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Abstract. A review of QCD-based theory approaches to study the heavy-flavor
and exotic hadrons is given. The focus is on the results from lattice QCD and
from lattice QCD complemented by effective field theories. Both approaches
are first briefly introduced and applied in few examples. Then the status of
various hadrons sectors is presented.

1 Introduction

Today we know from experiment and theory that hadrons with the following minimal quark
(¢) and gluon (G) contents exist: mesons gq, baryons gqq, tetraquarks gqgq, pentquarks
4qqqq and hybrid mesons gGg. The first two sectors correspond to conventional hadrons,
while the last three are referred to as exotic hadrons.

This is a brief review of how well QCD-based theory approaches confront heavy-flavor
and exotic hadrons. The focus is on the results from lattice QCD and from lattice QCD com-
plemented by effective field theories. The two approaches are first briefly introduced and
applied in a few examples for pedagogical purposes. Then a journey over various hadron sec-
tors is taken in order to convey the status of their understanding at present. The temperature
is zero throughout the review.

2 Theoretical approaches and examples

The lattice QCD and effective field theory methods to study hadron spectroscopy have been
recently reviewed in e.g. [1-3].

Effective field theories

Here the interactions of hadronic degrees of freedom are based on a general Lagrangian
with the symmetries of QCD. Each term comes in general with an unknown parameter. The
Lagrangian is Taylor-expanded in a small quantity (eg. 1/my, p, E,..), and the terms up to a
certain order are taken into account.

Lattice QCD

The physics information on a hadron (below, near, or above threshold) is commonly ex-
tracted from the energies E, of QCD eigenstates |n) on a finite and discretized lattice in Eucle-
dian space-time. The eigen-energies E, are determined from the time-dependence of the cor-
relation functions (Oi(t)Oj(O)) = 3, (0jn) e B! (nIO}) , where operators O create/annihilate
the hadron system with a given quantum number of interest.
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Strongly stable hadrons well below threshold: The energy of a strongly-stable hadron
with zero momentum directly gives a hadron mass if this hadron is significantly below the
threshold. Masses of these hadrons have already been determined and agree well with the ex-
periment. For example, the precision studies of low-lying charmonia and bottomonia, that ac-
count also for QED and all systematic uncertainties, render impressive agreement for masses
and leptonic decay constants [4, 5].
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Figure 1. Extracting resonances and near-threshold bound states from one-channel scattering.

Resonances and bound states near threshold: In the energy region near or above thresh-
old, the masses of bound-states and resonances have to be inferred from the scattering of two
hadrons H, H,, which is encoded in the scattering matrix 7(E) (Fig. 1a). The simplest exam-
ple is a one-channel (elastic) scattering in partial wave /, where the scattering matrix 7'(E) has
size 1 X 1. Liischer has shown that the energy E of a two-hadron eigenstate in finite volume L
(Fig. 1b) gives the scattering matrix 7'(E) at that energy in infinite volume [6]. This relation
and its generalizations are at the core of extracting rigorous information about the scattering
from the lattice simulations. It leads to T(E) for real E above and somewhat below H;H,
threshold, which is then analytically continued to the complex energy plane. A pole in T(E)
indicates the presence of a state, while its position renders its mass m = Re(E) and the width
I' = -2 Im(E), as sketched in Fig. 1c . A resonance corresponds to a pole away from the
real axes. A bound state corresponds to a pole below the threshold: the state is referred to the
bound state if the pole occurs for positive imaginary momenta p = i|p| and a virtual bound
state if it occurs for p = —i|p|, where p denotes the magnitude of the 3-momentum in the
center-of-mass frame. The majority of the scattering studies are still performed at m, > m,’,’hy
and the applied values are provided in the original references.
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Figure 2. Pole positions for the scalar resonances o [7] and Dj [8], together with a compilation of
resonances parameters for p [3].

