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Abstract.
The light-cone distribution amplitude (LCDA) encapsulates the nonperturbative
information of the hadronic states in hard exclusive reactions. The envisioned
Circular Electron Positron Collider (CEPC) has the potential to access the pion
LCDA at an unprecedented level of accuracy with its clean background, broad
energy range, high luminosity and precision measurements. Such knowledge
can not only deepen our understanding of the composite hadron structure, but
also provide new insights for exploring the intricate structures of the underlying
non-abelian gauge theory (QCD).

1 Introduction

It is well known that the parton distribution function (PDF) provides the nonperturbative
ingredient in the study of inclusive hard interactions. Likewise, the light-cone distribution
amplitude (LCDA), which admits an amplitude interpretation as the name suggests, is estab-
lished as the nonperturbative object indispensable for the theoretical studies of hard exclusive
processes. While the former has been studied intensively due to its wide application in col-
lider physics and accessibility, the latter has received relatively less attention apart from the
recent developments mainly due to the numerical lattice simulation technique (see e.g. [1]).
Experimentally, the most promising channels for probing the LCDA of various hadrons are
the exclusive photon productions where the envisioned Circular Electron Position Collider
(CEPC) certainly provides ample opportunities (see [2] and references therein for technical
details). In this report, we aim at addressing the potentiality of the CEPC in the improved de-
termination of the neutral pion LCDA. Together with the pion PDF, they encode rich informa-
tion on the dynamical structure of the pseudoscalar meson π0 (see [3] for further discussions
on probing the flavour-singlet hadrons η(′) ).

The exclusive two-photon production of π0 is described via the so-called pion-photon
transition form factor (TFF) which has been investigated intensively even before the advent
of QCD (see, for instance [4–6]). The interest was fueled at the time mostly because of its
role in unveiling the axial anomaly when both incoming photons approach the on-shell limit.
The knowledge obtained from the pion TFF in this limit then advanced our understanding
of strong interaction and contributed to the development of QCD at its early stage. On the
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other hand, when one of the photons retains large virtuality, commonly denoted as Q2, the
pion TFF is predicted to obey the scaling behaviour on the basis of the perturbative factoriza-
tion theorem. This implies that as Q2 becomes sufficient large, the TFF is dominated by the
leading power contribution generated by the Born amplitude of the collinear light-quark pair
production γγ∗ → q̄q, and the TFF consequently scales as 1/Q2. It is therefore not surprising
that, when the BaBar measurement announced the scaling violation of the pion TFF up to
Q2 ∼ 40 GeV2 a decade ago [7], a wave of theoretical investigations were triggered with
diverse speculations from both perturbative and nonperturbative sides in an attempt to rec-
oncile the tension between theory and experiment. The experimental data of γ γ∗ → π0 are
obtained from the “single-tagged" measurements of the differential e+ e− → e+ e− π0 cross
section [7–9], which proves to be more accessible with the BaBar setup.

In order to shed lights on the unexpected scaling violation indicated by the BaBar col-
laboration and to gain a better control on the perturbative dynamics for extracting the pion
LCDA, it is pivotal to pursue the theoretical predictions of the pion TFF to higher orders in
the strong coupling αs. The foundation for the prediction of the pion TFF at Q2 � Λ2

QCD, as
well as many other two-photon processes such as deeply virtual Compton scattering (DVCS)
(see for instance [10–12]) and deeply inelastic lepton-hadron scattering (DIS), consists in
operator-product-expansion (OPE) of two time-ordered electromagnetic currents. In the case
of γγ∗ → π0, the OPE technique allows for constructing the factorization formula of the
TFF, which is determined by the perturbatively calculable coefficient function (CF) and pion
LCDA. Hence with the upcoming improved experimental input for the TFF and the yet more
accurate CF, the nonperturbative pion LCDA can be constrained with higher accuracy. More-
over, a better understanding of the pion LCDA also has far-reaching consequences on refining
the model-independent description of semileptonic and nonleptonic B-meson decays such as
B → π `− ν̄`, B → π `+ `−, B → π π etc (see, e.g., [13–15]). These exclusive heavy-hadron
decays in turn hold the key for unraveling the delicate quark-flavour mixing mechanism and
for uncovering the ultimate mystery of CP violation.

The CF in the large Q2 limit had been determined to the next-to-leading order (NLO) in
αs from the diagrammatic factorization approach more than three decades ago [16–18] (see
[19–21] for an alternative treatment by including the non-zero transverse momenta of the
active partons). The complete two-loop CF in the MS-scheme has become available only
until very recently with two completely different approaches [22, 23], which however bring
about exactly identical results. In what follows, we mainly discuss the prospects of CEPC
in the precision determination of the pion LCDA with the most advanced perturbative QCD
calculations to date.

