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Abstract. We discuss the analysis of Bc → J/ψ, ηc form factors, based on the
heavy quark spin symmetry and nonrelativistic QCD (NRQCD) performed in
Ref. [1]. We perform an expansion on the inverse of the heavy quarks’ masses
using power counting rules of NRQCD up to the next-to-leading order. This
allows us to classify the heavy quark spin symmetry-breaking terms and express
the form factors in terms of universal functions in a selected kinematical range.
Using as input the lattice QCD results for the Bc → J/ψ matrix element of the
SM operator, we obtain information on other form factors.

1 Introduction

Over the last years several anomalies have been detected in the heavy flavour sector, most
notably in the semileptonic decays involving the b → c�ν̄ and b → s�+�− transitions [2, 3].
If these deviations originated in New Physics (NP) effects, one should expect to systemati-
cally see this effect on all of the modes induced by these quark transitions. In the case of
b → c�ν̄, deviations have been measured in B → D(∗)�ν̄ decays [2] and other semileptonic
decays involving the same transition are being extensively studied right now. In particular,
Bc → J/ψ, ηc decays are important to study this transition. One of the main problems for
the interpretation of the measurements is the hadronic uncertainties that affect these modes.
While, in the case of B → D(∗)�ν̄ several studies have been performed to understand better
hadronic contributions, including Lattice QCD, Sum Rules and Heavy Quark Effective The-
ory (HQET) methods, the situation is less apparent on the side Bc → J/ψ, ηc decays, where
only a limited amount of information is currently available [4–7].

It has been observed [4] that the semileptonic Bc form factors can be expressed in terms of
universal functions in selected kinematical regions, based on the heavy quark spin symmetry
for large heavy quark masses leading to several analyses of Bc decays [8–10]. The relations
to the universal functions of Bc → J/ψ, ηc decays have been provided at the leading order [4]
in the heavy quark mass expansion. The relations obtained in such a systematic expansion
have two applications. They can be used to test the form factors obtained by different meth-
ods, for a quantitative assessment of their theoretical uncertainty. Moreover, information can
be gained on form factors that have not been computed yet, which are needed for analyses
based on the generalized low-energy Hamiltonian. When comparing these relations to recent
lattice QCD results [7] violations of the order of 50% are found for the vector form factors,
suggesting the need for a better understanding of next-to-leading order effects.
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In this contribution, we describe the analysis at the next-to-leading order in the expansion
performed in Ref. [1], where we established further relations among the form factors and a
set of universal functions based on the heavy quark spin symmetry and the power counting
rules of nonrelativistic QCD (NRQCD). In Section 2 we introduce the relevant form factors,
to then we give an outline of the calculation in Section 3. The details can be found in Ref. [1].
In Section 4 we present the main result and discuss its implications.

2 Form Factors for Bc → J/ψ, ηc

We focus on the Bc and J/ψ, ηc matrix elements relevant for semileptonic Bc →
J/ψ(ηc)�ν̄ decays, which involve the vector (axial) Q̄′γµ(γ5)Q, (pseudo)scalar Q̄′(γ5)Q, and
(pseudo)tensor Q̄′σµν(γ5)Q currents. Due to the nature of QCD these matrix elements cannot
be computed perturbatively and thus need to be parametrized in terms of form factors. We
choose the following parametrization due to its ability to simplify the expressions that are
obtained in the following section.

〈P(v′)|Q̄′γµQ|Bc(v)〉 = √mP mBc

[
h+(w) (v + v′)µ + h−(w) (v − v′)µ

]
〈P(v′)|Q̄′Q|Bc(v)〉 = √mP mBc hS (w)(1 + w)

〈P(v′)|Q̄′σµνQ|Bc(v)〉 = −i
√

mP mBc hT (w) (vµ v′ν − vν v′µ) (1)

〈V(v′, ε)|Q̄′γµQ|Bc(v)〉 = i
√

mV mBc hV (w) εµναβ ε∗ν v′α vβ

〈V(v′, ε)|Q̄′γµγ5 Q|Bc(v)〉 = √mV mBc

[
hA1 (w) (1 + w) ε∗µ − hA2 (w) (ε∗ · v) vµ − hA3 (w) (ε∗ · v) v′µ

]

