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Abstract. We work with the system of equations describing the non-stationary compressible turbulent multi-
component flow in the gravitational field. We assume the mixture of perfect inert gases. The flow over rough
terrain is simulated with the use of the finite volume method. The modified Riemann problem is solved at the
boundary faces. The roughness of the surface is simulated using the alteration of the specific dissipation at
the wall, and with the use of the wall functions. Velocity profile is compared with the experimental results.
Own-developed computational code is used.

1 Introduction

Our aim is to numerically simulate the flow of the per-
fect gas mixture. We consider the viscous compressible
gas flow, described by the Reynolds- Averaged Navier-
Stokes equations with the k-ω model of turbulence. This
system is equipped with the equation of state in more gen-
eral form, and with the mass conservation of the additional
gas specie. The expected result is to construct a method
suitable for the estimates of the pollutant concentrations
caused by the given source. This contribution follows pre-
vious work [1–4].

2 Formulation of the Equations

We consider the conservation laws for viscous compress-
ible turbulent flow of ideal gas with the zero heat sources
in a domain Ω ∈ IRN , and time interval (0,T ), with T >
0. The system of the Reynolds-Averaged Navier-Stokes
equations in 3D has the form

∂w

∂t
+

3∑
s=1

∂ f s(w)
∂xs

=

3∑
s=1

∂IRs(w,∇w)
∂xs

+S in QT = Ω×(0,T ).

(1)
Here x1, x2, x3 are the space coordinates, t the time, w =

w(x, t) = (%, %v1, %v2, %v3, E)T is the state vector, f s =

(%vs, %vsv1 + δs1 p, %vsv2 + δs2 p, %vsv3 + δs3 p, (E + p) vs)T

are the inviscid fluxes, IRs = (0, τs1, τs2, τs3,
∑3

r=1 τsrvr +

Ck∂θ/∂xs)T are the viscous fluxes, S are additional
sources. u = (v1, v2, v3)T denotes the velocity vector, % is
the density, p the pressure, θ the absolute temperature, E =

%e+ 1
2%u

2 the total energy. Further τi j = (µ+µT )S i j−δi j
2
3%k,

with S 11 = 2
3

(
2 ∂v1
∂x1
−

∂v2
∂x2
−

∂v3
∂x3

)
, S 12 =

∂v1
∂x2

+
∂v2
∂x1
, S 13 =

∂v1
∂x3

+
∂v3
∂x1
, S 21 = S 12, S 22 = 2

3

(
−
∂v1
∂x1

+ 2 ∂v2
∂x2
−

∂v3
∂x3

)
, S 23 =

∂v2
∂x3

+
∂v3
∂x2
,

S 31 = S 13, S 32 = S 23, S 33 = 2
3

(
−
∂v1
∂x1
−

∂v2
∂x2

+ 2 ∂v3
∂x3

)
, where µ
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is the dynamic viscosity coefficient dependent on temper-
ature, µT is the eddy-viscosity coefficient. For the specific
internal energy e = cvθ we assume the caloric equation
of state e = p/%(γ − 1), cv is the specific heat at con-
stant volume, γ > 1 is called the Poisson adiabatic con-
stant. The constant Ck denotes the heat conduction coef-
ficient Ck = ( µ

Pr
+

µT
PrT

)cvγ, and Pr is laminar and PrT is
turbulent Prandtl constant number. In our application of
flow in the gravitational field we set the source terms to
S = (0, %g1, %g2, %g3, %g · u), where g = (g1, g2, g3) is the
gravity vector. For the gas mixture with two species we
use the Dalton’s law for the total mixture pressure

p = p1 + p2,

where p1 and p2 are the partial pressures of the first and
second component gas. Let %1 and %2 be the mass den-
sity of these components. Then the total mass density of
mixture is

% = %1 + %2.

