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Locating the special point of hybrid neutron stars
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Abstract. The special point is a feature unique to models of hybrid neutron
stars. It represents a location on their mass–radius sequences that is insensitive
to the phase transition density. We consider hybrid neutron stars with a core
of deconfined quark matter that obeys a constant–sound–speed (CSS) equation
of state model and provide a fit formula for the coordinates of the special point
as functions of the squared sound speed (c2s ) and pressure scale (A) parameters.
Using the special point mass as a proxy for the maximum mass of the hybrid
stars we derive limits for the CSS model parameters based on the recent NICER
constraint on mass and radius of pulsar PSR J0740+6620, 0.36 < c2s min < 0.43
and 80 < A[MeV/fm3 ] < 160. The upper limit for the maximum mass of hybrid
stars depends on the upper limit for c2s so that choosing c2s,max = 0.6 results in
Mmax < 2.7 M� , within the mass range of GW190814.

1 Introduction
The recent observation of gravitational waves originating from the inspiral of a binary system
of neutron stars has resulted in a significant step forward in the field of nuclear astrophysics.
The event, labeled GW170817 [1], along with a subsequent observation of the resulting kilonova [2] signaled the beginning of the era of multi-messenger astronomy. As a direct result,
for the first time, it became possible to determine limits on the neutron star tidal deformability, and due to its connection with the equation of state (EoS) of dense neutron star matter [3]
also to obtain limits on the masses and radii of the merging stars [4, 5]. In addition, this event
has reignited the discussion on signals of quark- matter in the cores of neutron stars [6, 7].
The possibility of finding this rare state of matter inside neutron stars provides a unique
opportunity of accessing the cold and dense sector of the Quantum Chromodynamics (QCD)
phase diagram, which remains out of reach for first–principle lattice QCD calculations. A
large body of work exists on the possible states of cold, strongly interacting matter and their
relation to neutron star properties (for recent reviews, see [8, 9] and references therein), which
were triggered by the observation of pulsars with masses around 2 M� [10–13]. But without
a radius measurement at this high mass, there are still too many EoS scenarios possible, with
and without a deconfinement phase transition.
E↵orts are being made to solve the problem of a reliable radius measurement by employing the X-ray timing method (cf. [14] and references therein). For that purpose, the
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NASA NICER mission was deployed to the International Space Station in June 2017 and
has since then gathered luminosity data from a few millisecond pulsars. Results have been
published for two objects,: the heaviest known pulsar with a precisely determined mass, PSR
J0740+6620 [15, 16], and an intermediate mass pulsar, PSR J0030+0451 [17, 18]. The latter
only marginally agrees with the analysis of GW170817 [19] in the same mass range, resulting
in a narrow region of possible radii for intermediate-mass neutron stars [20], or perhaps hint
at a signal of the third family of compact stars [21] which would give rise to the phenomenon
of mass twin stars [22] that could occur in di↵erent mass ranges [23], also in the mass range
of GW170817, see [9] and references therein.
The high-mass pulsar PSR J0740+6620 is observed to have a rather large radius, see
figure 1. This creates tension with the idea of purely hadronic neutron stars. Hadronic matter
tends to soften at higher densities due to the onset of hyperons [24] which creates the "hyperon
puzzle" problem for nonrelativistic EoS models that are based on realistic nucleon-nucleon
interactions like the APR EoS [25]. Adding a repulsive few-nucleon interaction in the form of
a multi-pomeron potential solves the hyperon puzzle for such models [26, 27] but this cannot
explain the large radius for PSR J0740+6620.
While not completely excluded, the scenario of purely hadronic neutron star interiors is
being increasingly disfavored by observation. A possible alternative are multi–phase models,
predicting a phase transition from purely hadronic neutron stars at low mass to intermediate and high mass hybrid stars with a core presenting exotic states of matter, for instance a
quark–gluon plasma (QGP). Such constructions are not completely free of the shortcomings
of hadronic models, as the common convention is to construct a Maxwell–type first order
phase transition from a sti↵er hadronic equation of state (EoS) to a softer one, represented by
the QGP. Recently, a number of alternative approaches were proposed [8, 28, 29] which join
a soft low-density hadronic EoS with sti↵ QGP models at high densities, thus easily fulfilling
all observational constraints.
In this manuscript, we will restrict ourselves to the standard Maxwell construction of a
phase transition and make use of the novel insights due to the special point property of hybrid
neutron star sequences [30–33] in order to determine the impact of the recent observations
on the available parameter space of a class of constant–speed–of–sound (CSS) QGP models
[34], which were shown to provide an accurate description of color–superconducting quark
matter [35, 36].
The manuscript is organized as follows. After introducing the two-phase hybrid EoS
model for dense matter in the next section, we present results of an extensive scan of the
possible locations of the special point in the mass-radius plane in section 3. In section 4,
we introduce a fit formula that relates the coordinates of the special point to the CSS model
parameters A and c2s and obtain as the main result of this contribution the mapping of the new
NICER mass-radius constraint for PSR J0740+6620 onto the A − c2s plane. In section 5 we
draw our Conclusions.

