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Abstract. Using SU(3) lattice QCD, we investigate role of spatial gluons for

hadron masses in the Coulomb gauge, considering the relation between QCD

and the quark model. From the Coulomb-gauge configurations at the quenched

level on a 163 × 32 lattice at β = 6.0, we consider the �A = 0 projection, where

all the spatial gluon fields are set to zero. In this projection, the inter-quark

potential is unchanged. We investigate light hadron masses and find that nu-

cleon and delta baryon masses are almost degenerate. This result suggests that

the N-Δ mass difference arises from the color-magnetic interactions, which is

consistent with the quark model picture. Next, as a generalization of this pro-

jection, we expand spatial gluon fields in terms of Faddeev-Popov eigenmodes

and leave only some partial components. We find that the N − Δ and 0++ − 2++

glueball mass splittings are almost reproduced only with 1 % low-lying com-

ponents. This suggests that low-lying color-magnetic interaction leads to the

hadron mass splitting.

1 Introduction

In spite of the great success of the quark model [1], its connection with quantum chromo-

dynamics (QCD) is not yet clear, and to clarify the relation between these theories is one

of the most important problems in hadron physics. A significant difference between them is

the main dynamical degrees of freedom: while QCD is formulated with current quarks and

gluons, the quark model is described only with the massive constituent quarks. The other

significant difference would be the symmetries they possess. QCD has local color SU(3)

symmetry, whereas the quark model only has global color SU(3) symmetry reflecting the

absence of dynamical gluons. This suggests that the quark model is a low-energy effective

theory of QCD in some gauge.

Then, what gauge corresponds to the quark model? Here, we need not respect full Lorentz

symmetry, since the nonrelativistic quark model has only the spatial-rotation symmetry. We

consider that gauge to be the Coulomb gauge. There are several reasons for this choice.

First, the Coulomb gauge leaves global color SU(3) symmetry at each time slice, which

might correspond to the global color symmetry in the quark model. Second, the Coulomb

gauge is globally defined by minimizing spatial gauge-field fluctuations, and therefore one

expects only a small fluctuation of the spatial gluon field, which might explain the absence of
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dynamical gluons in the quark model. Third, in the Coulomb gauge, the temporal gauge field

A0 is no more dynamical but appears as a potential for quarks, which might give the static

potential in the quark model. Several researchers have already studied the relation between

the quark model and Coulomb gauge QCD [2].

We investigate the relation between the quark model and Coulomb gauge QCD using

gauge configurations generated in SU(3) lattice QCD. The organization of this paper is as

follows. In Sec. 2, we briefly review QCD in the Coulomb gauge. In Sec. 3, we propose
�A = 0 projection, i.e., removal of spatial gluons from lattice gauge configurations in the

Coulomb gauge, and investigate the static inter-quark potential and hadron masses. In Sec. 4,

we propose a generalization of the �A = 0 projection in the Coulomb gauge utilizing the

Faddeev-Popov eigenmodes. In Sec. 5, we apply this projection to light hadron and glueball

masses. Section 6 is devoted to Summary and Conclusion. This paper is based on Ref. [3].

2 Coulomb gauge QCD

We briefly review Coulomb gauge QCD, which is locally defined as ∂iAa
s,i = 0 for the gluon

field As,μ = Aa
s,μT a ∈ su(Nc). In the Coulomb gauge, the spatial gluon fields Aa

i are canonical

variables and behave as dynamical variables, whereas the temporal gluon field Aa
0

just behaves

as a potential field. The global definition of the Coulomb gauge is to minimize

RC[A] �
∫

dt d3s
∑
i,a

[Aa
s,i(t)]

2 (1)

under the gauge transformation, which satisfies the local Coulomb gauge condition. In fact,

the gauge fluctuation of the spatial gluon field is strongly suppressed in the Coulomb gauge.

Thus, in the Coulomb gauge, spatial gluons are forced to be minimized and the temporal

gluon just provides a potential. This situation might be preferable to match QCD and the

quark model, since the quark model only has quark degrees of freedom and an inter-quark

potential.