Most of the resonances that decay strongly only via one decay channel have already been
extracted from one-channel scattering, with three examples given in Fig. 2. The p is the only
resonance that was simulated by a number of groups, and the resulting resonance parameters
agree with the experiment. The pole of o was extrapolated to physical m, using UChPT [7]
and agrees with the pole position based on the experimental data. The PDG mass of the scalar
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Dy is nearly degenerate with the mass of D7, which presented a puzzle, while the pole mass
of Dy from lattice simulations [8, 9]' is lower, rendering it a more natural partner of D3,
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Figure 3. A resonance that decays via two channels R — HH,, H|H} has to be inferred from the
scattering of two coupled channels.
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The resonances that decay via several strong decay channels R — H{H,, H{H}, .. have
to be extracted from the coupled-channel scattering sketched in Fig. 3. The scattering matrix
for two coupled channels contains three unknown functions of energy. It is customary to
parametrize their energy dependence in order to extract them from the eigen-energies using
the Liischer’s formalism. Many resonances composed of the light quarks have already been
addressed by the Hadron Spectrum Collaboration, eg [10, 11]. Concerning systems with
heavy quarks, only charmed [12] and charmonium-like [13] resonances were extracted, and
the resulting physics conclusions will be discussed in the next section.

3 Various hadron sectors

The majority of the discovered exotic hadrons contain heavy quarks, as those are more likely
to form quasi-bound states due to small kinetic energies. Most of them decay strongly, and
the theoretical challenge to study them increases with the number of decay channels.
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Figure 4. Charmonium system with / = 0: poles and masses from the lattice simulation of the scattering
[13-15] and the LHCb discovery of a X(3960) [16] composed of ¢s5c which was predicted by the lattice
simulation [13].

Hadrons with a heavy quark and antiquark: QQ, QQqq’

The spectrum of charmonium-like resonances and bound states with / = 0 extracted
from the coupled channel DD — DD, study [13-15] is shown in Fig. 4. All the states
except for two (indicated by magenta arrows) appear to be conventional charmonia ¢c and

I'The BW fit of Dy at real energies rendered 2.32(2) GeV [9], while the corresponding pole in the complex plane
based on the same lattice data is at 2.12(3) GeV.
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the resulting masses and decay widths are in reasonable agreement with the measured ones.
In addition, two exotic scalar states are predicted near both thresholds. The heavier one has
a large coupling to D;D; and a small coupling to DD - it very likely corresponds to a state
X(3960) composed of ¢s3c very recently discovered by LHCb [16]. The state near DD has
not been claimed by experiments, while it is found in a recent dispersive reanalysis [17] of
the experimental data. Both states may be dominated by the molecular Fock component and
dominantly held together by the exchange of the vector mesons p, w, ¢ as predicted in [18]
and investigated later in e.g. [19, 20].

The charmonium-like states with explicitly exotic flavor cciid are challenging for a rigor-
ous lattice study as they require a simulation of at least three coupled channels. All available
lattice studies [21-23] render eigen-energies that are close to the non-interacting ones, which
might already constrain some model interpretations, while the solid conclusions on these
interesting systems are still pending.

The conventional bottomonium spectrum bb [24] is shown in Fig. 5a, where threshold
effects and strong decays of higher-lying states are omitted. It also predicts hybrids bGb that
await experimental discovery.
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Figure 5. The bb spectrum from [24] and an example of bb static potential from [32].
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Figure 6. (a,b) The static potential of the quarkonium system that accounts also for the coupling to
a pair of heavy mesons [25]. (c,d) Poles and composition of the bottomonium-like states [27] from
analogous static potential [26].



EPJ Web of Conferences 274, 01014 (2022) https://doi.org/10.1051/epjconf/202227401014
XV'" Quark Confinement and the Hadron Spectrum

The systems with two heavy quarks and additional light degrees of freedom can be in-
vestigated also via the Born-Oppenheimer approach. The static energies for a fixed distance
between heavy quarks render the potential V(). This is applied via the effective field theories
in the Schrddinger equation to study the motion of the heavy quarks. The aim is to determine
whether bound states or resonances form.

e The bb static potential has been determined by many groups (Fig. 5). It supports the
confinement and allows the determination of «, and the low-lying bb spectrum.