Temperature θ is same for all gases in the mixture, and the
equation of state holds

pi = %iRiθ, Ri =
Rg

mi
,

where Rg = 8.3144621 is universal gas constant, and mi

denotes the mollar mass of the ith specie. We can intro-
duce the species mass fractions Y1,Y2, with Y1 =

%1
%
,Y2 =

%2
%
, it is Y1 + Y2 = 1. The thermodynamic constants of the

mixture satisfy (using the decomposition of the internal
specific energy and enthalpy)

%cp =
∑

%icpi, %cV =
∑

%icVi,

then the adiabatic constant γ, needed in the solution of (1),
can be written as

γ =
cp

cV
=

∑
Yicpi∑
YicVi

.
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The system (1) is then extended with the conservation
law of the mass for one gas component (specie)

∂%Y1

∂t
+
∂%Y1v1

∂x1
+
∂%Y1v2

∂x2
+
∂%Y1v3

∂x3
=

∂

∂x1

(
σCµT

∂Y1

∂x1

)
+

∂

∂x2

(
σCµT

∂Y1

∂x2

)
+

∂

∂x3

(
σCµT

∂Y1

∂x3

)
.

(2)

Here σC is diffusion coefficient. The mass conservation
for the second specie is automatically satisfied via the sys-
tem (1).

Here we assume the system (1),(2) equipped with the
two-equation turbulent model k − ω (Kok), described in
[5].

3 Numerical method

For the discretization of the system we proceed as de-
scribed in [6–8]. We use either explicit or implicit finite
volume method (FVM) to solve the systems (1), (2) se-
quentionally. Other possible discretizations were shown
in [9, 10]. The used FVM discretizations were presented
in [4], we use the Riemann solver [11] for system (1), and
Vijayasundaram numerical flux in (2).

4 Example: 3D diffusion of the passive
mixture

Here we present a simple case for the test of the used nu-
merical method. Let us assume the stationary flow with
u = (0, 0, 0), and with constant σ =

σCµT
%

= 1. Let us solve
the problem (2) with the boundary condition

∇Y1 · n = 0,

and initial condition given at time t0 = 0.001 s

Y1(x1, x2, x3, t0) =
1

8 (π σ t0)3/2 exp
− x2

1 + x2
2 + x2

3

4σt0

 ,
The analytical solution is known and it can be written as

Y1(x1, x2, x3, t) =
1

8 [π σ (t + t0)]3/2 exp
− x2

1 + x2
2 + x2

3

4σ(t + t0)

 .
The figure 1 shows computational results for unit domain,
and comparison with analytical solution.

5 Example: the flow over terrain wave

We chose to simulate the flow over the rough terrain
with the sinus wave geometry, accordingly to experiments
shown in [12]. Lenght of the wave was set to 0.800 m,
height to 0.114 m. The experimental work was done in the
boundary layer wind tunnel (BLWT) in VZLU,a.s. The
test section for boundary layer development was 13.6 m
long. The boundary layer developed over the entire test
section with plastic sheet with high truncated cones 7mm
high and a rectangular barrier 140 mm high, which served

Fig. 1. 3D diffusion: simulation and comparison with the ana-
lytical solution at time t = 0.01 s, x1-cut through the center.

as turbulence generator. The horizontal velocity profile 
U(y) in the start of the test section corresponds with its 
typical logarithmic shape estimated by the law of the wall 
(see [3, 5])

U(y)/uτ =
1
κ

ln(
y

zS
+ 1), (3)

where zS is the wall roughness, y denotes vertical coordi-
nate, and uτ is the friction velocity, κ ≈ 0.41 (Karman’s
constant). The example of measured velocity profiles is
shown in figure 2. The least squares method was used for
the estimation of the values for uτ and zS .

For the simulations of the compressible gas flow in the
atmosphere we assume the change of variables with the
vertical coordinate y. We use the following initial condi-
tons for the horizontal velocity component u, temperature
θ, pressure p, density %

θ0 = θ00 − 0.0065y,

p0 = p00

(
1 −

0.0065
θ00

y

) g
−0.0065R

, g = −9.81,

u(y) = min
(

uτ
κ

log(
y

zS
+ 1), u∞

)
,

θ = θ0

(
1 −

γ − 1
2

u2

γRθ0

)
,

p = p0

(
θ

θ0

) γ
γ−1

,

% = p/(Rθ).

