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Abstract. The article presents high-order simulations of heat transfer in fluid flow. Heat induced changes

in material properties (density, viscosity and heat conductivity) substantially influence flow structures. The

change of fluid density implies naturally the thermal expansion what results in non-homogeneous divergence

of velocity and the model of evolutionary Navier-Stokes-Fourier equations is not strictly incompressible in

this case. Proposed algorithm treats the model as a fully coupled system of equations. Applied method

of operator splitting is promissing to become a more general concept for numerical modelling of active

quantities advected by incompressible fluids. This work follows the 2D results presented during EFM 2019

and extends to 3D together with advances of the code reimplementation to current version of the Nektar++

library (open-source framework for spectral/hp finite elements). Results for various settings for both the

forced/mixed and natural convection are shown.

1 Introduction

In this contribution, we are going to revisit the problem of

fluid flow coupled with a heat exchange, which was pre-

sented in previous EFM conference as a 2D study of nat-

ural and forced convection. The algorithm, unless based

on the same idea, was reformulated now and implemented

as a full 3D solver into the Nektar++ library [1], an open

source library supporting the spectral/hp finite elements.

The solver is expected to be available in the next release

of the library. Mentioned 2D studies were based on early

version (3.3.0) of Nektar++ and present reimplementation

allows combination of new features of the library with

the solver, namely stabilisation techniques (spectral van-

ishing viscosity), algebraic solvers, parallelisation or pre-

and post-processing tools.

The set of equations to be discussed is the fully cou-

pled Navier-Stokes-Fourier system with temperature de-

pendent material properties (dynamic viscosity µ, thermal

conductivity κ and density ρ).
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Name Symbol Definition

Prandtl Pr
c+p∞µ

+
∞

κ+∞

Rayleigh Ra RiPrRe2

Reynolds Re
L+ |v+∞|ρ

+

µ+∞

Richardson Ri
∆ρ+g+L+

ρ+∞|v
+
∞|

2
or
gβ∆T L

|v∞|2

Table 1. Definitions of used nondimensional numbers. Note,

that temperature T is normalised by farfield value T+∞ instead of

widely used characteristic temperature difference ∆T+.

where

S = D −
1

3
(∇ · v) I (2)

is related to the deviatoric part of the stress tensor (pure

shear stress) and D =
1

2

[

∇v + (∇v)T
]

. This dimension-

less system of equations represents a model for flow of

a heated fluid, while the fluid is supposed to be Newto-

nian, calorically perfect and obeying Fourier’s law of heat

conduction. The unknowns are velocity v = (u, v, w)T,

pressure p and temperature T , other symbols are listed in

table of nomenclature. Used dimensionless numbers are

summarized in table 1.
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Nomenclature

(We use dimensionless formulation, if a quantity acts as with physical units it is denoted by superscript "+")

a, a, A scalar, vector, tensor Greek letters

c+p specific heat at constant pressure β thermal expansion coefficient

g+ gravitational acceleration κ thermal conductivity

g unit vector in direction of gravitational force µ dynamic viscosity

I unit tensor ρ density

L+ characteristic length Ω computational domain

n unit normal vector to a boundary

p pressure Symbols

t time | · | vector magnitude

T temperature T = T+

T+∞
, Tr =

T+
W

T+∞
(·)T transposition

Θ temperatureΘ =
T+−T+∞
T+

W
−T+∞

∇, ∇·, ∇× gradient, divergence, curl

v = (u, v, w) velocity ∇2 Laplace

Presented system considers the velocity to be diver-

gent as a consequence of the thermal expansion unless the

model originates in the incompressible formulation. This

ambiguity follows from dependence of density purely on

temperature, while the dependence on pressure is ne-

glected. The system and algorithm get close to the border

between incompressible and compressible formulations.

Especially between numerical methods for incompress-

ible and compressible flow have been substantial differ-

ences.

2 Algorithm

Proposed algorithm is derived from the high-order split-

ting scheme introduced for the incompressible Navier-

Stokes system in Karniadakis [2] and splitting approach

for variable viscosity of Karamanos [3]. Main aspects of

its derivation stays in approximation of the time deriva-

tives by Backward Difference formulas (BDF) and split-

ting the system to implicitly solved pressure-Poisson

equation and a second order problems of form (∇2−λ)u =

f . Idea for incorporating a time dependent material prop-

erty (q) stays in its representation in form q(x, t) = q̄ + qs,

where q̄ is a time-independent part (constant or generally

q̄ = q̄(x)) scaling the implicitly treated operators, while

qs = qs(x, t) acts in time-dependent terms evaluated within

extrapolation (see Pech [4]). It is worthy to note, that we

do not impose any restriction to the form of the functions

describing temperature dependencies of material proper-

ties, they are expected to be fully nonlinear. The algorithm

solves each step at once without any iterative process.

