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Abstract. Without a doubt the ratios Rτ/P ≡ Γ (τ→ Pντ[γ]) /Γ
(
P→ µνµ[γ]

)
(P = π,K) give a convenient scenario to test the lepton universality, the CKM
unitarity and to search for non-standard interactions in τ decays. Moreover, the
previous theoretical estimation of these observables is more than twenty-five
years old and some assumptions of that estimation are unrealistic. Therefore, an
update of Rτ/P was timely. The one-loop radiative corrections have been com-
puted by considering an expansion of Chiral Perturbation Theory including the
lightest spin-one resonances and respecting the short-distance behavior dictated
by QCD. We have reported δRτ/π = (0.18±0.57)% and δRτ/K = (0.97±0.58)%,
where the uncertainties have been induced fundamentally by the estimation of
the counterterms. We have tested the lepton universality, the CKM unitarity
and have searched for new physics in τ decays. As a by-product, we have also
determined the theoretical radiative corrections to the τ → Pντ[γ] decay rates,
δτπ = −(0.24 ± 0.56)% and δτK = −(0.15 ± 0.57)%.

1 Introduction

Although within the Standard Model the three lepton families are expected to couple to the
electroweak gauge bosons with the same intensity g� (� = e, µ, τ), the so-called lepton uni-
versality (LU), and this has been tested experimentally and most of the results have been
compatible with LU, a few anomalies observed in semileptonic B meson decays [1] seem to
indicate a small deviation from LU. Therefore, an interesting task is the study of all the dif-
ferent observables testing LU, including low-energy precision probes using pion, kaons and
tau leptons, which currently provide the most precise tests of LU [2]. Following this idea, we
have tested LU between the second and third families through the ratio (P = π,K) [3–5]
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which is free from quark mixing angles and hadronic couplings.
In Ref. [4], more than twenty-five years ago, the first complete estimation for δRτ/P was

given: δRτ/π = (0.16 ± 0.14)% and δRτ/K = (0.90 ± 0.22)%. However, there were important
reasons to analysis this observable again: the hadronic form factors of Ref. [4] are different for
virtual- and real-photon contributions, do not follow the correct QCD high-energy behavior,
violate analyticity, unitarity, and the chiral limit at leading non-trivial orders; moreover, a
cutoff is implemented in order to regulate loop integrals, splitting unphysically short- and
long-distance contributions. Besides, errors reported in Ref. [4] are not realistic, since they
are of the order of an expectedO(e2 p2) Chiral Perturbation Theory (ChPT) calculation, whose
only model-dependence is usually the estimation of the counterterms, but it does not allow
the inclusion of the τ lepton.

Depending on the process at hand, different values of
∣∣∣gτ/gµ

∣∣∣ can be found in the literature:

1. Γ(τ → Pντ[γ])/Γ(P → µνµ[γ]) (P = π,K). Considering the values of δRτ/P given
in Ref. [4], the 2018 HFLAV analysis [6] reported

∣∣∣gτ/gµ
∣∣∣
π
= 0.9958 ± 0.0026 and∣∣∣gτ/gµ

∣∣∣
K = 0.9879 ± 0.0063, at 1.6σ and 1.9σ of LU.

2. Γ(τ → eν̄eντ[γ])/Γ(µ → eν̄eνµ[γ]). This purely leptonic extraction gives
∣∣∣gτ/gµ

∣∣∣ =
1.0010 ± 0.0014 [6], at 0.7σ of LU.

3. Γ(W → τντ)/Γ(W → µνµ). The weighted average of the W-boson decay determina-
tions yields

∣∣∣gτ/gµ
∣∣∣ = 0.995 ± 0.006 [7, 8], at 0.8σ of LU.

Thus, a new estimation of δRτ/P was interesting to solve these discrepancies, being the
improvement of the theoretical Ansätze an important ingredient.

In Ref. [5] we have presented a new next-to-leading calculation of δRτ/P considering
a large-NC effective approach including the lightest resonances [9] and overcoming all the
aforementioned theoretical difficulties. Note that whereas P decays can be analyzed unam-
biguously by using Chiral Perturbation Theory (the Standard Model), being the estimation of
the local counterterms the only model dependence, τ decays must be studied considering a
model-dependent effective approach encoding the hadronization of the QCD currents: this is
the reason why we have considered in Ref. [5] the large-NC approach quoted previously [9].