〈V(v′, ε)|Q̄′γ5Q|Bc(v)〉 = −√mV mBc hP(w) (ε∗ · v)
〈V(v′, ε)|Q̄′σµνQ|Bc(v)〉 = −√mV mBc ε

µναβ[hT1 (w)ε∗α(v + v
′)β + hT2 (w)ε∗α(v − v′)β

+ hT3 (w)(ε∗ · v)vαv′β
]

(2)

where P = ηc, V = J/ψ, v = p
mBc

, v′ = p′

mP(V)
, w = v · v′ and ε is the J/ψ polarization vector. We

use ε0123 = +1 and the relation σµνγ5 =
i
2 εµναβ σ

αβ.
The form factors hi can be related to a set of universal functions in a kinematical range

close to w = 1 through the Heavy quark expansion. For hadrons comprising a single heavy
quark, this has been done in Refs. [11–13]. The modifications for heavy quarkonium are
discussed in the next section. The results for the vector and axial form factors computed in
[7] will be exploited in our numerical analysis.

3 Expansion of the Heavy Quark Field and QCD Lagrangian

To construct the heavy quark expansion, the heavy quark QCD field Q(x) with mass mQ is
written factorizing a fast oscillation mass term:

Q(x) = e−i mQv·xψ(x) = e−i mQv·x
(
ψ+(x) + ψ−(x)

)
(3)

with ψ± = P±ψ(x) and P± =
1±/v

2 . ψ+ is the positive energy component of the field (we use the
notation adopted in Ref. [14]). v is identified with the heavy meson (quarkonium) 4-velocity
with v2 = 1. The equation of motion allows us to relate ψ− to ψ+ and obtain an expansion on
1/mQ for both Q(x) and the QCD Lagrangian.
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Q(x) = e−i mQv·x
(
1 +

i /D⊥
2mQ

+
(−iv · D)

2mQ

i /D⊥
2mQ

+ . . .

)
ψ+(x) , (4)

LQCD = ψ̄+(x)
(
iv · D + (iD⊥)2

2mQ
+
g

4mQ
σ ·G⊥ +

i /D⊥
2mQ

(−iv · D)
2mQ

(i /D⊥) + . . .
)
ψ+(x) . (5)

In this expression G⊥µν = (gµα − vµvα)(gνβ − vνvβ)Gαβ and D⊥µ = (gµα − vµvα)Dα. In the rest
frame G⊥µν = Gi j for µ = i = 1, 2, 3 and ν = j = 1, 2, 3, while the other components vanish.

The power counting is delicate since there are two small parameters. On one side, the
inverse of the heavy quark mass (HQET), and on another side the 3-velocity in the hadron
rest frame (NRQCD). The power counting within NRQCD takes the following form:

Dt ∼ ṽ2, D⊥ ∼ ṽ, ψ+ ∼ ṽ3/2, Ei = G0i ∼ ṽ3 and Bi =
1
2
εi jkG jk ∼ ṽ4

where ṽ = |�̃v| � 1 is the relative heavy quark 3-velocity in the hadron rest frame. In this
work, we consider a mixed approach, where we perform the expansion considering terms up
NLO in ṽ and NNLO in 1/mQ in our expansion. NLO terms in ṽ involving three derivatives
(O(1/m3

Q)) are excluded, we assume that they provide numerically suppressed effects.
The first and second terms in Eq. (5) are O(ṽ2) and provide the leading order Lagrangian

L0 while the third and fourth terms are O(ṽ4) and give the NLO Lagrangian L1.