In the path-integral formalism, the generating functional of the Yang-Mills (YM) theory

in the Coulomb gauge is expressed by

Z =

∫
DA eiS [A] δ(∂iAa

i ) Det(Di∂i) (2)

with the YM action S [A]. There appears the Faddeev-Popov (FP) operator,

Mab � Dab
i ∂i = ∂2

i δ
ab + g f abcAc

i ∂i, (3)

as a weight of the gauge orbital in the Coulomb gauge. This FP operator is one of the key

operators in the Coulomb gauge, and its inverse gives the propagator of the FP ghost field.

In lattice QCD, the gauge degrees of freedom is described by the link variable Us,μ �
eiagAs,μ ∈ SU(Nc), where g is the gauge coupling and a the lattice spacing, and the global

definition of the Coulomb gauge is to maximize

RC[U] �
∑
t,s,i

Re TrUs,i(t) (4)

under the gauge transformation. This global definition leads to the local gauge condition

∂B
i As,i = 0, where ∂B denotes the backward derivative and

As,i �
1

2iag
{Us,i − U†

s,i}
∣∣∣∣∣
traceless

∈ su(Nc) (5)
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goes to the original gluon field Ai(s) in the continuum limit.

In lattice QCD in the Coulomb gauge, the generating functional of the gauge sector is

written by

Z =

∫
DU e−S [U] δ(∂iAa

i ) Det(M), (6)

where the FP operator in the Coulomb gauge takes the form [4] of

Ma,b
x,y =

∑
i

Aa,b
x,i δx,y − Ba,b

x,i δx+î,y −Ca,b
x,i δx−î,y, (7)

with

Aa,b
x,i = ReTr[{T a,T b}(Ux,i + Ux−î,i)], Ba,b

x,i = 2ReTr[T bT aUx,i], Ca,b
x,i = 2ReTr[T aT bUx−î,i], (8)

at each time slice, which leads to Eq. (3) in the continuum limit. Note that M is a real

symmetric matrix, i.e., Ma,b
x,y = Mb,a

y,x ∈ R, and hence its eigenvalues λn are real.

In the Coulomb gauge, this FP operator is a key quantity to control the gauge-orbital

weight, and has been studied in the context of the Gribov horizon [5, 6], the instantaneous

color-Coulomb potential [2, 6–8], and a confinement scenario of the gluon-chain picture [9,

10].

3 Lattice QCD simulation and �A = 0 projection

We perform SU(3) quenched lattice QCD calculation at β = 6.0 on a L3
s×Lt = 163×32 lattice.

We impose periodic boundary conditions for link variables in all directions. We generate 500

gauge configurations, which are picked up every 500 sweeps after a thermalization of 5000

sweeps. For these gauge configurations, we perform Coulomb gauge fixing by maximizing

Eq. (4) under the SU(3) gauge transformation. Thus, we obtain representatives of the QCD

vacuum in the Coulomb gauge.

The static inter-quark potential is one of the most fundamental constituents in the quark

model. In QCD, it can be calculated from correlator of the Polyakov loops. Since the

Polyakov loop is defined only by temporal gauge fields, the static quark-antiquark poten-

tial is independent of spatial gauge fields in the gauge configurations. To see this, we define
�A = 0 projection as a simple removal of spatial gluons in the generated gauge configurations

in the Coulomb gauge, and apply it to the static quark-antiquark potential. Figure 1 shows

the static quark-antiquark potentials calculated from Wilson loops, evaluated from the origi-

nal gauge configurations and �A = 0 projected ones in the Coulomb gauge. They agree very

well in the whole distance region as expected. In the quark model, the inter-quark potential

is introduced by hand. In lattice QCD in the Coulomb gauge, we can keep the original static

inter-quark potential by just leaving the temporal gauge fields unchanged.

