to solve the Tolman-Oppenheimer-Volkov equations for a com-
pact star numerically and found the mass-radius (M-R) relationship. The curve is somewhat
similar to the one for strange quark matter and we provided a certain interpretation for that.
In our approach, it might be possible that the mass of an instanton is very heavy compared
with an ordinary nucleon, which is a specific property in holographic QCD since the nucleon
mass is proportional to the number of colors Nc. So far we have no definite answer and this
is a future issue.

In order to improve our current study, several ingredients are taken into account. One is
to go beyond the dilute gas approximation of instantons. The other is to study whether the
system enjoys the phase transition from nuclear matter to (perhaps color superconducting)
quark matter at higher baryon density. If such a phase transition is present, the EoS gets soften
and the resultant M-R curve could be modified. Furthermore it will be interesting to extend
our current study into the case with hyperon degrees of freedom. To this end, the holographic
treatment of heavy-light meson system (for instance, see [19]) must be instructive. These will
be the future issues.
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