e The static potential for the same I = 0 system that accounts also for the coupling to a
pair of heavy mesons [25] is shown in Fig. 6b. Coupled-channel Schrodinger equation
with analogous potential (but from an earlier calculation [26]) renders the poles related to
bottomonium-like states and their composition in terms of bb, BB and B,B, [27] (Figs.
6¢c,d). These are dominated by the conventional Fock component bb, except for state n=>5,
which is likely related to unconventional YT'(10750) discovered by Belle. Another recent
Born Oppenheimer study of this coupled system was performed in [28].

e The observed Z, resonances with flavor content bbdu are challenging for rigorous treatment
since the lowest decay channel is (7, while they reside at the higher threshold BB*. This
was taken into account in the extraction of the potential between B and B* in Fig. 7, which
is attractive at small distances [29—-31]. This attraction is likely responsible for the existence
of the exotic Z;.

e The excited potentials for bb with certain spin-parities in Fig. 8 are relevant for hybrid
mesons bGh. The masses from these potentials within the Born-Oppenheimer approach
agree with those obtained using relativistic b-quarks. An analogous comparison for ¢Gc is
shown in Fig. 9.
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Figure 7. The static potential between B and B* is attractive [30] and is likely responsible for the
existence of Z, ~ bbdu [33].

Hadrons with two heavy quarks: QQqq’

The bbiid and bb3d tetraquarks with J* = 1* are expected to reside significantly below
strong decay thresholds, as shown in Fig. 10. This is a reliable conclusion based on a number
of lattice simulations and model-based calculations summarized in this figure. The hadron
bbiid with such a deep binding likely has a small spatial size, which indicates the dominance
of diquark antidiquark Fock component [bb]g =ad] gﬂ:o. This is also supported by the binding
energy AE as a function of light and heavy qpuark masses in Fig. 10 [39, 40]: the increase of
|AE| with increasing my,, is in line with the Coulomb strong potential between two b quarks
in a diquark; the increase of |AE| with decreasing m, 4 is in line with energy dependence of a
good light diquark [ud]s =0_ So far, this the only tetraquark where lattice finds a strong support
for the dominance of the diquark antidiquark Fock component.
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Figure 8. Left: The potentials related to hybrids in quenched QCD from a recent lattice simulation with
fine lattice spacings [34]. Right: Masses of bGb hybrids (update of [35, 36]) from older potentials [37]
(blue) and from relativistic b quarks [24] (violet).
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Figure 9. Masses of ¢Gc¢ hybrids from hybrid potentials [35, 36] (blue) and from relativistic ¢ quarks
[38] (violet).
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Figure 10. Left: The binding energies of bbiid with I = 0 and J* = 1* from models [41-44] and
lattice [40, 45—47]. The binding energies of bbsd with J* = 1* from models [41, 43, 48] and lattice
[40, 46, 49] are also provided (cited in order from left to right). Right: The dependence of the binding
energy on my, and m, 4 [39, 40].

Tetraquarks QQgq’ (Q=c, b ,q=u,d, s) with other flavors and spin-parities are expected
near or above strong decay thresholds HyH,. Much more care is needed to establish such
states theoretically. In the lattice formulation, for example, the lowest eigenenergy close to
mpy, + my, can indicate a presence of a bound state or a resonance, but it can arise also from
two nearly free hadrons H{H, in a finite volume. In order to prove the existence of a state,
one needs to extract the scattering matrix and establish a pole in it (Fig. 1).

The doubly charm tetraquark 7. = cciid was discovered by LHCb in 2021 just 0.4 MeV
below DD* threshold [50], it has /=0 and most likely J¥ = 1*. It is the longest-lived hadron
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Figure 11. (a) The LHCb discovery of the doubly-charmed tetraquark 7. [50]; (b,c) The lattice sim-
ulation [51] of DD* scattering renders a virtual bound state pole below the threshold, likely related to
T¢c. (c) A sketch of T, binding energy as a function of m,, according to a simple toy model [51].

with explicitly exotic quark content discovered to date. The first lattice QCD simulation that
extracted the DD scattering amplitude found a virtual bound state pole about 10 MeV below
DD* threshold at m, ~ 280 MeV [51]. This pole is likely related to 7., based on the expected
dependence on m, 4, according to which a quasi-bound? state discovered by LHCb turns to a
virtual bound state at heavier m,;, [51], as sketched in Fig. 11d. A subsequent lattice study
of DD* scattering for I = 0 and I = 1 confirms these findings and indicates that the attraction
in I = 0 channel is dominated by the p meson exchange [52]. Dyson-Schwinger approach
also renders T, below the threshold [53].

