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Abstract. We propose an improved quark coalescence model for spin align-
ment of vector mesons by spin density matrix with phase space dependence.
Within this model we propose an understanding of spin alignments of vector
mesons φ and K∗0 in the static limit: a large positive deviation of ρ00 for φ
mesons from 1/3 may come from the electric part of the vector φ field, while
a negative deviation of ρ00 for K∗0 mesons may come from the electric part of
vorticity fields. In the low-pT region, ρ00 for K∗0 mesons is proportional to p2

T ,
which is qualitatively agree with experimental results.

1 Introduction

In ultra-relativistic heavy-ion collisions, a huge orbital angular momentum (OAM) can be
generated in the direction perpendicular to the reaction plane. During the evolution of the
fireball, the OAM is transferred to the spin polarization of quarks through the spin-orbit cou-
pling in nonlocal scatterings [1]. The polarized quarks will then combine and form polarized
hadrons and mesons in the freezeout stage [1–3]. The spin alignment of vector mesons can
be measured through the angular distribution of decay daughters [4]. Here we report on our
recent paper [5], where an improved quark coalescence model in phase space with spin de-
grees of freedom was proposed. We give a general relation between the density matrix of
vector mesons and that of quarks. Using the spin polarization of quarks in vorticity and vec-
tor meson fields, predicted by the Wigner function approach [3], we derive spin alignments
of vector mesons φ and K∗0. Our work propose possible explanations for the experimental
results obtained by ALICE and STAR collaborations [6–8]. This work should be tested by
a detailed and comprehensive simulation of vorticity tensor fields and vector meson fields in
heavy ion collisions.

Notations and conventions. We suppress the time dependence of all quantities throughout
this paper since we work at the formation time of hadrons. We use boldfaced symbols to rep-
resent three-vectors, e.g., x or p, and use xi with subscript i = x, y, z for the three components.
The momentum integration measure is denoted using shorthand notation [d3p] ≡ d3p/(2π)3.

2 Spin density matrix and quark coalescence model in phase space

In Ref. [3], a quark coalescence model is constructed based on the spin density matrix in mo-
mentum space. However, we need to formulate a model that includes space-time dependence
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because spin polarizations of quarks are inhomogeneous in heavy ion collisions. We gen-
eralize the definition of density operator by including off-diagonal elements in momentum
space,

ρ =
∑

s

∫
d3x
∫

[d3p]w(s, x, p)
∫

[d3q]e−ix·q
∣∣∣∣∣s, p +

q
2

〉 〈
s, p − q

2

∣∣∣∣∣ , (1)

where |s, p〉 is the spin-momentum state of considered particles. Here x is the conjugate posi-
tion of q, i.e., the difference between momenta of state bases. Such a definition is consistent
with the wave-packet description for a quantum particle, wherein a particle has finite mo-
mentum uncertainty and consists of plane waves with various momenta. The weight function
w(s, x, p) is actually the Wigner function, which is the probability of finding a particle (de-
scribed by a wave packet) with spin s, center position x, and average momentum p. It can be
obtained by projecting the density operator onto two states with the same spin and different
momenta

w(s, x, p) =
∫

[d3q]eiq·x
〈
s, p +

q
2

∣∣∣∣∣ ρ
∣∣∣∣∣s, p −

q
2

〉
. (2)

For quarks with spin 1/2, we parameterize the weight function as

w(q|s, x, p) =
1
2

fq(x, p)
[
1 + sPq(x, p)

]
, (3)

where fq(x, p) is the normalized quark distribution function,
∫

d3x
∫

d3[p] fq(x, p) = 1, and
Pq(x, p) denotes the average spin polarization at phase space point (x, p).