The new calculation of δRτ/P has been used not only to analyze the LU in
∣∣∣gτ/gµ

∣∣∣, but
also to report the theoretical radiative corrections in individual τ → Pντ[γ] decay rates, to
test the CKM unitarity via |Vus/Vud | in Γ(τ → Kντ[γ])/Γ(τ → πντ[γ]) or through |Vus| in
Γ(τ → Kντ[γ]) and to search for non-standard interactions on these decays. It is interesting
to stress that our results have been used in the recent 2021 HFLAV analysis [10] instead of
Ref. [4].

2 The calculation

Despite their different approaches, P→ µνµ[γ] and τ→ Pντ[γ] decay rates can be organized
similarly [3, 5, 11]:
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Contribution δRτ/π δRτ/K Ref.

SI +1.05% +1.67% [4]

rSD +0.15% +(0.18 ± 0.05)% [11, 13]

vSD −(1.02 ± 0.57)% −(0.88 ± 0.58)% [5, 11]

Total +(0.18 ± 0.57)% +(0.97 ± 0.58)% [5]

Table 1. Numerical values of the different contributions to δRτ/P: Structure Independent (SI),
real-photon Structure Dependent (rSD) and virtual-photon Structure Dependent (vSD). Uncertainties
are not given if they are negligible for the level of accuracy of this analysis, that is, lower than 0.01%.

where S EW = 1.0232 � 1 + 2α
π

log mZ
mρ

corresponds to the (universal) leading short-distance
electroweak correction [3] (canceling in the ratio Rτ/P), the first bracketed terms are the uni-
versal long-distance or point-like correction [4, 5, 12], the second bracketed terms include the
structure-dependent (SD) contributions and Γ(0)

Pµ2
and Γ(0)

τP2 are the decay rate at leading order
(Fπ ∼ 92 MeV),
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being D = d, s for P = π,K, respectively. Whereas for structure-dependent contributions
in Pµ2 the notation of Ref. [3] has been used and the numerical values for c(P)

n in Ref. [11]
have been considered, we have separated the structure-dependent contributions in τP2 into
real-photon (rSD) and virtual-photon (vSD) corrections: we have taken rSD corrections from
Ref. [13] and have performed a new calculation for vSD ones.

The technicalities of the calculation are given in Ref. [5] and the different photonic con-
tributions are showed in Table 1 . The final result reads [5]

δRτ/π = (0.18 ± 0.57)% , δRτ/K = (0.97 ± 0.58)% . (6)

The most relevant source of uncertainty comes from the estimation of the counterterms ap-
pearing in vSD contributions of τ → Pντ (±0.57% and ±0.58% for the pion and kaon case,
respectively, see Table 1). This uncertainty has been estimated by considering the running
of the counterterms between 0.5 and 1.0 GeV (±0.52%, in a similar way to Ref. [3]) and
considering the effect of assuming a less general resonance effective Lagrangian.1

Although the final result reported in (6) is compatible with Ref. [4], δRτ/π = (0.16 ±
0.14)% and δRτ/K = (0.90±0.22)%, the comparison needs to be done carefully. Firstly, in our
view uncertainties were underestimated in Ref. [4], for they have approximately the expected
size in a purely Chiral Perturbation Theory computation, a much more model-independent
scenario. And secondly, we would like to stress again the inconsistencies in Ref. [4]: the
hadronic form factors are different for real- and virtual-photon corrections, do not satisfy
the asymptotic behavior dictated by QCD, violate analyticity, unitarity and the chiral limit
at leading non-trivial orders, and a cutoff is used, separating for no reason short- and long-
distance contributions. Moreover, as it is explained in Appendix B of Ref. [5], despite the

1Let us stress the conservative estimation followed here. Due to the different scales, counterterms in effective
approaches with resonances are expected to be lower than in ChPT, without resonances. Neverthesless, with our
estimation the counterterms affecting the vSD corrections in Pµ2 and τP2 are assumed to be of similar size.
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being D = d, s for P = π,K, respectively. Whereas for structure-dependent contributions
in Pµ2 the notation of Ref. [3] has been used and the numerical values for c(P)

n in Ref. [11]
have been considered, we have separated the structure-dependent contributions in τP2 into
real-photon (rSD) and virtual-photon (vSD) corrections: we have taken rSD corrections from
Ref. [13] and have performed a new calculation for vSD ones.