Hadrons with a single heavy quark

The charmed scalar mesons would form a S U(3) flavor triplet in Fig. 12a according to
the quark model. However, a new paradigm is supported by the effective field theories based
on HQET and ChPT [54-57], combined with the lattice results on sectors § =1 [58-61],
S =0718,9,38] and S = —1 [61] as well as experimental data [55, 62]. According to this
paradigm, the spectrum features cg as well as ¢g gqg Fock components (¢ = u, d, s). The latter
decomposes to the multiplets 3 ® 6 @ 5 in the S U(3) flavor limit as shown in Fig. 12b. The
attractive interactions within the anti-triplet and the sextet suggest the existence of hadrons
with flavors indicated by cyan circles in Fig. 12b. The breaking of S U(3) mixes certain
states among these representations. The states on the upper row of the sextet mix with the
repulsive 15-plet. This leads to two poles for / = 1/2 charmed mesons. The lower one
resides at 2.1 -2.2 GeV in agreement with the lattice simulations [8, 9] and it is a natural
partner of D§;(2317). The heavier pole at 2.4—-2.5 GeV is suggested by the EFT re-analysis
[55-57] of the lattice [38] and experimental data. The lattice simulation of the exotic channel
DK = csiid suggests a virtual bound state below the threshold, which could be a partner of
the heavier X(2900) with the same flavor, that was discovered by the LHCb [61].

Di-baryons with heavy quarks

The binding energies of the dibaryons that contain heavy quarks were extracted from the
lattice simulations [63—65] and are summarized in Fig. 13. The most beautiful dibaryon is
also the most strongly bound [64], while the binding decreases as some of the b quarks are
replaced by the lighter quarks. A given strong potential namely binds more easily the heavier
quarks with smaller kinetic energy. Experimental confirmation of these dibaryons represents
a significant experimental challenge.

2The T, discovered by LHCb would be a bound state in the absence of decays D* — Dr and T, — DDr.
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Figure 13. Binding energies of dibaryons with heavy quarks according to the lattice simulations [63—
65].

4 Conclusions

Experiments have provided great discoveries of new conventional as well as around thirty
exotic hadrons. I have reviewed the theoretical challenge to understand the spectroscopic
properties of various hadron sectors from first principles. I focused on the results based
on lattice QCD and those where lattice QCD is supplemented by the effective field theory
approaches.

These approaches render properties of all hadrons that are strongly stable, as well as
most of the hadrons that are slightly below the strong decay threshold or decay strongly via
one decay channel. Lattice simulations have rigorously treated only a few resonances that
decay via two or three decay channels and contain heavy quarks. The theoretical challenge
increases with more open decay channels. The results suggest that certain near-threshold
tetraquarks (cciid, DD and D,D;) might be bound via the molecular binding mechanism via
the exchange of the light vector mesons, while the deeply bound bbiid is likely due to the
diquark antidiquark binding mechanism. One binding mechanism can not explain all the
exotic hadrons, while there is at least one viable mechanism for all the discovered states in
the literature.

Many of the experimentally discovered conventional and exotic hadrons, e.g. P,
Z.(4430), X(6900),... , are too challenging for rigorous theory treatment at present since
they lie high above the lowest threshold and decay strongly via many decay channels.
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In order to gain a deeper understanding of the mechanisms responsible for the existence
of the exotic hadrons, it is important to identify channels and energy regions that feature such
hadrons and can be reliably investigated with both lattice QCD and experiment. A detailed
study of spectroscopic properties and structure on both sides could lead to conclusions that
might apply more generally.
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