2 Theory background
The photon-pion transition form factor (TFF) Fγπ(Q2) is induced by the electromagnetic cur-
rent jem

µ sandwiched between an on-shell photon with momentum p′ and the π0 state of mo-
mentum p

〈π0(p)| jem
µ |γ(p′)〉 = g2

emεµναβq
αpβεν(p′)Fγπ(Q2) , (1)

where q = p − p′ refers to the transfer momentum from which the virtuality is defined
Q2 = −q2. The totally antisymmetric tensor εµναβ with convention ε0123 = −1 signifies that π0

is a pseudoscalar meson. εν(p′) is the polarization vector of the real photon, and eq denotes
the electric charge of the quark field in units of gem =

√
4παem. The electromagnetic current

is constructed via local quark fields

jem
µ =

∑
q

gem eq q̄ γµ q . (2)
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It is convenient to introduce two light-cone vectors nµ and n̄µ satisfying n2 = n̄2 = 0 and
n · n̄ = 2, which permit the decomposition pµ = (n̄ · p)/2 nµ and p′µ = (n · p)/2 n̄µ.

The hard-collinear factorization theorem dictates that the γ γ∗ → π0 form factor in the
leading-power (LP) approximation 1 can be written as

FLP
γπ (Q2) =

(e2
u − e2

d) fπ
√

2 Q2

∫ 1

0
dx T2(x,Q2, µF) φπ(x, µF) , (3)

where fπ = (130.2 ± 1.2) MeV is the neutral pion decay constant [24] and µF represents the
factorization scale for which we tacitly take to be the same as the renormalization scale µUV,
i.e.,

µF = µUV ≡ µ . (4)

φπ(x, µF) represents the celebrated (leading-twist) pion LCDA whose scale dependence is
governed by the Efremov-Radyushkin-Brodsky-Lepage (ERBL) evolution kernel where the
one- and two-loop results are available in [25, 26] and [27–31], respectively. The three-
loop ERBL kernel has been computed recently in both the naive dimensional regularization
(NDR) [32] and the Larin scheme [33] from conformal symmetry.

The CF T2 can be expanded perturbatively in the form

T2 =

∞∑
`=0

a`s T (`)
2 , as ≡

αs

4π
=

g2
s

(4π)2 (5)

with gs being the strong coupling constant. The explicit expressions for the tree-level T (0)
2 ,

one-loop T (1)
2 , and two-loop T (2)

2 coefficient functions in the MS(NDR)-scheme can be found
in the addendum of [22].

As a physical observable, the pion TFF Fγπ(Q2) is evidently independent of the factoriza-
tion scale µF , hence yielding an importance constraint for the TFF computed with CF up to
`-loops.

d
d ln µ

F(`)
γπ (Q2, µ) = O(α`+1

s ) . (6)

It is mandatory to evaluate the resummation improved Fγπ(Q2) with the RG-evolution kernel
of the pion LCDA expanded up to the order of one-loop higher than the CF. We will follow
this procedure in the next section by employing the full two-loop CF and the three-loop evolu-
tion kernel [32] to obtain the complete next-to-next-to-leading-logarithm prediction (NNLL)
for the TFF.

3 Numerical analysis

To analyze the accessibility of φπ(x, µF) via the experimental data, we will employ three
phenomenologically acceptable models. These models are motivated by accommodating the
available information on the LCDA from the various QCD methods. It is helpful to decom-
pose φπ(x, µF) in terms of the Gegenbauer polynomials C3/2

2n (2x − 1) which diagonalize the
one-loop ERBL kernel, namely,

φπ(x, µF) = 6xx̄
[
1 +

∞∑
n=1

a2n(µF)C3/2
2n (2x − 1)

]
, (7)

1We assume the leading-power approximation hereafter unless stated otherwise.
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where x̄ = 1− x, a2n(µF) are known as the Gegenbauer moments of the pion LCDA. Note that
only the polynomial C3/2

2n (2x − 1) with an even index contributes due to φπ(x, µF) = φπ(x̄, µF)
as a consequence of the charge symmetry. The renormalization group analysis demonstrates
that a2n(µF)→ 0 as µF → ∞ hence giving rise to the asymptotic pion LCDA

φ
asy
π (x) ≡ 6xx̄ . (8)

It is instructive to take φasy
π (x, µ0) as a legitimate, albeit a crude model for the leading-twist

pion LCDA at a reference scale µ0. Employing the factorization formula Eq. (3) at the two-
loop level and setting µ = µ0, we find

Fasy
γπ (Q2, µ0) =

(e2
u − e2

d) fπ
√

2Q2

{
6 − 30asCF − a2

sCF

[
β0 ((31 + 12L0)ζ2 + 6ζ3 + 7)

+CF

(
24(ζ2 + ζ3)L0 + 42ζ4 + 54ζ3 + 37ζ2 −

85
2

)
−

1
Nc

(6ζ4 − 12ζ3 − 2ζ2 + 13)
]}

,

(9)

where L0 ≡ ln (µ2
0/Q

2). Note that the appearance of L0 does not indicate the scale dependence
of the TFF as the ERBL kernel has to be applied to φπ(x, µ0) to facilitate the scale variation.

It is conventional to construct the phenomological models at a common reference scale
of µ0 = 2 GeV. The LCDA is then evolved to the appropriate factorization scale µF to make
predictions for the TFF via Eq. (3). We are now ready to explore the numerical consequences
of three more elaborated models of the pion LCDA as listed below in greater detail.