The technicalities of the calculation are given in Ref. [5] and the different photonic con-
tributions are showed in Table 1 . The final result reads [5]

δRτ/π = (0.18 ± 0.57)% , δRτ/K = (0.97 ± 0.58)% . (6)

The most relevant source of uncertainty comes from the estimation of the counterterms ap-
pearing in vSD contributions of τ → Pντ (±0.57% and ±0.58% for the pion and kaon case,
respectively, see Table 1). This uncertainty has been estimated by considering the running
of the counterterms between 0.5 and 1.0 GeV (±0.52%, in a similar way to Ref. [3]) and
considering the effect of assuming a less general resonance effective Lagrangian.1

Although the final result reported in (6) is compatible with Ref. [4], δRτ/π = (0.16 ±
0.14)% and δRτ/K = (0.90±0.22)%, the comparison needs to be done carefully. Firstly, in our
view uncertainties were underestimated in Ref. [4], for they have approximately the expected
size in a purely Chiral Perturbation Theory computation, a much more model-independent
scenario. And secondly, we would like to stress again the inconsistencies in Ref. [4]: the
hadronic form factors are different for real- and virtual-photon corrections, do not satisfy
the asymptotic behavior dictated by QCD, violate analyticity, unitarity and the chiral limit
at leading non-trivial orders, and a cutoff is used, separating for no reason short- and long-
distance contributions. Moreover, as it is explained in Appendix B of Ref. [5], despite the

1Let us stress the conservative estimation followed here. Due to the different scales, counterterms in effective
approaches with resonances are expected to be lower than in ChPT, without resonances. Neverthesless, with our
estimation the counterterms affecting the vSD corrections in Pµ2 and τP2 are assumed to be of similar size.
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which is free from quark mixing angles and hadronic couplings.
In Ref. [4], more than twenty-five years ago, the first complete estimation for δRτ/P was

given: δRτ/π = (0.16 ± 0.14)% and δRτ/K = (0.90 ± 0.22)%. However, there were important
reasons to analysis this observable again: the hadronic form factors of Ref. [4] are different for
virtual- and real-photon contributions, do not follow the correct QCD high-energy behavior,
violate analyticity, unitarity, and the chiral limit at leading non-trivial orders; moreover, a
cutoff is implemented in order to regulate loop integrals, splitting unphysically short- and
long-distance contributions. Besides, errors reported in Ref. [4] are not realistic, since they
are of the order of an expectedO(e2 p2) Chiral Perturbation Theory (ChPT) calculation, whose
only model-dependence is usually the estimation of the counterterms, but it does not allow
the inclusion of the τ lepton.

Depending on the process at hand, different values of
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∣∣∣ can be found in the literature:

1. Γ(τ → Pντ[γ])/Γ(P → µνµ[γ]) (P = π,K). Considering the values of δRτ/P given
in Ref. [4], the 2018 HFLAV analysis [6] reported
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= 0.9958 ± 0.0026 and∣∣∣gτ/gµ

∣∣∣
K = 0.9879 ± 0.0063, at 1.6σ and 1.9σ of LU.

2. Γ(τ → eν̄eντ[γ])/Γ(µ → eν̄eνµ[γ]). This purely leptonic extraction gives
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∣∣∣ =
1.0010 ± 0.0014 [6], at 0.7σ of LU.

3. Γ(W → τντ)/Γ(W → µνµ). The weighted average of the W-boson decay determina-
tions yields

∣∣∣gτ/gµ
∣∣∣ = 0.995 ± 0.006 [7, 8], at 0.8σ of LU.

Thus, a new estimation of δRτ/P was interesting to solve these discrepancies, being the
improvement of the theoretical Ansätze an important ingredient.

In Ref. [5] we have presented a new next-to-leading calculation of δRτ/P considering
a large-NC effective approach including the lightest resonances [9] and overcoming all the
aforementioned theoretical difficulties. Note that whereas P decays can be analyzed unam-
biguously by using Chiral Perturbation Theory (the Standard Model), being the estimation of
the local counterterms the only model dependence, τ decays must be studied considering a
model-dependent effective approach encoding the hadronization of the QCD currents: this is
the reason why we have considered in Ref. [5] the large-NC approach quoted previously [9].

