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Abstract. We investigate the scattering of two scalar glueballs in pure YM
theory, using the well known dilaton potential. We perform the calculations
considering a glueball mass of about mG ≈ 1.7 GeV, as predicted by lattice
QCD. We begin with the tree-level theory, but the question about the presence
of a bound state needs a deeper study to be answered. Thus we unitarize the
theory through a self energy loop function consisting of a single subtraction at
the single glueball resonance pole. We show that this choice is inconsistent as it
leads to the emergence of a ghost-like state with negative norm. This problem is
related with the sign of the coefficient in the first order term of the expansion of
the reverse unitarized amplitude. We briefly discuss the solution which consists
of an additional subtraction in the loop function, as presented in Eur.Phys.J.C
82 (2022) 5, 487.

1 Introduction

The theory of QCD in the limit of infinitely heavy quarks -Yang-Mills (YM) theory- provides
several predictions for the glueballs using different approaches, first of all the bag models
[1, 2] and later Lattice QCD [3–6]. Gluons are the gauge bosons of QCD and their bound
states are glueballs. It is therefore natural to investigate the bound state of glueballs, in
their turn. The lightest glueball state in all approaches mentioned above is the scalar one,
JPC = 0++, making it stable in pure YM.
In our work, we consider the dilaton potential [7, 8], which involves a single scalar glueball
field G and a single dimentionful parameter ΛG whose value, obtained by comparison with
the gluon condensate as determined on the lattice, is about 0.4 GeV. The scattering amplitudes
obtained from the potential are necessary to access if the attraction between the two particles
is enough to form a bound state. The tree-level theory does not provide satisfying results and
must be therefore unitarized via a loop function. The first attempt with a single subtracted
loop provides a ghost like state as a result, which is clearly an artifact of the theory. The
unitarized theory with a double subtraction, instead, gives an interesting result: a bound
state, that we call glueballonium, might exist below a critical value of the parameter ΛG -
ΛG,crit ≈ 0.504 GeV-, as it was more exhaustively explained in Refs. [9, 10].
In the future, the results of our work can be compared with lattice QCD, since the scattering
of two glueballs in pure YM can be studied using the Lusher method [11, 12]. In full QCD,
the situation is more difficult since the scalar glueball could be broad [13], yet a search for
the glueballonium at the PANDA experiment would be possible [14]. Moreover, a deeper
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understanding of the dilaton potential on its own can be also relevant beyond QCD [15], e.g.
dark matter [16–21].

2 Scattering at tree level

A theory which involves a single scalar field G and one dimentional parameter ΛG, em-
bodying the trace anomaly at the hadronic level, is the main input in this work. The dilaton
Lagrangian well describes the low-energy features of the YM sector of QCD [7]:

Ldil =
1
2

(∂µG)2 − V(G), (1)

with

V(G) =
1
4

m2
G

Λ2
G

(
G4 ln

∣∣∣∣∣ G
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∣∣∣∣∣ − G4

4

)
. (2)

The term mG, which appears in the dimensionless quantity mG/ΛG, represents the glueball
mass, which is fixed to mG ≈ 1.7 GeV in this paper [3, 4, 6, 22–25]. The expansion of the
potential V(G) around its minimum, realized for G = ΛG, gives the expression of the 2→2-
body scattering amplitude at tree level, formed by the cross-channel and the s, t, u channels:
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2
1
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, (3)

which is expressed as function of the Mandelstam variables s = (p1 + p2)2, t = (p1 − p3)2 and
u = (p2 − p3)2. The amplitude can be rewritten as function of s and the scattering angle θ, as
only two of the Mandelstam variables are independent. The expansion into partial waves is
expressed via a general formula, that for the l-th amplitude reads:

Al(s) =
1
2

∫ 1

−1
d cos θA(s, cos θ)Pl(cos θ) . (4)

Because of Bose symmetry, A(s, cos θ) is symmetric in cos θ; therefore, odd waves vanish.
Additionally, waves with l ≥ 2 do not contribute to the formation of the bound state, thus the
most relevant value of l to consider is l = 0. The explicit form of the s-wave amplitude is:

