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Abstract. The strong suppression of bottomonia production in ultra-relativistic
heavy-ion collisions is a smoking gun for the creation of a deconfined quark-
gluon plasma (QGP). In this proceedings contribution, I review recent work
that aims to provide a more comprehensive and systematic understanding of
bottomonium dynamics in the QGP through the use of pNRQCD and an open
quantum systems approach. This approach allows one to evolve the heavy-
quarkonium reduced density matrix, taking into account non-unitary effective
Hamiltonian evolution of the wave-function and quantum jumps between dif-
ferent angular momentum and color states. In the case of a strong coupled
QGP in which Ebind � T,mD � 1/a0, the corresponding evolution equation is
Markovian and can therefore be mapped to a Lindblad evolution equation. To
solve the resulting Lindblad equation, we make use of a stochastic unraveling
called the quantum trajectories algorithm and couple the non-abelian quantum
evolution to a realistic 3+1D viscous hydrodynamical background. Using a
large number of Monte-Carlo sampled bottomonium trajectories, we make pre-
dictions for bottomonium RAA and elliptic flow as a function of centrality and
transverse momentum and compare to data collected by the ALICE, ATLAS,
and CMS collaborations.

1 Introduction

Bottomonium states that propagate through a deconfined quark-gluon plasma (QGP) are sup-
pressed due to both Debye-screening, which modifies the real part of the heavy-quark po-
tential, and in-medium transitions/breakup, which are encoded in the imaginary part of the
heavy-quark potential. In recent years there have significant advances in our understanding
of heavy-quark bound state dynamics in the QGP stemming from a combination of potential
non-relativistic QCD (pNRQCD) and open quantum systems (OQS) [1–4]. In this effective
field theory treatment one relies on a separation scales between the inverse size of the bound
states 1/〈r〉, the effective temperature of the system T , and the binding energy of the states
E. Through the inclusion of hard-thermal-loop effects one can also include the effect of the
induced Debye mass, mD, of the system on the heavy-quark potential. In a strongly cou-
pled QGP, due to the large coupling, there is not a strict ordering of the temperature and
Debye mass scales. Instead one typically has πT ∼ mD and the relevant hierarchy of scales
is 1/a0 � πT,mD � E, where a0 is the Bohr radius. In this case it can be shown that the
quantum evolution is Markovian, with the local medium relaxation time being shorter than
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both the time scale associated with internal transitions and the probe (heavy quarkonium) re-
laxation time [5–7]. As a consequence, the dynamical equation which governs the evolution
of the heavy quarkonium reduced density matrix is of Lindblad form [1, 2].

The Lindblad equation for the reduced density is challenging to solve numerically. This
stems from the fact that one must decompose states in angular momentum and color quantum
numbers followed by discretization of the underlying wave-functions on a lattice of size N, re-
sulting in a reduced density matrix with the number of elements proportional to (lmax+1)2N2,
where lmax is the largest angular momentum quantum number considered. For reliable com-
putation one must take both a large number of lattice points and a large angular momentum
cutoff, which makes directly solving the Lindblad equation numerically prohibitive, with
memory size scaling like (lmax + 1)2N2 and per step evolution times scaling like (lmax + 1)4N4

[8].1 When faced with a problem with such high dimensionality it is frequently beneficial
to make use of Monte-Carlo methods. A particularly well-suited algorithm is provided by
the quantum trajectories algorithm [9–14]. In this approach, one maps the solution of the
Lindblad equation to solution of an ensemble of a independent one-dimensional Schrödinger
equation evolutions that are subject to stochastic color and angular momentum transitions
(quantum jumps) [14]. When averaged over the ensemble, one obtains a solution to the three-
dimensional Lindblad equation. Due to the fact that each quantum trajectory is independent,
the quantum trajectories algorithm lends itself to massive parallel computation. Additionally,
since between quantum jumps the evolution proceeds with fixed color and angular momen-
tum quantum numbers, one does not have to place a cutoff on the magnitude of the angular
momentum. Herein, we present results obtained using an open-source code called QTraj,
which implements the quantum trajectories algorithm for bottomonium states [8].

In this proceedings contribution, we briefly review the theoretical underpinnings of the
method and present comparisons between the phenomenological results obtained using a
realistic hydrodynamical background and experimental data for bottomonium observables
collected by the ALICE, ATLAS, and CMS collaborations in 5 TeV Pb-Pb collisions.