The new calculation of δRτ/P has been used not only to analyze the LU in
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∣∣∣, but
also to report the theoretical radiative corrections in individual τ → Pντ[γ] decay rates, to
test the CKM unitarity via |Vus/Vud | in Γ(τ → Kντ[γ])/Γ(τ → πντ[γ]) or through |Vus| in
Γ(τ → Kντ[γ]) and to search for non-standard interactions on these decays. It is interesting
to stress that our results have been used in the recent 2021 HFLAV analysis [10] instead of
Ref. [4].

2 The calculation

Despite their different approaches, P→ µνµ[γ] and τ→ Pντ[γ] decay rates can be organized
similarly [3, 5, 11]:
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Contribution δRτ/π δRτ/K Ref.

SI +1.05% +1.67% [4]

rSD +0.15% +(0.18 ± 0.05)% [11, 13]

vSD −(1.02 ± 0.57)% −(0.88 ± 0.58)% [5, 11]

Total +(0.18 ± 0.57)% +(0.97 ± 0.58)% [5]

Table 1. Numerical values of the different contributions to δRτ/P: Structure Independent (SI),
real-photon Structure Dependent (rSD) and virtual-photon Structure Dependent (vSD). Uncertainties
are not given if they are negligible for the level of accuracy of this analysis, that is, lower than 0.01%.
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being D = d, s for P = π,K, respectively. Whereas for structure-dependent contributions
in Pµ2 the notation of Ref. [3] has been used and the numerical values for c(P)

n in Ref. [11]
have been considered, we have separated the structure-dependent contributions in τP2 into
real-photon (rSD) and virtual-photon (vSD) corrections: we have taken rSD corrections from
Ref. [13] and have performed a new calculation for vSD ones.

The technicalities of the calculation are given in Ref. [5] and the different photonic con-
tributions are showed in Table 1 . The final result reads [5]

δRτ/π = (0.18 ± 0.57)% , δRτ/K = (0.97 ± 0.58)% . (6)

The most relevant source of uncertainty comes from the estimation of the counterterms ap-
pearing in vSD contributions of τ → Pντ (±0.57% and ±0.58% for the pion and kaon case,
respectively, see Table 1). This uncertainty has been estimated by considering the running
of the counterterms between 0.5 and 1.0 GeV (±0.52%, in a similar way to Ref. [3]) and
considering the effect of assuming a less general resonance effective Lagrangian.1

Although the final result reported in (6) is compatible with Ref. [4], δRτ/π = (0.16 ±
0.14)% and δRτ/K = (0.90±0.22)%, the comparison needs to be done carefully. Firstly, in our
view uncertainties were underestimated in Ref. [4], for they have approximately the expected
size in a purely Chiral Perturbation Theory computation, a much more model-independent
scenario. And secondly, we would like to stress again the inconsistencies in Ref. [4]: the
hadronic form factors are different for real- and virtual-photon corrections, do not satisfy
the asymptotic behavior dictated by QCD, violate analyticity, unitarity and the chiral limit
at leading non-trivial orders, and a cutoff is used, separating for no reason short- and long-
distance contributions. Moreover, as it is explained in Appendix B of Ref. [5], despite the

1Let us stress the conservative estimation followed here. Due to the different scales, counterterms in effective
approaches with resonances are expected to be lower than in ChPT, without resonances. Neverthesless, with our
estimation the counterterms affecting the vSD corrections in Pµ2 and τP2 are assumed to be of similar size.
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in Pµ2 the notation of Ref. [3] has been used and the numerical values for c(P)

n in Ref. [11]
have been considered, we have separated the structure-dependent contributions in τP2 into
real-photon (rSD) and virtual-photon (vSD) corrections: we have taken rSD corrections from
Ref. [13] and have performed a new calculation for vSD ones.