Its detail description is beyond the scope of this article.

Denoting extrapolation of Q-th order

[u]∗ =

Q
∑

q=0

un−q ≈ un+1

and BDF

[
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∣

∣

∣

∣
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,

the main steps may be sketched as follows:

1. Pressure-Poisson equation

∇2 p =
γ

∆t
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supplemented by the High Order Pressure Bound-

ary Condition (HOPBC)
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(4)

2. elliptic problem for each of the velocity components

∇2vn+1 −
γRe

∆t
vn+1 = FV([A]∗ , [∇d − ∇ × ∇ × v]∗) .

(5)

3. the same type of elliptic equation, with specific

source term, is solved finally for temperature

(

∇2 − RePr
γ

∆t

)

Tn+1 = .. . (6)

where

A = − ρ (v · ∇v)

+
1

Re

(

−µ∇ × ∇ × v + ∇µ ·
[

∇v + (∇v)T
]

−
2

3
(∇µ) d +

4

3
µ∇d

)

+ fEX . (7)

and divergence is evaluated as

d = −
1

ρ













[

∂ρ

∂t

]BDF

+ v · ∇ρ













. (8)

The correctness of the algorithm implementation and

its convergence properties were tested using a smooth

and bounded manufactured solution. For illustration,

x-velocity component of the used exact solution was

u =2.0*cos(PI*x)*cos(PI*y)*cos(PI*z)*sin(t),
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Fig. 1. First and second order, Q = 1, 2, convergence in time

∆t → 0.

other velocity components, temperature and pressure were

in similar form. Functions describing temperature depen-

dencies of material were set to identical form of power

law ρ = µ = κ = (1 + 0.1T )2 for the convergence test.

Error decay in u, T and p with shortening the timestep ∆t

is shown in L∞-norm in fig. 2. Polynomial degree for this

test was set to 14, sufficient for full resolution in spatial

coordinates. Presented error decay therefore completely

belongs to discretisation in time. Figure 2 shows the error

decay of the scheme if the Dirichlet boundary condition

is imposed, convergence with full HOPBC is slower in

pressure component due to the error arising from bound-

ary extrapolation and the fact, that pressure-Poisson step

becomes fully Neumann.

The new implementation of the solver was applied

in simulations of natural convection and forced convec-

tion/transient flow, studied previously using the same

method in 2D.

3 Simulations

The temperature dependencies of material properties re-

quire knowledge of the farfield thermodynamic state.

However, this information is often missing in published

results. Materials have different properties at different

temperatures and not only in their values, but also in sense

of derivatives. Knowledge of values is sufficient for eval-

uation of the dimensionless numbers, but derivatives play

an important role in our model and are unknown if the

thermodynamic state of the experiment is not specified.

Unfortunately, information about T∞ was not found in

none of the paper we followed (Kuehn [5], Ren [6]). For

that reason, T∞ = 293, 15 was set, but it might be an arti-

ficial source of inaccuracy.

To check the scheme performance on a wider variety

of cases, parameters for air were set in case of natural con-

vection, while water flow was studied in case of transient

Fig. 2. Top: Computational mesh consisting of 111 elements.

Bottom: Detail to cylinder area, abscissas connect the integra-

tion poins.

convection (in case of constant properties, models would

be indistinguishable). The dependencies followed from

fitting the data tabulated in [7] resulting as power laws or

second order polynomial approximations.

Computational domain Ω for both tests was chosen to

be of the same spatial extent 23x18x4 (cylinder diameter

L = 1), the same as used in Ren [6]. Curved boundary

of the cylinder was approximated by polynomial of order

15, which is sufficient for full resolution of this curvature.

In both regimes the mesh consisting of 111 elements was

used, see Fig. 3. Such a low number of elements in the

mesh brings a limit for the number of cores over which

the task may be parallelised.

3.1 Natural convection

Study of the natural convection was inspired by existence

of data from Kuehn [5], which were already used for com-

parison with results obtained with the 2D Navier-Stokes-

Fourier solver. The data are two dimensional, but geomet-

rical setting of our 3D model is not expected to induce 3D

patterns in vicinity of the source of heat.

The farfield/reference temperature was chosen to be

T∞ = 293.15, and ratio Tr =
T_W

T∞
= 1.01 (TW is the tem-

perature of cylinder wall). Material parameters refered to

air, therefore Pr = 0.71. The Reynolds number was set

3
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Table 2. Boundary conditions used in the natural convection

simulation. All the Neumann boundary conditions denoted
∂•

∂n
were homogeneous, "HOPBC" denotes 4.