3.1 Trace formalism

The Bc and J/ψ, ηc matrix elements of the various terms can be expressed using the trace for-
malism by exploiting the spin-symmetry present in the NRQCD expansion. In this formalism,
the lowest-lying S-wave b̄c and c̄c bound states are described by 4 × 4 matrices

Hcb̄(v) =
1 + /v

2

[
B∗µc γµ − Bcγ5

] 1 − /v
2

Hcc̄(v′) =
1 + /v′

2

[
Ψ∗µγµ − ηcγ5

] 1 − /v′
2

(6)

satisfying the relations /vH(v) = H(v) = −H(v)/v and H(v′)/v′ = H(v′) = −/v′H(v′). B∗µc , Bc and
Ψ∗µ, ηc annihilate vector and pseudoscalar b̄c and c̄c mesons of velocity v and v′, respectively.
This formalism can be extended to other charmonia states as discussed in Ref. [15].

3.2 Expanding the weak current (Local corrections)

Keeping terms up to O(ṽ3) and O(1/m2
Q), the current expansion can be written as

Q̄′(x)ΓQ(x) = J0 +
( J1,0

2mQ
+

J0,1

2mQ′

)
+
(
− J2,0

4m2
Q

− J0,2

4m2
Q′
+

J1,1

4mQmQ′

)
(7)

J0 = ψ̄
′
+Γψ+ J0,1 = ψ̄

′
+

(
−i
←−
/D′⊥
)
Γψ+ J0,2 = ψ̄

′
+i
←−
/D′⊥
(
iv′ · ←−D

)
Γψ+

J1,0 = ψ̄
′
+Γi
−→
/D⊥ψ+ J2,0 = ψ̄

′
+Γ

(
iv · −→D

)
i
−→
/D⊥ψ+ J1,1 = ψ̄

′
+

(
−i
←−
/D′⊥
)
Γ

(
i
−→
/D⊥
)
ψ+

(8)

Using the trace formalism, we parametrize the matrix elements of the various terms in the
expansion. For instance, the matrix element of J0 and J1,0 are parametrized as

〈M′(v′)|J0|M(v)〉 = −∆(w)Tr
[
H̄′(v′)ΓH(v)

]
(9)

〈M′(v′)|ψ̄′+ΓαiDαψ+M(v)〉 = −Tr
[
∆α(v, v′)H̄′(v′)ΓαH(v)

]
(10)
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and involve the form factor ∆(w) and the function ∆α(v, v′) respectively

∆α(v, v′) = ∆+(w)(v + v′)α + ∆−(w)(v − v′)α − ∆3(w)γα (11)

The remaining terms, including the higher derivative terms, are parametrized analogously [1].

3.3 Expanding the states (Non-local corrections)

In addition to the corrections obtained by the expansion of the weak currents, we must con-
sider the corrections to the states given by the corrections to the Lagrangian in Eq. (5). They
can be written as

〈M′(v′)|i
∫

d4x T [J0(0)L1(x)]|M(v)〉 = − 1
2m2

Q

χ1(w)Tr
[
H̄′(v′)ΓH(v)

]

− 1
4mQ

Tr
[
χ2µν(w)H̄′(v′)ΓP+

(
− i

2

)
σµνH(v)

]
(12)

for the quark field and analogously for the antiquark field. The χi(w) functions are arbitrary
functions, in the case of χ2µν(w) we parametrize it as

χ2µν = χ
A
2 iσµν + χB

2 (vµγν − vνγµ) + χC
2 (v′µγν − v′νγµ) (13)

3.4 Relations between universal functions

The x-dependence of the matrix element M0(x) = 〈M′(v′)|ψ̄′+(x)Γψ+(x)|M(v)〉 can be ob-
tained exploiting the dependence in the effective theory [1, 16, 17] obtaining

M0(x) = e−iφ·xM0(0) (14)

with φ = Λ̃v−Λ̃′v′. For Bc → J/ψ(ηc), the binding energies Λ̃(′) are given by Λ̃ = mBc−mb−mc

and Λ̃′ = mJ/ψ(ηc) − 2mc.
Exploiting the relation

i∂α(ψ̄′+Γψ+) = ψ̄′+(i
←−
Dα)Γψ+ + ψ̄′+Γ(i

−→
Dα)ψ+ (15)

the equations of motion and the x-dependence in Eq. (14) we can reduce the number of
independent universal functions.