Using the �A = 0 projection in the Coulomb gauge, we next investigate hadron masses to

see the role of spatial gluons, which gives some hadron-mass splitting via the color-magnetic

interactions in the quark model. Since hadron masses are not purely static quantities, their

values under the �A = 0 projection are non-trivial. We use the clover fermion (O(a) improved

Wilson fermion) with a non-perturbatively determined clover coefficient cSW = 1.769 [11].

We consider the light hadrons of the pion, rho meson, nucleon, and delta baryon. We extract

pion mass mπ and rho meson mass mρ from correlators defined as

C(t) =
∑
�x

Mud(�x, t)Mud(�0, 0)†, Mud =

⎧⎪⎪⎨⎪⎪⎩
uγ5d for pion (π−),

uγid for rho meson (ρ−).
(9)
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Figure 1. The static quark-antiquark potentials evaluated from the original configurations (black) and
�A = 0 projected ones in the Coulomb gauge (red). The black and red curves are the fit results with the

Cornell potential V(r) = −A/r + σr + const.

For nucleon mass mN and delta baryon mass mΔ, we use correlators

C(t) = Γαβ

∑
�x

Budu
α (�x, t)B

udu

β (�0, 0), Budu =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

εabc((uT)aCγ5db)uc

for nucleon (proton),

εabc{2((uT)aCγidb)uc + ((uT)aCγiub)dc}
for delta baryon (Δ+).

(10)

Here C = γ0γ2 is the charge conjugation matrix, and we set Γ = (1±γ0) to extract components

proportional to these parity projection operators.

Figure 2 (a) shows light hadron mass measurement from the original gauge configura-

tion. For each hoppoing parameter κ and sector, hadron mass is obtained from single cosh

/ exponential fit to the correlation function. From linear chiral extrapolations of m2
π and mρ,

the physical hopping parameter and the lattice spacing are determined so that mπ = 0.14GeV

and mρ = 0.77GeV. The lattice spacing is found to be a = 0.1051(15)fm. Nucleon and delta

baryon masses are found to be mN = 1.050(24)GeV and mΔ = 1.334(31)GeV, which are

consistent with a quenched lattice QCD simulation with a similar lattice setup [12].

Figure 2. Hadron mass measurement (a) from the original gauge configuration; (b) under the �A = 0 pro-

jection in the Coulomb gauge; (c) under the eigenmode projection with 5 % low-lying FP eigenmodes;

(d) under the eigenmode projection with 95 % high-lying FP eigenmodes.

Figure 2 (b) shows light hadron mass measurement under the �A = 0 projection. Here

we assume that the lattice spacing is the same as the one obtained from the original gauge

configuration because the static quark-antiquark potential is unchanged. The physical hop-

ping parameter is determined so that mπ = 0.14GeV. Rho meson, nucleon, and delta baryon

masses are found to be mρ = 0.409(17)GeV,mN = 0.607(44)GeV, and mΔ = 0.658(49)GeV,
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respectively under the �A = 0 projection. The overall decrease of hadron masses suggests a

constituent quark with smaller mass of mQ � 0.2GeV.

Interestingly, we find that nucleon and delta baryon masses are almost degenerate under

the �A = 0 projection. Here, we consider the physical meaning of the �A = 0 projection.

Under the �A = 0 projection, while color-electric fields can remain, color-magnetic fields

Ha
i = εi jk(∂ jAa

k −∂kAa
j −g f abcAb

j A
c
k) are inevitably zero, and therefore color-magnetic interac-

tions vanish. Since only the color-magnetic interactions are spin-dependent for static systems

in QCD, mass splitting between different spin states are universally expected to vanish or to

decrease under the �A = 0 projection. This correspondence between color-magnetic inter-

actions and spin-dependent hadron mass splitting seems consistent with the standard quark-

model picture, since the N − Δ mass splitting is generated by the color-magnetic interactions

in the quark model.