A0(s) = −11
m2
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Λ2
G

− 25
m4

G

Λ2
G

1
s − m2

G

+ 50
m4

G

Λ2
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log
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G

m2
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)
s − 4m2

G

. (5)

The form of the amplitude directly shapes other quantities e.g. scattering length al and phase
shift δl, which expression and discussion are in Ref. [10, 26]. The pole at s = m2

G in Eq. 5 can
be immediately interpreted as the single glueball. Interestingly, the amplitude A0(s) presents
an additional singularity at s = 3m2

G, which can be understood by comparison between Eq.
(3) and the last term of Eq. (5): the projection of the u- and t- channel single pole onto the
s-wave generates a left hand cut, embodied in the logarithmic term.

3 On shell unitarization

3.1 General unitarization features

As the tree-level amplitude works quite well only within a small neighbourhood of the thresh-
old and for weak couplings, it is necessary to consider also loops. To this end, we will use
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a procedure called unitarization. There is not a unique way for unitarizing any l-th wave
amplitude obtained from a chiral lagrangian [27–29]. Two ways are via the "on-shell ap-
proximation" [30] or the N/D method [31, 32]. A discussion of the latter can be found in
Ref. [10]; from now on the former will be the focus of our discussion. The on-shell approx-
imation is realized with the help of a glueball-glueball self energy loop function (or vacuum
polarization function) Σ(s), as follows:

AU
0 (s) =

[
A−1

0 (s) − Σ(s)
]−1
=

A0(s)
1 − A0(s)Σ(s)

, (6)

where the tree-level A0(s) is directly related with the unitarized amplitude AU
0 (s). It is evident

from the denominator that the loop contribution in case of small value of A0(s) is negligible.
Thanks to the optical theorem, the imaginary part of Σ(s) must have the following form [33]:

ImΣ(s) = θ
(
s − 4m2

G

) 1
2

1
16π

√
1 −

4m2
G

s
. (7)

The imaginary part can be directly used to reconstruct the whole loop function by using the
dispersion relations, which can require a certain number of subtraction in order to preserve
some analytic features during the unitarization process. In this way, Σ(s) takes the general
form:

Σ(s) =

∏
j(s − µ2

j )

π

∫ ∞

4m2
G

ImΣ(s′)
(s′ − s − iε)

∏
j(s′ − µ2

j )
ds′ , (8)

where µ2
j are the positions of the poles that we want to preserve during the unitarization,

so that Σ(s = µ2
j ) = 0 for each µ2

j . The first pole that we keep fixed is the single glueball
pole µ2

j = m2
G, as unitarization must preserve the physical mass (assumed to be such already

at tree-level). One pole is sufficient to ensure the convergence of the loop function, but the
formalism leads to an unphysical ghost pole, see the following. The solution to this problem
lies in the addition of another pole. The requirement to preserve the single glueball exchange
also in the t- and u- channel, i.e. AU

0 (s) ≃ A0(s) near the logarithmic branch point, leads to a
new subtraction at µ2

j = 3m2
G.

Next, we will analyse which are the features and the problems of the theory in case of a single
subtraction, as the double subtracted case has been exhaustively explained in Refs. [9, 10].
In particular, we show the emergence of a ghost particle.

3.2 Once subtracted loop function

We consider the loop function with one subtraction in order to preserve the single glueball
pole. Thus Eq. 8 becomes

Σ(s) =
(s − m2

G)
π

∫ ∞

4m2
G

ImΣ(s′)
(s′ − s − iε)(s′ − m2

G)
ds′ . (9)

The presence of a bound state is realized as a pole of the amplitude. It is therefore evident
from Eq. 6 that we have to analyse for which values of s:

A−1
0 (s,ΛG) = Σ(s). (10)

