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Abstract. The Beam Energy Scan program at the Relativistic Heavy Ion Col-
lider (RHIC) is searching for the QCD critical point. The main signal for the
critical point is the kurtosis of the distribution of proton yields obtained on an
event by event basis where one expects a peak at the critical point. However,
its exact behavior is still an open question due to out-of-equilibrium effects and
uncertainty in the equation of state. Here we use a simplistic hydrodynamic
model that enforces strangeness-neutrality, selecting trajectories that pass close
to the critical point. We vary the initial conditions to estimate the effect of
out-of-equilibrium hydrodynamics on the kurtosis signal.

1 Introduction

As the search for the QCD critical point [1–5] continues, it becomes increasingly impor-
tant to have a thorough understanding of its signals, including what factors influence them
and how strong those influences are. One such signal is non-monotonic behavior of the kur-
tosis of the equilibrium net baryon distribution [6, 7], specifically, a large peak in the vicinity
of the critical region signifying large fluctuations of net baryon number. Since there is no first
principles way to calculate the QCD equation of state (EoS) at finite baryon densities due to
the sign problem, one must rely on phenomenological methods and models.

One such implementation is done in Ref. [8] in which a critical region with the expected
3D Ising universality class is smoothly matched to the Lattice QCD EoS at zero net baryon
density and uses a Taylor expansion for the non critical contribution to the pressure at finite
net baryon densities. The size, shape, and strength of the critical region can be selected
through the use of multiple numerical parameters, each of which produce a realization of a
QCD EoS with a critical point that can be constrained against data and theoretical consistency
checks (e.g. 0 ≤ c2

s ≤ 1). The aforementioned work is an extension of a previous one [9]
which now has the ability to capture ’heavy-ion’ trajectories through the phase diagram by
enforcing both net strangeness neutrality as well as finite electric charge, instead of µB = µS =

0. The difference in the isentropes produced (which are trajectories in the phase diagram of
constant entropy to baryon number ratio, s/ρB) by the two EoS’s can be seen in Fig. 1.

The EoS developed in that work is used here, with the parameterization being the same
as that of the paper [8]. In this work, we use this EoS in conjunction with a simplified
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Figure 1. Left: A comparison of isentropes from an EoS realization which enforces µB = µS = 0
vs. one that enforces heavy-ion trajectories. Right: Demonstration of the ability of the system to pass
through a large portion of the phase diagram depending on what its initial out-of-equilibrium initial
conditions are.

hydrodynamic model to begin exploring out of equilibrium effects on the kurtosis at freeze-
out. The value of the kurtosis at freeze-out is intimately related to the fluctuations in baryon
number from event to even when the system freezes out [7, 10–12], thus directly tying it to
an observable. The work here does not use a realistic hydrodynamic model and cannot make
quantitative predictions. However, it does give a qualitative idea of the kinds of effects one
might expect to encounter in realistic model to data comparison.

2 Out-of-Equilibrium Effects

It has been shown in previous works [13, 14] that out of equilibrium effects can have
an impact on the (T, µB) trajectories explored by the system throughout its evolution. This
can have a direct influence on searches for the critical point by possibly pushing the system
towards or away from the critical point on an event by event basis, and even affecting the
path the system takes through the critical region. In Fig. 1, we demonstrate the ability of a
system to pass through a large portion of the phase diagram, using the same energy density,
three different baryon densities, and many different initial values for shear-stress tensor and
the bulk pressure.

It is also expected that in the vicinity of the critical region the bulk viscosity, ζ/s, should
scale with the correlation length to the third power, i.e. ζ/s ∼ (ξ/ξ0)3 where ξ0 is a scaling
constant picked to scale the correlation length appropriately in the critical region [15]. In
order to incorporate as many critical effects as possible, we implement a bulk viscosity that
has this critical scaling, the exact form of which, can be seen in the next section.

3 Hydrodynamic Model

As a starting point for future work, we use a simplified Bjorken expanding model [16] to
obtain qualitative result and a basic understanding of the sought after effects. Here we use
the DNMR equations of motion detailed in [13]. These equations of motion require initial
conditions for πηη - the rapidity eigenvalue of the shear stress tensor, Π - the bulk pressure,
the energy density ε, and ρ - the baryon density. Second order transport coefficients are the
same as in [17, 18]. We use a temperature dependent shear viscosity (ηT/w where w = e + p
is the enthalpy), given by an excluded volume calculation below the transition temperature
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Figure 2. Trajectories of different runs that pass through the critical region

Figure 3. The fourth moment of the equilibrium net baryon distribution at fixed values of temperature.
The vertical lines are bands around possible values of the kurtosis seen including out of equilibrium
effects. The dots are where the isentropes intersect the parabolas of constant temperature.

[19, 20] (using the PDG16+ [21]) that is matched onto a QCD motivated parameterization in
the deconfined phase [22, 23]. The form of the non-critical and critical bulk viscosities are
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4 Effects On Probed Kurtosis

In Fig. 2, one can see a variety of different hydrodynamic (T, µB) trajectories that the
system can pass through and still go through the critical region. Here, we study which value
of the kurtosis is actually probed by these runs, and check this at three different values of
temperature after the critical point, specifically, 1, 3, and 5 MeV afterwards. In Fig. 3 we
show which different values of χ4 are probed in our simulations. In this work, χ4 is used as a
substitute for the kurtosis since the two are closely related.

It can be seen in Fig. 3 that out of equilibrium effects lead to a spread in χ4 probed on
an event by event basis. The vertical lines for each figure represent the bounds given by out
of equilibrium effects in our work, the dots show where the isentrope probes χ4 at a given
(T, µB). It can be seen in the bottom panel that the isentrope probes a region outside the
bounds probed by out of equilibrium effects in our study.

5 Conclusion

In this work we have explored some consequences that out-of-equilibrium effects could
have on the search for the critical point. In particular, we look at the fourth moment of the
equilibrium net baryon distribution because of its relation to the kurtosis. We found that, for
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a given EoS, the value of kurtosis you probe at freeze-out is heavily dependent on the out-of-
equilibrium initial conditions of the system. This can lead to different values of the kurtosis
being probed on an event by event basis.

This material is based upon work supported by the the US-DOE Nuclear Science Grant
No. DE-SC0019175; the National Science Foundation under grants no. PHY-1654219, PHY-
1560077, and DGE – 1746047; and the DFG grant SFB/TR55.
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