Fig. 3. Comparison of temperature distribution in vicinity of

heated cylinder for Ra = 100 (left), Ra = 103 (center) and Ra =

104 (right).

to Re = 120. Computation was performed with timestep

∆ = 0.005 and polynomial approximation in spatial coor-

dinates was of degree 10. Setting of the boundary condi-

tions is summarized in table 3.1.

Only very basic outflow condition was available for

the newly implemented solver and size of the computa-

tional domain was limited what resulted in instability of

the computation at the time, when the wake structures

touched the "outflow" boundary. However, the domain

extent was sufficient to allow development of the field

around the cylinder, see Fig. 3.1.

Contours of temperature in this buoyancy driven flow

well coincide with results obtained for the same Rayleigh

numbers in mentioned 2D simulations. More detail stud-

ies of 3D structures emerging later downstream are left for

a future investigations.

3.2 Transient flow

The second simulation was an attempt to reconstruct re-

sults published in Ren[6] using currently implemented al-

v T p

inflow (1, 0, 0) 1 HOPBC

top&bottom

(

∂u

∂n
, 0,
∂w

∂n

)

∂T

∂n

∂p

∂n

outflow

(

∂u

∂n
,
∂v

∂n
,
∂w

∂n

)

∂T

∂n
0

cylinder (0, 0, 0) Tr HOPBC

front&back

(

∂u

∂n
,
∂v

∂n
, 0

)

∂T

∂n

∂p

∂n

Table 3. Overview of boundary conditions used in the transient

flow simulation. All the Neumann boundary conditions denoted
∂•

∂n
were homogeneous, "HOPBC" denotes 4.

gorithm, which extends substantially the model (previous

results were taken strictly with constant parameters and

homogeneous divergence).

Boundary conditions set in this case are summarized

in table 3.2, Tr = 1.01.

The flow at Re = 85 and Ri = 1.0 stayed in the regime

of parralel vortex shedding for very long time in current

simulations, unless it is known it is unstable also in the

spanwise direction. This may be a consequence of low

level of numerical noise produced in spatial coordinates if

high order approximation is used. Similar observation was

reported also in 2D study comparing spectral/hp element

method with the finite volumes in [8]. Therefore we im-

posed a small disturbance to velocity field in z-coordinate

to speed up development of the final structures. Studied

flow regime did not dump this impuls and slowly devel-

oped. In time interval t ∈ [330 : 380] we can observe

periodic evolution of the fluid forces acting to the cylin-

der, Fig. 3.2.

Accordingly to periodicity and amplitude in evolu-

tion of the aerodynamic forces (Fig. 3.2) we deduce, that

the flow was fully developed after 350 time units. Peri-

odic variation of small amplitude was observed also in the

spanwise direction of velocity.

The final part of the simulations was done with poly-

nomial degree 13 (in each spatial direction) and time step

∆t = 0.005. Computation was parallelized up to 48

cores. Final part, where the full resolution was used,

t ∈ [300 : 380] (15000 steps), then took approx. 12000

s. To solve the global algebraic system, direct parallel

XXT solver with multilevel static condensation was used.

Therefore a significant time interval of the computation

was covered by evaluation of the inverse system, approx

1/4 of the computational time.

Unless the simulations were not pushed to extreme

accuracy which high order methods offer, obtained re-

sults very well resemble structures described in Ren [6].

The three-dimensional structures, Fig. 3.2 are qualita-

tively comparable with [6] (pg. 28, fig. 2.13.). In Fig. 3.2,

it is observable, that the pattern in y-component of vortic-
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Fig. 4. Time evolution of drag and lift force for mixed 
convection case (Re = 85, Ri = 1.0).

Fig. 5. Re = 85, Ri = 1.0, y-component of vorticity ωy at y = 0.

ity is not positioned symmetrically at the presented time.

This coincides with periodical evolution of low amplitude

in mentioned spanwise component of force acting onto the

cylinder.

Achieved data were processed at the same contour lev-

els as in work of Ren [6]. Figure 3.2 shows contours of

temperature and vorticity in x-direction. The polynomial

space used in this simulation seems to be sufficient to rep-

resent tiny structures both in temperature and velocity in

the wake behind the heated cylinder.

4 Conclusion

The main achievement presented in this contribution is

in successful implementation of original scheme, which

is suitable for simulations based on spectral/hp element

method. The algorithm was implemented into the most

current version of the open-source library Nektar++ and

is supposed to be included in a next release version.
Present study showed, that the algorithm achieves

expected convergence orders in time and is applicable to

simulations of real physical processes.
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