Model I : φπ(x, µ0) =
Γ(2 + 2απ)
Γ2(1 + απ)

(x x̄)απ , (10)

with απ(µ0) = 0.422+0.076
−0.067 ;

Model II : {a2, a4}(µ0) = {0.269(47), 0.185(62)} ,
{a6, a8}(µ0) = {0.141(96), 0.049(116)} ;

Model III : {a2, a4}(µ0) = {0.203+0.069
−0.057 ,−0.143+0.094

−0.087} .

The general ansatz of Model I is inspired by the AdS/QCD correspondence [34] with
the specific value of aπ(µ0) determined from the most recent lattice result a2(2 GeV) =

0.116+0.019
−0.020 [1]. Model II with truncated expansion in Gegenbauer polynomials is constructed

by matching the pion electromagnetic form factor in the space-like region to the modified
dispersion integral, modulus of the time-like contribution [35]. The intervals of a2 and a4
in Model III [36–38] are determined also from the QCD sum rules with the non-local quark
condensate responsible for the finite correlation length of vacuum fluctuations [39]. To im-
plement the three-loop evolution of φπ(x, µ) [32], we will take into account the Gegenbauer
moments up to a14(µ) for the “holographic"-type Model I, which is sufficient for our numeri-
cal analysis as demonstrated in [40].

Clearly, all three models for φπ(x, µ0) are somewhat unsatisfactory, as none of them are
subject to sufficient experimental constraints. This can be partially understood from the fact
that all previous data on the pion TFF are either limited to the small Q2 region invalidating
the leading-power approximation (e.g., the CLEO collaboration [8], or possessing large errors
with contradictory measurements (e.g., BaBar [7] vs Belle [9] as illustrated in Fig. 1). It is
therefore without doubt that an independent measurement of the TFF is vital for settling the
considerable discrepancy between the BaBar and Belle data as displayed in Fig. 1.
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/GeV2

Figure 1. Theory predictions of the TFF γγ∗ → π0 for the three models presented in (10), including the
NNLL QCD prediction of the leading, as well as the sub-leading power corrections from the higher-
twist pion and photon DAs [41]. The color bands are due to variation of the scale µ in Eq. (4). For
a comparison, we also display the experimental measurements from the CLEO [8] (purple squares),
BaBar [7] (orange circles) and Belle [9] (brown spades) Collaborations.

Based on the three acceptable models presented in Eq. (10), we are now prepared to
demonstrate the theory predictions for the pion TFF, which are further confronted with the
available experimental data currently, as shown in Fig. 1. Here we have also taken into
account the sub-leading power corrections generated by higher-twist pion LCDA and the
collinear photon distribution amplitudes [41]. Such corrections are systematically negligible
for Q2 & 20 GeV2 [22] consistent with the established hierarchy pattern of the pion TFF. The
color bands, which are obtained from the “default" range of the scale variable µ2 = 〈x〉Q2

with 1/4 ≤ 〈x〉 ≤ 3/4 [40], reveals the perturbative uncertainty of the NNLL resummation
improved leading-power contribution (i.e., Eq. (3)). Note that in Fig. 1, the quoted numerical
uncertainties of each model in Eq. (10) are not taken into account to highlight the potentiality
of the experimental data in resolving the model uncertainties of φπ(x, µ0).

The snapshot of a well-separated TFF prediction is particularly encouraging as it demon-
strates the power of the precision measurement of the pion TFF in disentangling various
models of φπ(x, µ0). As these models are established by speculating quantitatively the in-
tricate dynamics of the leading-twist DA from different perspectives, a better constrained
φπ(x, µ0) is indispensable for unveiling the partonic structures of the neutral pion system. We
emphasize again that in order to properly extract the leading-twist pion LCDA φπ(x, µ0), it is
crucial to have access to the large kinematic regime of Q2 & 20 GeV2 where the sub-leading
power contributions are sufficiently suppressed. This criteria is met by the proposed design
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of CEPC with high luminosity, efficient neutral particle reconstruction technique, and high
momentum resolution [2].

We point out that based on the blueprint of the CEPC, it is also advisable to measure the
radiative-leptonic decay channel of the neutral pion π0 → e+e−γ with tagging, in which case
all discussions in this work fully apply. In addition, precision measurements for the double-
virtual γ∗γ∗ → π0 form factor are also highly appreciated, since it serves as a fundamental
ingredient to determine the hadronic light-by-light (HLbL) scattering contribution entering
the prediction of the muon anomalous magnetic moment in the dispersion framework.

4 Conclusions

In summary, we have endeavored to illustrate the accessibility of the leading-twist pion
LCDA via the pion TFF in the large-Q2 region at the envisioned CEPC. Our analysis draws
a positive conclusion. The significance of an updated experimental input was addressed by
employing three representative models of the twist-two pion LCDA at the NNLL accuracy.
A clean separation of the TFF predictions from various models is observed. This is particu-
larly promising as it permits the extraction of the φπ(x, µ) with much less ambiguity, which is
important for shedding lights on the partonic dynamics of the composite hadronic state.
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