4 A generalization of the �A = 0 projection in the Coulomb gauge

To investigate the role of spatial gluons in the Coulomb gauge quantitatively, we generalize

the �A = 0 projection so as to eliminate the spatial gluons contribution continuously. To

this end, we utilize the Faddeev-Popov (FP) operator M and consider expansion of the spatial

gluon fields in terms of its eigenmodes. Roughly, the FP operator defined by Eq. (3) resembles

the Laplacian in the Coulomb gauge, where spatial gluon amplitude is fairly suppressed, and

low-lying FP modes correspond to low-energy components. In lattice QCD, the FP operator

M is expressed as a 8L3
s × 8L3

s matrix MIJ = Ma,b
x,y in Eq. (7), with the index I = (x, a) and

J = (y, b).

Since the FP operator is a real symmetric matrix, its eigenmodes ψn satisfying

Mψn = λnψn (n = 1, 2, . . . , 8L3
s) (11)

can be taken real and normalized eigenvectors ψn(t) at each time t form a complete set∑
n

ψa
n,s(t) ψ

a′
n,s′ (t) = δs,s′ δ

a,a′ . (12)

With these eigenvectors, spatial gluon fields at each time t can be uniquely expanded as

Aa
s,i(t) =

8L3
s∑

n=1

cn,i(t) ψa
n,s(t), cn,i(t) �

∑
s,a

Aa
s,i(t) ψ

a
n,s(t). (13)

Among the 8L3
s eigenmodes, we consider a restriction of these modes, and define FP eigen-

mode projection for spatial gluon fields As,i(t) as a replacement by

Aa,projected

s,i (t) =
∑
n∈S

cn,i(t) ψa
n,s(t) (14)

in the Coulomb gauge. Here, S denotes a subset of the whole set {1, . . . , 8L3
s}. In this

projection, the temporal gluon A4 is unchanged. The eigenmode projection with whole set

S = {1, . . . , 8L3
s} gives the original gauge configuration, whereas the projection with no eigen-

mode (S = φ) becomes the �A = 0 projection. Then, we can connect the �A = 0 projected

configuration with the original one by smoothly changing the subset S .

In this study, we only consider eigenmode projections with Nlow low-lying or Nhigh high-

lying eigenmodes. Specifically, we set

S low = {1, . . . ,Nlow}, S high = {8L3
s − Nhigh + 1, . . . , 8L3

s} (15)
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for eigenmodes which are ordered as λ1 ≤ λ2 ≤ · · · ≤ λ8L3
s
. For each gauge configuration and

time t, we calculate 1638 low-lying and high-lying eigenmodes for the FP operator by using

the Krylov-Schur solver implemented in SLEPc [13]. It is found that the 1638-th smallest

eigenvalue corresponds to the low-lying eigenmode of about (2GeV)2.

Note that, unlike the Fourier expansion [14, 15], the current expansion has no practical

eigenvalue degeneracy except for the trivial eight zero-modes, and one can smoothly connect

the �A = 0 projected gauge configuration with the original one.

5 hadron and glueball masses under the eigenmode projection

We calculate light hadron masses under the eigenmode projection. Figure 2 (c) and (d) show

light hadron masses under the eigenmodes projection with 5% low-lying and with 95% high-

lying eigenmodes, respectively. Figure 3 shows hadron masses under the eigenmode projec-

tion plotted against the number of low-lying or high-lying FP eigenmodes. Some of these

results are listed in Table 1.

Table 1. Hadron masses under the eigenmode projection with low-lying FP eigenmodes.

num. of low-lying FP modes mρ [GeV] mN [GeV] mΔ [GeV]

0 (0 %) 0.409(17) 0.607(44) 0.658(49)

8 (0.02 %) 0.569(23) 0.788(86) 0.887(68)

33 (0.10 %) 0.675(25) 0.984(68) 1.122(77)

164 (0.50 %) 0.772(20) 1.045(35) 1.306(50)

328 (1.00 %) 0.785(21) 1.051(36) 1.372(54)

8L3
s (100 %) 0.77 1.050(24) 1.334(31)

Figure 3. Hadron masses under the eigenmode projection in GeV unit plotted against the number of

low-lying or high-lying FP eigenmodes in the projection. Pion mass mπ = 0.14GeV is used to set the

physical hopping parameter for each measurement. The lattice spacing a = 0.1051(15)fm is used to set

the scale. The solid and dashed lines are connecting adjacent data points for visibility.