The technicalities of the calculation are given in Ref. [5] and the different photonic con-
tributions are showed in Table 1 . The final result reads [5]

δRτ/π = (0.18 ± 0.57)% , δRτ/K = (0.97 ± 0.58)% . (6)

The most relevant source of uncertainty comes from the estimation of the counterterms ap-
pearing in vSD contributions of τ → Pντ (±0.57% and ±0.58% for the pion and kaon case,
respectively, see Table 1). This uncertainty has been estimated by considering the running
of the counterterms between 0.5 and 1.0 GeV (±0.52%, in a similar way to Ref. [3]) and
considering the effect of assuming a less general resonance effective Lagrangian.1

Although the final result reported in (6) is compatible with Ref. [4], δRτ/π = (0.16 ±
0.14)% and δRτ/K = (0.90±0.22)%, the comparison needs to be done carefully. Firstly, in our
view uncertainties were underestimated in Ref. [4], for they have approximately the expected
size in a purely Chiral Perturbation Theory computation, a much more model-independent
scenario. And secondly, we would like to stress again the inconsistencies in Ref. [4]: the
hadronic form factors are different for real- and virtual-photon corrections, do not satisfy
the asymptotic behavior dictated by QCD, violate analyticity, unitarity and the chiral limit
at leading non-trivial orders, and a cutoff is used, separating for no reason short- and long-
distance contributions. Moreover, as it is explained in Appendix B of Ref. [5], despite the

1Let us stress the conservative estimation followed here. Due to the different scales, counterterms in effective
approaches with resonances are expected to be lower than in ChPT, without resonances. Neverthesless, with our
estimation the counterterms affecting the vSD corrections in Pµ2 and τP2 are assumed to be of similar size.
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Contribution Ref. [4] [µcut = 1.5 GeV] Ref. [5]
SI +0.84%∗ +1.05%

rSD +0.05% +0.15%
vSD −0.49%∗ −(1.02 ± 0.57)%

short-distance −0.25%∗ 0
Total +(0.16 ± 0.14)%∗ +(0.18 ± 0.57)%

Table 2. Comparison of photonic contributions to δRτ/π [5]. The asterisk indicates that the figure at
hand depends on the cutoff, which has been established at µcut = 1.5 GeV [4].

fact that central values of (6) are very similar to the ones reported in Ref. [4], central values
of the different SD corrections are very different within both analysis, as it can be seen in
Table 2:

1. Virtual corrections by Ref. [4] are cutoff-dependent, since, as it has been spotlighted
previously, long- and short-distance photonic contributions are separated unphysically:
figures with an asterisk are cutoff-dependent.

2. The reported error in the radiative correction of Ref. [4] arises from uncertainties in
hadronic parameters of SD contributions and from variations in µcut.

3. For the SI contribution in Ref. [4] we have added to the result obtained in the point-like
approximation (1.05%), the term coming from cutting off the loops at µcut (−0.21%).

4. Different contributions of δRτ/K are not provided in Ref. [4], preventing a comparison.

Consequently, the agreement between the central values seems to be only a coincidence.

3 Applications

As it has been explained in the introduction, there are different interesting applications of our
result [5]:

1. Radiative corrections in τ → Pντ[γ] decay rates. We have used our results to estimate
the radiative corrections in the individual τP2[γ] decays, ΓτP2[γ] = Γ

(0)
τP2 S EW (1 + δτP),

where δτP includes all SI and SD radiative corrections of (4) and we have reported [5]:

δτπ = −(0.24 ± 0.56)% , δτK = −(0.15 ± 0.57)% . (7)

2. Lepton universality test. Considering (1) and (6), the LU can be tested [5],
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at 0.9σ and 1.8σ of LU (gτ = gµ), respectively. Note that while experimental and
theoretical uncertainties are of similar size in the pion case, experimental ones dom-
inate in the kaon case. We can compare these results with the 2018 HFLAV anal-
ysis [6],
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∣∣∣
π
= 0.9958 ± 0.0026 and

∣∣∣gτ/gµ
∣∣∣
K = 0.9879 ± 0.0063 (at 1.6σ and

1.9σ of LU), where δRτ/P was taken from Ref. [4]. In the recent HFLAV analysis
of Ref. [10], where our results of (6) have been considered, the agreement is larger:∣∣∣gτ/gµ

∣∣∣
π
= 0.9959 ± 0.0038 and

∣∣∣gτ/gµ
∣∣∣
K = 0.9855 ± 0.0075 (at 1.1σ and 1.9σ of LU).