We note that definitions of the density operator in Eq. (1) and the weight function in
Eq. (2) can be applied to any kind of particles, such as quarks/antiquarks or vector mesons.
Therefore spin density matrix elements for mesons are obtained similar to Eq. (2) by putting
the density matrix operator between two meson states,

ρM
S z1,S z2

(x, p) =
∫

[d3q]eiq·x
〈
M; S , S z1; p +

q
2

∣∣∣∣∣ ρM

∣∣∣∣∣M; S , S z2; p − q
2

〉
, (4)

where M labels the flavor state of the meson, S = 1 for a vector meson, and S z = −1, 0, 1
denote spin states in the spin quantization direction. We take the approximation that the
meson’s density matrix is given by the direct product of density matrices of its constitute
quark/antiquark, ρM = ρqq̄ ≡ ρq ⊗ ρq̄. Putting ρqq̄ into Eq. (4), we derive

ρM
S z1,S z2

(x, p) =
∫

d3xb[d3pb][d3qb]e−iqb·xbϕ∗M

(
pb +

qb

2

)
ϕM

(
pb −

qb

2

)

×
∑
s1,s2

w
(
q1
∣∣∣s1, x +

xb

2
,

p
2
+ pb

)
w
(
q̄2
∣∣∣s2, x −

xb

2
,

p
2
− pb

)

×
〈
S , S z1

∣∣∣ s1, s2

〉 〈
s1, s2

∣∣∣ S , S z2

〉
, (5)

where we have used the fact that the spin state in a meson’s wave function can be decoupled
from the momentum state. The combination of spin states is controlled by the Clebsch-
Gordan coefficients 〈S , S z1 | s1, s2〉. Meanwhile, the inner product between the meson’s mo-
mentum state |M; p〉 and the quark-antiquark’s momentum state |p1, p2〉 gives the meson wave
function ϕM , 〈

p1, p2
∣∣∣M; p

〉
= (2π)3δ(3) (p1 + p2 − p)ϕM

(p1 − p2

2

)
. (6)

The simplest choice of ϕM(k) is the Gaussian distribution ϕM(k) = NM exp[−k2/(2a2
M)],

where aM is the average momentum width for the meson’s wave function. The pre-factor NM

is determined by the normalization condition
∫

[d3k]ϕ∗M(k)ϕM(k) = 1.

2
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2
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where aM is the average momentum width for the meson’s wave function. The pre-factor NM

is determined by the normalization condition
∫

[d3k]ϕ∗M(k)ϕM(k) = 1.

3 Spin alignments of φ and K∗0

In relativistic heavy ion collisions, there are different sources for spin polarizations of massive
fermions: vorticity fields, electromagnetic fields, and mean fields of vector mesons. Here we
only consider polarizations induced by vorticity and vector meson fields since contributions
from electromagnetic fields are believed to be negligible [9]. For quarks and antiquarks, the
polarization along the direction of global OAM, i.e., the y-direction, are given by

Pyq/q̄(x, p) =
1
2
ωy ±

1
2mq

(ε × p)y ±
gV

2mqT
BV
y +

gV

2mqEpT
(EV × p)y , (7)

which are derived in the Wigner function approach [3]. We have defined the three-vector of
the electric part of the thermal vorticity tensor as ω = ∇ × (βu)/2, and the magnetic part
as ε = −[∂t(βu) + ∇(βu0)]/2, where β = 1/T is the inverse temperature and uµ = (u0, u) is
the flow velocity. The strength tensor FµνV of vector meson fields is also decomposed into
the electric part EV

i = Fi0
V and the magnetic part BV

i = −ε i jkF jk
V in analogy with normal

electromagnetic fields, with i, j, k = x, y, z. We use gV to represent the coupling constant
between quark/antiquark and vector meson fields in the quark-meson model [10, 11]. For
light quarks, i.e., u and d quarks, the major contributions are ρ and ω meson fields, while s
quarks are mainly polarized by φ meson fields.