Here θ0 denotes total temperature, p0 total pressure, θ00 =

293.15 K is the chosen total temperature and p00 =

101325 Pa total pressure at y = 0 m, u∞ = 10 m · s−1

is chosen velocity regime, and R = 287.04 J · kg−1 · K−1

is the gas constant. Here we used the law of wall and the
adiabatic approximations for perfect gas.

In order to to get the state variables at each boundary
face we solve the local boundary problem with the use the
original analysis of exact solution of the Riemann prob-
lem. This approach was shown and described in [13, 14]
and analyzed also in [8], [15–17]. Using the thorough
analysis of the Riemann problem we have shown, that the
missing initial condition for the local problem can be par-
tially replaced by the suitable complementary conditions.
We suggest such complementary conditions accordingly to
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Fig. 2. The flow over rough plate: measured relative veloc-
ity profile, and estimate by the logatithmic profile U(y)/uτ =
1
κ
log( y

zS
+ 1). Constants uτ, zS were computed using the least-

squares approximation of measured data. Velocity regimes UE =

3 m · s−1, 10 m · s−1 and 15 m · s−1.

the desired preference. This way it is possible to construct
the boundary conditions by the preference of total values,
by preference of pressure, velocity, mass flow, tempera-
ture. On the contrary to the initial-value Riemann prob-
lem, the solution of such modified problems can be written
in the closed form for some cases. Moreover, using such
construction, the local conservation laws are not violated.
Here we used the boundary conditions by preference of
known velocity at the outlet, as described in [13, 15]. This
boundary condition was modified at the inlet by adding the
known (estimated) total temperature, shown above.

For the simulation of the rough wall we use either the
modification of the specific turbulent dissipation ω or the
so-called wall functions for the estimation of values at the
first cell (near wall). We estimate the friction velocity uτ,
assuming the law of the wall (see [3, 5]) to be valid at the
closest volume, i.e. solve the equation

UP/uτ =
1
κ

ln(
yP

zS
+ 1),

where UP is the horizontal velocity at the considered cell,
and yP denotes the cell center distance from surface. The
wall friction τw = µ ∂U

∂y
|w is then estimated as τw = %wu2

τ.

The momentum equations are solved with the modified
effective viscosity µe at the wall: µe

UP
yP

= τw. The values
for the k, ω at the first cell are set using log layer equations

kP =
u2
τ
√
β∗
, ωP =

uτ
√
β∗κyP

.

We use further modifications of this wall function shown
in [4] in order to avoid the problem with possible zero ve-
locity UP.

The regime constants for the considered flow above the
rough terrain wave were chosen as

u∞ = 10 m · s−1,

zS = 0.000558178 m,

p00 = 101325 Pa,

θ00 = 293.15 K.

The friction velocity forming the initial condition was set
to uτ = 0.559066 m · s−1. The figure 3 shows computed
velocity profiles together with the experimentally obtained
results.

Experiment

CFD simulation

velocity u

Fig. 3. The flow over the terrain wave: measured horizontal
velocity profile at given vertical lines, and numerical simulation.
Direct comparison is shown in the bottom picture.

Further we simulated dispersion of the gas mixture.
The emmision source was located at the top of the wave,
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on winward and on leeward side. The source was simu-
lated using marked air with chosen mass fraction Y1 = 0.1
at the chosen elements. The computed results are shown
in figure 4.

Fig. 4. The flow over the terrain wave: numerical simulation,
mass fraction Y1 of the emmision for various source placement.

Conclusion

This paper is focused on the numerical simulation of the
mixture of two inert perfect gases in the gravitational field.

The finite v olume m ethod i s a pplied f or t he s olution of 
the system of equations. The modification of the Riemann 
problem and its solution was used at the boundaries. All 
codes were implemented into the own-developed software. 
The numerical examples of the flow above the rough sur-
face simulating terrain wave were presented.
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