2 Methodology

Using pNRQCD and OQS, in Refs. [1, 2] the authors obtained a set of master equations
for heavy quarkonium in a strongly coupled QGP. When the temperature is much larger than
the binding energy, T � E, one can make an expansion in E/T , finding at leading order an
evolution equation of Lindblad form [15, 16]

dρ(t)
dt
= −i[H, ρ(t)] +

∑
n

(
Cnρ(t)C†n −

1
2

{
C†nCn, ρ(t)

})
, (1)

where, for Nc colors, the reduced density matrix and Hamiltonian are given by

ρ(t) =
(
ρs(t) 0

0 ρo(t)

)
, (2)

H =
(
hs 0
0 ho

)
+

r2

2
γ


1 0
0 N2

c−2
2(N2

c−1)

 , (3)

with ρs(t) and ρo(t) being the singlet and octet reduced density matrices, respectively, and
hs,o = p2/M + Vs,o being the singlet or octet Hamiltonians. The jump (collapse) operators C

1For application to heavy-quarkonium dynamics in the QGP one needs N ∼ 4000 and lmax ∼ 5.
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Figure 1. The nuclear modification factor RAA of the Υ(1S ), Υ(2S ), and Υ(3S ) as a function of Npart

compared to experimental measurements from the ALICE [23], ATLAS [24], and CMS [25] collabora-
tions. The bands indicate variation with respect to κ̂(T ) (left) and γ̂ (right). The central curves represent
the central values of κ̂(T ) and γ̂, and the dashed and dot-dashed lines represent the lower and upper
values, respectively, of κ̂(T ) and γ̂.

appearing in Eq. (1) are

C0
i =

√
κ

N2
c − 1

ri
(

0 1√
N2

c − 1 0

)
, C1

i =

√
(N2

c − 4)κ
2(N2

c − 1)
ri
(
0 0
0 1

)
, (4)

with the transport coefficients κ and γ given by the real and imaginary parts of the chromo-
electric correlator

κ =
g2

18

∫ ∞
0

dt
〈{

Ẽa,i(t, 0), Ẽa,i(0, 0)
}〉
, γ = −i

g2

18

∫ ∞
0

dt
〈[

Ẽa,i(t, 0), Ẽa,i(0, 0)
]〉
. (5)

3 Results

We solve (1) using the quantum trajectories algorithm. For the transport coefficients κ and
γ, we use lattice quantum chromodynamics measurements to constrain them. For the re-
sults presented herein we will vary κ over three temperature-dependent parameterizations
κ̂(T ) = κ(T )/T 3 ∈ {κ̂L(T ), κ̂C(T ), κ̂U(T )} with the lower, central, and upper limits determined
using the results of Ref. [17]. For γ, less is known. To allow for all current indirect lattice
extractions, we take γ̂ = γ/T 3 = {−3.5, −1.75, 0} [18–22]. We note that the coefficient κ
sets the magnitude of the imaginary part of the potential, while γ sets the magnitude of the
modification of the real part of the potential.

To compute the nuclear suppression in AA collisions we compute the survival probabil-
ity for a large number of physical trajectories with Monte-Carlo-sampled initial production
points and transverse momenta. Along each physical trajectory we additionally average over
a set of quantum trajectories in which different quantum evolutions are sampled. Once the
survival probability for each state under consideration is computed, we then perform late-time
excited state feed down using a feed down matrix F constructed from the measured branching
ratios and cross sections for bottomonium states [3].

With this one can compute the nuclear suppression of state i from

Ri
AA(c, pT , φ) =

(
F · S (c, pT , φ) · �σdirect

)i
�σi

exp
, (6)
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Figure 2. (Color online) The double ratio of the nuclear modification factor RAA[Υ(2S )] to RAA[Υ(1S )]
as a function of Npart compared to experimental measurements of the ALICE [23], ATLAS [24], and
CMS [31] collaborations. The bands indicate variation of κ̂(T ) and γ̂ as in Fig. 1. The black and red
experimental error bars represent statistical and systematic uncertainties, respectively.

where �σdirect and �σexp are the pre-feeddown and experimentally observed pp cross sections
for bottomonium production, respectively. In this expression c, pT , and φ correspond to the
centrality, transverse momentum, and azimuthal angle bins being considered. The survival
probability S (c, pT , φ) is a diagonal matrix containing each state’s survival probablity along
the diagonal. For the background evolution, we use a three-dimensional anisotropic hydro-
dynamics code (aHydro3p1) that has been tuned to soft-observables such as the pion, kaon,
and proton spectra and elliptic flow [26]. The aHydro3p1 code implements quasiparticle
anisotropic hydrodynamics, including a lattice-based equation of state [27–30].