Note, we consider the scale ΛG as a variable; indeed, as shown in Fig. 1, the unitarized
amplitude has two, one or no pole depending on the value of the scale. In the case of a
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too strong attraction (that is, relatively small ΛG) -e.g. ΛG = 0.55 GeV-, there is no pole.
Weakening the coupling, we firstly see that a pole appears at s ≈ 3.65 GeV2, and then it
splits into two singularities, one for a lower and another for a higher value of s. The latter
approaches s = 4m2

G up to ΛG ≈ 0.69 GeV, and then disappear. This behaviour is proper of
a bound state singularity. Instead, the pole at lower s does not disappear when the strength
of the coupling decreases (alias, ΛG increases) and it is present even for the quite unrealistic
value of ΛG = 1.5 GeV. In order to solve this problem, it is therefore necessary to understand
the nature of this pole, which will be done in an analogous way as reported in Ref. [34]. We
expand the denominator of Eq. 6 near a certain pole s ≈ µ2

j :

A−1 − Σ ≈ O[(s − µ2
j )

0] +C(s − µ2
j ) + O[(s − µ2

j )
n≥2]. (11)

The coefficient C is related to the sign of the first derivative of the term A−1 − Σ; the sign
of C fixes the properties of the coupling constant. The case C < 0 corresponds to a bound
state -C = 1/g2

e f f ,b-, while C > 0 embodies a ghost state -C = 1/g2
e f f ,g-; the indexes b and

g refer to bound state and ghost respectively. The unitarized amplitude gets then two forms,
depending if it is near the bound state pole, µ j = mb, or the ghost pole, µ j = mg:

AU
0 (s ≈ m2

b) = −
g2

e f f ,b

s − m2
b

(12)

and

AU
0 (s ≈ m2

g) =
g2

e f f ,g

s − m2
g

. (13)

The two amplitudes can be obtained by the corresponding effective Lagrangians for two glue-
ball fields into the effective fields ϕb and ϕg:

Le f f ,b =
1
2

(∂µϕb)2 −
m2

b

2
ϕ2

b + ge f f ,bG2ϕb. (14)

and

Le f f ,g =
1
2

(∂µϕg)2 −
m2
g

2
ϕ2
g + ige f f ,gG2ϕg. (15)

Clearly, Le f f ,g is not Hermitian. In order to have an Hermitian Le f f ,g, one could consider the
transformation ϕg → iϕg. The Lagrangian in Eq. 15 gets the form:

Le f f ,g = −
1
2

(∂µϕg)2 +
m2
g

2
ϕ2
g − ge f f ,gG2ϕg. (16)

Although Le f f ,g is now Hermitian, the sign in front of the kinetic part is reversed. Thus, any
formulation of the theory leads to a state with negative norm for s ≈ m2

g.
In the case of this work, we can consider the poles of the unitarized amplitude at Λ = 0.64
GeV (see Fig.1). The coefficient C is then about 7.1 · 10−4 GeV−2 for mg ≈ 3.08 GeV,
meaning that this is an unphysical ghost-like resonance. The other pole at mb ≈ 3.38 GeV
has a negative value of C (≈ −2 ·10−3 GeV−2), meaning that it is the bound state of the theory.
In conclusion, one subtraction is not enough.
The theory must be modified with the addition of at least another subtraction to the loop
function, see details in Ref. [10].
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Figure 1. The denominator of the unitarized amplitude (AU
0 )−1 = A−1

0 − Σ as function of the energy for
different values of the scale ΛG.

4 Conclusions

In this work, we used the dilaton potential to study the scattering of two scalar glueballs.
Since the tree-level amplitude is not a sufficient approximation, a unitarization process was
implemented, which allows us to take into account loop contributions. We implemented the
calculation with the on-shell formalism, which employs the self energy function; its real part
is only fixed after a certain number of subtractions is implemented.
The case with one only subtraction at the single glueball pole was analysed in this work. We
have shown that this choice does not provide a satisfactory unitarization for the scattering of
two scalar glueballs, as it generates, together with the bound state pole, an unphysical ghost-
like resonance. The problem can be solved by considering an additional subtraction at the
branch cut.
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