3. CKM unitarity test via |Vus/Vud |. One can use the ratio

Γ(τ→ Kντ[γ])
Γ(τ→ πντ[γ])

=
|Vus|2F2

K

|Vud |2F2
π

(1−m2
K/M

2
τ )

2

(1−m2
π/M2

τ )2 (1+δ), (9)

in order to extract |Vus/Vud |. Considering that the radiative correction in (9) can be
extracted from (7), δ = δτK − δτπ = (0.10 ± 0.80)%, we have found [5]:

∣∣∣∣∣
Vus

Vud

∣∣∣∣∣ = 0.2288 ± 0.0010th ± 0.0017exp = 0.2288 ± 0.0020 , (10)

at 2.1σ of unitarity, being dominant the experimental uncertainties. Despite the fact
that this analysis was absent in the 2018 HFLAV analysis [6], it has been included in the
2021 version [10], where our result of (6) has been considered and it has been reported
|Vus/Vud | = 0.2289 ± 0.0019, very similar to (10). Our result is also consistent with
Ref. [14], |Vus/Vud | = 0.2291 ± 0.0009, obtained in the context of kaon semileptonic
decays, where the larger statistics allows lower uncertainties.

4. CKM unitarity test via |Vus|. Alternatively, |Vus| can be obtained directly from the
τ→ Kντ[γ] decay rate, ΓτK2[γ] = Γ

(0)
τK2 S EW (1 + δτK). We have found [5]:

|Vus| = 0.2220 ± 0.0008th ± 0.0016exp = 0.2220 ± 0.0018 , (11)

at 2.6σ of unitarity and again being dominant the experimental uncertainties. This
result can be compared with the 2018 HFLAV analysis [6], |Vus| = 0.2234 ± 0.0015
and using Ref. [4], or the recent 2021 HFLAV analysis [10], |Vus| = 0.2219 ± 0.0017
and considering our results. Again (11) is compatible with Ref. [14], |Vus| = 0.2231 ±
0.0006, obtained using kaon semileptonic decays and, consequently, with a better pre-
cision.

5. New physics in τ → Pντ[γ] decay rates. We have also used our results to constrain
non-SM interactions in τ→ Pντ[γ] decays:

Γ(τ→ Pντ[γ]) = Γ(0)
τP2

∣∣∣∣∣∣
ṼuD

VuD

∣∣∣∣∣∣
2

S EW

(
1 + δτP + 2∆τP

)
, (12)

being D = d, s for P = π,K, respectively. ∆τP contains the leading-order new-physics
corrections not present in ṼuD = (1+ εeL + ε

e
R)VuD, directly incorporated by considering

VuD from nuclear β decays [15, 16]:

∆τP = ετL − εeL − ετR − εeR −
m2

P

Mτ(mu + mD)
ετP . (13)

Considering our estimations of δτP and |Vus/Vud | given in (7) and (10), respectively, we
have estimated [5]:

∆τπ = −(0.15 ± 0.72)% , ∆τK = −(0.36 ± 1.18)% , (14)

to be compared to ∆τπ = −(0.15±0.67)% in Ref. [15], ∆τπ = −(0.12±0.68)% and ∆τK =
−(0.41 ± 0.93)% in Ref. [16], and ∆τπ = −(0.09 ± 0.73)% and ∆τK = −(0.2 ± 1.0)%
in Ref. [17]. All these values are reported at a scale of µ = 2 GeV in the MS-scheme.
Note that all these determinations are consistent with each other and compatible with
the SM, ∆τP = 0.
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For all these determinations branching ratios and masses have been obtained from the
PDG [18], |Vud | = 0.97373 ± 0.00031 from Ref.[19], S EW = 1.0232 from Ref. [3] and
meson decay constants from the FLAG analysis [20]:

√
2Fπ = (130.2 ± 0.8) MeV,

√
2FK =

(155.7 ± 0.3) MeV and FK/Fπ = 1.1932 ± 0.0019, .
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For all these determinations branching ratios and masses have been obtained from the
PDG [18], |Vud | = 0.97373 ± 0.00031 from Ref.[19], S EW = 1.0232 from Ref. [3] and
meson decay constants from the FLAG analysis [20]:

√
2Fπ = (130.2 ± 0.8) MeV,

√
2FK =

(155.7 ± 0.3) MeV and FK/Fπ = 1.1932 ± 0.0019, .
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