In practice we averaged over millions of sampled physical trajectories using a large one-
dimensional lattice to solve for the stochastic evolution. For the precise lattice spacing, time
steps, initial conditions used, etc., we refer the reader to Ref. [4]. In the left panel of Fig. 1
we plot the nuclear suppression factor as a function of the number or participants. The band
in the figure indicates our theoretical uncertainty in RAA stemming from the uncertainty in
the transport coefficient κ. Similar results are obtained when varying γ, however, the band is
somewhat larger (see Ref. [4]). As can be seen from Fig. 1, our predictions for the depen-
dence of RAA on Npart agree quite well with the reported experimental data. In the right panel
of Fig. 1 we present our predictions for the pT -dependence of RAA and compare to experi-
mental data. Once again we see good agreement given current theoretical and experimental
uncertainties.

In Fig. 2 we present our predictions for the double ratio
[Υ(2S )/Υ(1S )]PbPb/[Υ(2S )/Υ(1S )]pp. In the left and right panels, the bands result
from variation of κ and γ, respectively. As the left panel demonstrates, the dependence on
κ largely cancels when considering the double ratio; however, in the right panel we see that
this ratio has a stronger dependence on γ. Similar behavior was seen in the 3S to 1S double
ratio [4]. This offers some hope that, with increased experimental statistics, one can use
2S/1S and 3S/1S double ratio data to constrain the transport coefficient γ.

Finally, in Fig. 3 we present our predictions for the elliptic flow of the Υ(1S ) in three dif-
ferent centrality classes along with a centrality-integrated measurement in the right subpanel
of both figures. The left and right figures in Fig. 3 correspond to varying κ and γ, respectively.
In the case of v2[Υ(1S )], the variation with κ and γ are similar and our predictions are, again,
in reasonable agreement with available data. We note that if one focuses on the integrated
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Figure 3. (Color online) The elliptic flow v2 of the Υ(1S ) as a function of centrality compared to
experimental measurements of the CMS [32] collaboration. The QTraj bands represent uncertainties as
in Fig. 1. QTraj error bars indicate the statistical uncertainty of our extraction.

results shown in the right sub-panel of each figure, our predictions have small systematic and
statistical uncertainties and are consistent with CMS measurements within uncertainties.

4 Conclusions and outlook

In this proceedings contribution, I highlighted recent work that uses the framework of OQS
together with pNRQCD to make phenomenological predictions for bottomonium suppression
in the quark-gluon plasma. The code used to generate the results presented herein has been
released as an open-source package along with detailed documentation in Ref. [8]. Additional
theory/data comparisons and discussions can be found in Ref. [4]. Our results demonstrate
that it is possible to understand experimental measurements of bottomonium suppression
based on a first-principles approach that is fully quantum and incorporates features that are
unique to non-abelian QCD, such as singlet-octet transitions.

Using pNRQCD and OQS methods, at leading-order one must solve an evolution equa-
tion of Lindblad form for the reduced density matrix. Due to the difficulty of solving such
a large matrix evolution equation, we made use of an algorithm originally developed for
quantum optics applications, called the quantum trajectories algorithm. With this method,
solution of the 3D non-abelian Lindblad equation could be reduced to the solution of a 1D
Schrödinger equation with a non-Hermitian Hamiltonian subject to stochastic internal transi-
tions (angular momentum and color) dubbed quantum jumps. This algorithm allows one to
solve the 3D non-abelian Lindblad equation in a massively parallel manner due to the fact
that each quantum trajectory is independent.

Looking to the future, it is necessary to include next-to-leading order corrections in the
binding energy over the temperature, E/T , in order to assess the convergence of the high-
temperature expansion used to obtain the leading-order Lindblad equation. This will help to
reduce the theoretical uncertainty in the low-temperature limit associated with the leading-
order truncation and will be allow us to include drag/recoil effects.
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