2 The two phase dense matter model
In the absence of a unified description of cold hadronic and quark matter with a phase transition at high densities, the hybrid star matter EoS must be constructed by matching separate
EoS, comparing pressures derived using hadrons, Ph (µ), or deconfined quarks, Pq (µ), as degrees of freedom. The EoS with the higher pressure is the one that is preferred by nature and
describes the bulk thermodynamics. A crossing of both alternative EoS at the critical chemical potential µc marks a first-order phase transition fulfilling the condition Ph (µc ) = Pq (µc )
for the Maxwell construction.
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The hadronic EoS discussed in this study is chosen from the class of relativistic densityfunctional (RDF) models based on the DD2 parametrization [37] with excluded volume effects modelled according to [38]. Its inputs are fitted to the properties of finite nuclei and
it predicts the EoS for nuclear matter at low densities up to and at nuclear saturation in accordance with the phenomenological data. Therefore, it should provide a reliable basis for
extrapolations to supersaturation densities.
For the deconfined quark matter phase, the class of CSS quark matter models will be
used. The EoS in the form of pressure as a function of the baryochemical potential reads (see
also [31] or the Appendix of [34]),
−2

P(µ) = A(µ/µ0 )1+cs − B,

(1)

where the model parameters A, B and c2s are constant and µ0 = 1 GeV. The baryon density n
follows from the canonical relation
dP(µ)
A µ
= n(µ) = (1 + c−2
s )
dµ
µ0 µ0

!c−2
s

.

(2)

Using the above, we arrive at the energy density
−2

1+c s
.
" = µn − P = B + c−2
s A(µ/µ0 )

(3)

The relation between pressure and energy density takes the form
P = c2s " − (1 + c2s )B.

(4)

It has been shown in [35] that the above CSS model fits well the EoS of color superconducting
quark matter in both, the 2SC and the CFL phases which were obtained from a self-consistent
solution of the three-flavor NJL model in the mean field approximation [39, 40].

3 The special point
The special point of hybrid neutron stars is a property first described in [30] and recently
studied in [31–33]. It is a characteristic feature of a broad range of two–phase models (see,
e.g., [41–43]), presenting itself as a stationary point in the mass–radius diagram for hybrid
star sequences. Any parametrization of the hybrid model, which varies only by the onset
density of the second phase, will cross this point. This is illustrated in figure 1.
As was shown in [31–33], this feature can be used to characterize a broad family of EoS,
without the need to fully scan the parameter space of the model, and to easily compare model
predictions with observational data. Most recently, this has been demonstrated in [33], where
a prediction on the radius range of a hybrid star fulfilling PSR J0740+6620 mass–radius
measurement was derived.
A detailed map of the special point locations and their dependence on the CSS model
parameters has been made in [33], shown here as figure 2, and will be used in the following
chapter. It has been shown in [31, 33] that this map is independent of the underlying hadronic
EoS, the phase transition density and the type of the phase transition (first order, crossover
etc.). Therefore, it can be used to isolate the hybrid neutron star branch and analyze observational data in the context of constraints on the parameters of the microscopic model for
deconfined quark matter.
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Figure 1. Special point as the intersection of hybrid star sequences (red solid lines) on the neutron
star mass radius diagram. The black line represents the hadronic EoS with excluded volume DD2p40,
naming convention analogous to [38]. The intersection of the red lines with the black one mark the
onset of CSS quark matter in the core, see also [33]. Observational data taken from [4, 5, 15–18, 44]