3.5 Form factors in terms of universal functions

Using the expansions above and relating some of the universal functions, one can obtain
expressions for the form factors hi in terms of universal functions. We show here an example
for the hA2 (w) form factor.

hA2 =
1

mc

( 1
1 + w

[
φK(w) − ∆(w)Λ̃ − ∆3(w)

]
+

1
2
χ̄B

2 (w)
)
+

1
m2

c

1
2(w + 1)

(
Λ̃w − Λ̃′

) [
φK(w) − ∆(w)Λ̃ − ∆3(w)

]

+
1

4m2
c

[
− (1 + w)ψS

2 (w) − (w − 1)ψS
3 (w) + ψS

4 (w) + ψS
5 (w) − 2wψS

6 (w) − ψA
1 (w) + ψA

2 (w) + ψA
4 (w)
]

+
1

4mbmc

[
− ψS

1 (w) − (1 + w)ψS
2 (w) + (w + 1)ψS

3 (w)

+ 3ψS
4 (w) + 3ψS

5 (w) − (1 + w)ψA
1 (w) + 3ψA

2 (w) + ψA
3 (w) + 3ψA

4 (w)
]

(16)
The collection of these relations can be found in App. B of Ref.[1].
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Figure 1. Bc → J/ψ(ηc) form factors obtained applying Eqs. (17) to (20) in the full kinematical range
and using lattice QCD results from [7].

4 Relations between Form Factors at O(1/mQ)

We can take advantage of the relations discussed in the previous section to relate unknown
form factors, with the ones that have already been computed on the lattice. Using the above
expression at O(1/mQ) one can derive relations between the form factors for Bc → J/ψ (and
similarly for Bc → ηc ) and the known vector and axial ones.

hT1 (w) =
1
2

(
(1 + w)hA1 (w) − (w − 1)hV (w)

)
(17)

hT2 (w) =
1 + w

2(mb + 3mc)

(
(mb − 3mc)hA1 (w) + 2mc(hA2 (w) + hA3 (w)) − (mb − mc)hV (w)

)
(18)

hT3 (w) = hA3 (w) − hV (w) (19)

h−(w) =
mb − mc

2(mb + 3mc)
(1 + w)

(
3hA1 (w) − hA2 (w) − hA3 (w) − 2hV (w)

)
(20)

hT (w) = h+(w) − mb + mc

2(mb + 3mc)
(1 + w)

(
3hA1 (w) − hA2 (w) − hA3 (w) − 2hV (w)

)
(21)

hT (w) = hS (w) − mb + mc

(mb + 3mc)

(
3hA1 (w) − hA2 (w) − hA3 (w) − 2hV (w)

)
. (22)

Their extrapolations are displayed in Fig. 1. The value of the universal functions at w = 1 is
not predicted, however from Eqs. (17), (21) and (22) the relations hT1 (w = 1) = hA1 (w = 1)
and hS (w = 1) = h+(w = 1) are obtained.

As mentioned before, lattice QCD results [7] violate the results in [4] at leading order,
however, due to the limited amount of form factors computed on the lattice, consistency
checks including the NLO corrections cannot be performed as of now. Future results from
lattice QCD for other Bc → Jψ currents or the Bc → ηc mode are fundamental to check
the consistency between the formalism discussed here and lattice computations, leading to a
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better understanding of all form factors, including the already computed Bc → J/ψ SM form
factors.

5 Conclusions
Using the heavy quark expansion, the heavy quark spin symmetry and NRQCD power count-
ing we have expressed the form factors parametrizing the matrix elements 〈J/ψ(ηc)|c̄Γib|Bc〉in
terms of universal functions near the zero-recoil point and we established relations among
form factors in this kinematical range. Lattice QCD results for the matrix element of the
Standard Model operator between Bc and J/ψ allow us to predict the tensor form factors and
the h− form factor for Bc → ηc. Further information from lattice QCD is fundamental to
further check the relations worked out here and the general coherence of both lattice results
and the heavy quark expansion predictions. In the future, a better understanding can be ob-
tained through the use of unitarity constraints and the dispersion matrix [18, 19] in order to
constrain the form factor extrapolations out of the zero-recoil point w ∼ 1.
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