We find monotonically increasing behaviors in Fig. 3. The original light hadron masses

are approximately reproduced with only one percent of low-lying eigenmodes. Interestingly,

Figs. 2 (c) and (d) are respectively very similar with Figs. 2 (a) and (b) in Sec. 3, except

for the values of hopping parameter κ. These results indicate an important role of low-lying

eigenmodes on light hadron masses. From Fig. 3 and Table 1, we also find that the N − Δ

mass splitting becomes evident when projected with more than 0.1 % low-lying eigenmodes.

, 02007 (2022) https://doi.org/10.1051/epjconf/202227402007
t h

 Quark Confinement and the Hadron Spectrum

EPJ Web of Conferences 274
XV

 

6



Finally, to go beyond the quark model, we investigate 0++ and 2++ glueball masses in the

FP eigenmode projection in the Coulomb gauge. The mass splitting of 0++ and 2++ glueballs

are also considered to be due to the color-magnetic interaction.

These glueball masses can be extracted from correlators

C(t) = φ(t)φ(0), φ(t) =

⎧⎪⎪⎨⎪⎪⎩
∑
�x Re tr(P12 + P23 + P31)(�x, t) for 0++,∑
�x Re tr(P12 − P13)(�x, t) for 2++,

(16)

where Pi j is the plaquette in i − j plane and the vacuum contribution must be subtracted

from the correlator for 0++ glueball mass [16]. For the glueball calculation, although 500

gauge configurations might not be enough statistically [17], we calculate approximate 0++

and 2++ glueball masses under the eigenmode projection with low-lying eigenmodes, from

single exponential fits to the correlators (16). Those results are summarized in Fig. 4.

Figure 4. Glueball masses under the eigenmode projection in GeV unit plotted against the number of

low-lying FP eigenmodes in the projection.

We also show glueball mass mesurement under the eigenmode projection with 0.1 %

low-lying eigenmodes in Fig. 5. In the case of projection with high-lying eigenmodes, the

correlation functions are too noisy that we can not extract the masses at all.

Figure 5. Glueball mass measurement under the eigenmode projection with 0.1 % low-lying FP eigen-

modes. Correlation functions are normalized such that C(0) = 1.

From Fig. 4, it seems that 0++ and 2++ glueball masses are approximately degenerate near

the �A = 0 projection. This can be also seen from Fig. 5, where correlation functions are very

alike. They approximately converge to the original values with just one percent of low-lying

eigenmodes. We also find that the 0++ − 2++ glueball mass splitting becomes evident when

projected with more than 0.1 % low-lying eigenmodes. Thus, we obtain similar results also

in the case of glueball masses.
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6 Summary and Conclusion

In this paper, aiming at the relation between QCD and the quark model, we have investigated

the role of spatial gluons for hadron masses in the Coulomb gauge. In the �A = 0 projection,

where all the spatial gluon fields are set to zero, we have found that nucleon and delta baryon

masses are almost degenerate. This suggests that the N-Δ mass difference arises from the

color-magnetic interactions, which is consistent with the quark model picture. Next, as a

generalization of this projection, we expanded spatial gluon fields in terms of Faddeev-Popov

eigenmodes and left only some partial components. We have found that the original N−Δ and

0++−2++ glueball mass splittings are almost reproduced only with 1 % low-lying components.

This suggests that low-lying color-magnetic interaction leads to the hadron mass splitting.

Our study suggests a possibility that the quark model can be derived from Coulomb gauge

QCD by a reduction of high-lying spatial gluons above 1.3GeV. Also, a QCD-based con-

stituent gluon model might be formulated from Coulomb gauge QCD with the reduction of

high-lying spatial gluons, and its combination with the quark model might describe wide

category of hadrons including glueballs and hybrids.

H.O. is supported by a Grant-in-Aid for JSPS Fellows (Grant No.21J20089). H.S. is
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