Substituting the average polarization (7) for s and s̄ into Eqs. (3) and (5), we obtain the
average value of the normalized spin density matrix element ρ̄00 ≡ ρ00/(ρ−1,−1 + ρ00 + ρ11)
(which is also called the spin alignment) for φ mesons,

〈
ρ̄
φ
00(x, p)

〉
≈1

3
− 1

9

〈
ω2
y

〉
− 1

27m2
s

(〈
ε2

x

〉
+
〈
ε2

z

〉) 〈
p2

b

〉
φ

+
g2
φ

9m2
s


〈(
βBφy
)2〉
+

〈(
βEφz
)2〉 〈 p2

b,x

Ep1 Ep2

〉

φ

+

〈(
βEφx
)2〉 〈 p2

b,z

Ep1 Ep2

〉

φ



+
1

36m2
s


〈
ε2

z

〉
− g2
φ

〈(
βEφz
)2〉 〈 1

Ep1 Ep2

〉

φ

 p2
x

+
1

36m2
s


〈
ε2

x

〉
− g2
φ

〈(
βEφx
)2〉 〈 1

Ep1 Ep2

〉

φ

 p2
z , (8)

where p1 = p/2 + pb and p2 = p/2 − pb. Here the spin quantization direction is chosen as
the y-direction. We use 〈· · · 〉 to represent the average over generating positions of φ mesons,
while 〈· · · 〉φ to represent the average on the φ meson’s wave function. We have 〈· · · 〉φ ≡
8
∫

d3xbd3pb exp
(
−p2

b/a
2
M − a2

Mx2
b

)
(· · · ) if we take the Gaussian distribution approximation

for the meson wave function. We find that, in Eq. (8), all contributions appear independently
as positive or negative quantities. For nearly static φ mesons with p � 0, vorticity fields,
including ω and ε, have negative contributions, while vector meson fields Eφ and Bφ have
positive contributions. We have argued in Ref. [9] that the dominant contribution to ρ̄φ00 may
possibly be from the electric part Eφ, which results in the positive deviation from 1/3 for φ
mesons’ spin alignment [6–8].

Let us turn to the spin alignment of vector meson K∗0 with flavor (ds̄). We note that d
quarks will be polarized by ρ and ωmeson fields, i.e., Pyd depends on Eρ, Bρ, Eω, and Bω. On
the other hand, s̄ is polarized by φ meson fields Eφ and Bφ. We take the approximation that
different kinds of meson fields do not have large correlation in space, therefore only quadratic

3
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terms survive in the spin alignment of K∗0,

〈
ρ̄K∗0

00 (x, p)
〉
≈1

3
− 1

9

〈
ω2
y

〉
− 1

27m2
s

(〈
ε2

x

〉
+
〈
ε2

z

〉) 〈
p2

b

〉
K∗0

+
1

36msmd

[〈
ε2

z

〉
p2

x +
〈
ε2

x

〉
p2

z

]
. (9)

This result is obtained by substitute polarizations of d and s̄, given by Eq. (7), into Eqs. (3)
and (5). We see that contributions from vector meson fields are absent in Eq. (9). The spin
alignment of K∗0 is dominated by vorticity fields and will be smaller than 1/3 for nearly static
K∗0, which qualitatively agrees with experimental results obtained by ALICE and STAR [6–
8]. We note that the contribution from ε for ρ̄K∗0

00 is amplified by about 2.1 ∼ 2.3 compared
to that for ρ̄φ00. Therefore ε may have a sizable magnitude of contribution for ρ̄K∗0

00 , but is less
important for ρ̄φ00. We also notice that the spin alignment of K∗0 is proportional to p2

T in the
low-pT region, which seems to be agree with the pT dependence in Refs. [6–8].

4 Summary

We have constructed an improved quark coalescence model based on the spin density matrix
in phase space with coordinate dependence. Spin alignments for vector mesons φ and K∗0 are
derived from spin polarizations for quarks. We propose understandings of significant positive
(negative) deviations of ρ̄00 for φ (K∗0) mesons from 1/3, which should be tested by detailed
simulations of vorticity and vector meson fields in heavy ion collisions.
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