Figure 2. Location of the special point (green area) for 0.25 < c2s < 1.0 and 80 < A[MeV/fm3 ] < 300,
lines of constant c2s and A are shown for comparison. Figure adopted from [33]. Observational data
taken from [4, 5, 15–18, 44]

4 Parameter fit
The coordinates of the special point are to a good approximation described by the following
relationship
8
⇣ ⌘ bR ⇣
⌘
>
3 cR
2
>
>
<RS P [km] = aR · c s · A[MeV/fm ] + dR ,
(5)
⇣ ⌘b ⇣
⌘c
>
>
>
: MS P [M ] = a M · c2s M · A[MeV/fm3 ] M + d M .
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Table 1. Parameters of the fit formulas Eq. (5) for the special point location in the M − R diagram.

X
R
M

aX
145.938
35.332

bX
0.420
0.648

cX
-0.47
-0.47

dX
-0.4
-0.4

The accuracy of this approximation can be judged from figures 3 and 4, where the data points
were taken from [33] (see also figure 2) and the black solid lines are obtained using the fit
formulas of Eq. (5) with the parameters listed in table 1.

Figure 3. Masses of the special point location (colored points) as function of the CSS parameters c2s
(left panel) and A (right panel) compared to the fit formula (5) (black line). See text for details.

Figure 4. Radii of the special point location (colored points) as function of the CSS parameters c2s (left
panel) and A (right panel) compared to the fit formula (5) (black line). See text for details.

By inverting the fit (5) we were able to translate existing observational constraints on
neutron star masses and radii to constraints on the CSS model parameter space. This is the
main result of this work, shown in Fig. 5.

5 Conclusions
The special point typically corresponds to a mass slightly below Mmax , no less than
Mmax − MSP = 0.2 M� [31]. If we assume MSP ⇡ Mmax and that PSR J0740+6620 represents
the heaviest possible neutron star, we arrive at a narrow band of CSS model parameters that
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Figure 5. Left panel: Neutron star mass–radius diagram with the 1σ results of the NICER measurement
of PSR J0740+6620 [15, 16]. The light green band is the mass range for the lighter object in the binary
merger GW190814. The grey area approximates the region of special point locations for which the
hybrid star sequence would fulfill the radius constraint from PSR J0740+6620. For orientation, we show
limiting values of constant A as well as c2s = 0.5. In the small red area lie all physical parametrizations
of the color superconducting nonlocal NJL model of quark matter [36] Right panel: The same areas and
lines as in the left panel, translated to the coordinate system spanned by the CSS model parameters c2s
and A.

remain in agreement with this observation. Further demanding the A parameter not to fall below a value of 80 MeV/fm3 , a value which ensures a phase transition not below the saturation
density (cf. [33]), we can determine a narrow band of possible values for the speed of sound
parameter c2s . For A = 80 MeV/fm3 , the possible range is 0.36  c2s  0.43. Higher values of
A would subsequently drive the speed of sound to greater values with a limit in the vicinity
of c2s ⇡ 0.6.
Translating back the requirement of a transition at supersaturation density, we arrive at
a limit represented by the black dashed line in the left panel of Fig. 5. Only the left side of
this limit can be achieved with the CSS model assuming Mmax ⇡ M J0740 . A potential revision
of the measurement, that would suggest a higher radius for the star would signal, that this is
not the highest possible mass for a neutron star, or that the CSS model does not accurately
approximate the cold and dense matter EoS.
Finally, the grey band of the right panel of figure 5 shows the available parameter space of
the CSS model, assuming Mmax > M J0740 , for which the model would remain in agreement
with the NICER observation. For A = 80 MeV/fm3 , this results in an upper limit on c2s,max =
0.8, along with the previous lower limit of c2s,min = 0.36.
We have demonstrated how the special point feature of hybrid neutron stars can be applied to provide direct limits on the chosen quark matter model parameters by translating the
novel NICER measurement of PSR J0740+6620 to the parameter space of the CSS model.
Further constraints can be derived from existing measurements, a task which we leave for
subsequent studies. Due to the link between the phenomenological CSS model and the color–
superconducting nlNJL model illustrated in [36], such limits can provide valuable insight into
the phenomenon of color–superconductivity in quark matter at high densities.
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