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Abstract. We review our recent study on the QCD static force using gradient
flow at next-to-leading order in the strong coupling. The QCD static force has
the advantage of being free of the O(ΛQCD) renormalon appearing in the static
potential but suffers from poor convergence in the lattice QCD computations.
It is expected that the gradient flow formalism can improve the convergence.
Based on our next-to-leading-order calculations, we explore the properties of
the static force for arbitrary flow time t, as well as in the limit t → 0, which may
be useful for lattice QCD simulations.

1 Motivation

The QCD static potential encodes important information about the QCD interactions for wide
range of distances [1–4]. At short distances, the static potential can be calculated perturba-
tively [3, 5–8] and has been proved to be useful in extracting the strong coupling constant αs

from the latticee QCD simulations [9–14]. The perturbative calculation of the static potential
in dimensional regularization suffers a renormalon of order ΛQCD, which may be absorbed
in an overall constant shift [15, 16]. Analogously, in lattice regularization, there is a linear
divergence that is proportional to the inverse of the lattice spacing.

The static force defined by the spatial derivative of the static potential has the advantage
of being free from order ΛQCD rernormalon, which make it more convenient for compar-
ing lattice simulations with perturbative calculations [17–19]. The force can be computed
from the finite differences of the lattice data of the static potential, which works well if the
available data are dense, like in the case of quenched lattice data [17]. However, at short
distances, the lattice data are still sparse, and the computation of the force from their finite
differences leads to large uncertainties [10]. An other way of calculating the force is to com-
pute the force directly from a Wilson loop with a chromoelectric field insertion in it [20, 21].
However, direct lattice QCD calculations of the static force exhibit sizable discretization er-
rors and the convergence to the continuum limit is rather slow [22]. This poor convergence
may be understood from the convergence of the Fourier transform of the perturbative QCD
calculation in momentum space at tree level, in which the spatial momentum integration∫ C

0 dq cos(qr) = sin(Cr)
r does not converge to a fixed value in the limit C → +∞, which indi-

cates the the cut off regularization in lattice simulations will face convergence problem in the
continuum limit.

The gradient-flow formulation has been proved useful in lattice QCD calculations of cor-
relation functions and local operator matrix elements [23–31]. In gradient flow, the gauge
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fields in the operator definitions of matrix elements are replaced by flowed fields that depend
on the spacetime coordinate and the flow time t. At tree level in perturbation theory, the
flowed fields come with a factor e−q2t for every momentum-space gauge field with momen-
tum q in the operator definition, which gives an exponential suppression factor at large q in
the Fourier transformation. If this supprersion behavior is kept unspoiled beyond tree level,
we expect that the poor convergence of the lattice QCD calculation of the static force will be
greatly improved by using gradient flow.

In this proceeding, we compute the static force in gradient flow in perturbation theory at
next-to-leading order in the strong coupling. This calculation is significant in two aspects.
First, we examine the convergence of the Fourier transform explicitly beyond tree level. Sec-
ond, we examine the dependence on the flow time t, and in particular the behavior in the
limit t → 0, that may be useful when extrapolating to QCD from lattice calculations done in
gradient flow [32].

2 Definitions and conventions

We define the QCD static potential in Euclidean space as [1–4]

V(r) = − lim
T→∞

1
T

log⟨Wr×T ⟩, (1)

where Wr×T is a Wilson loop with temporal and spatial extension T and r, respectively, and
⟨· · · ⟩ is the color-normalized time-ordered vacuum expectation value

⟨· · · ⟩ =
⟨0|T · · · |0⟩
⟨0|trcolor1c|0⟩

, (2)

with T the time ordering, |0⟩ the QCD vacuum, and trcolor1c = Nc the number of colors. An
explicit expression for the Wilson loop Wr×T is

Wr×T = trcolorP exp
[
ig

∮
C

dzµAµ(z)
]
, (3)

where P stands for the path ordering of the color matrices, Aµ is the bare gluon field, g is the
bare strong coupling, and C is a closed contour.

We define the QCD static force by the spatial derivative of V(r) as [20–22, 33, 34]

F(r) ≡
∂

∂r
V(r) = −i lim

T→∞

1
T

∫ +T/2
−T/2 dx0 ⟨Wr×T r̂ · gE(x0, r)⟩

⟨Wr×T ⟩
, (4)

where in the second equality, the chromoelectric field gEi is inserted into the Wilson loop at
spacetime point (x0, r).

The static force in gradient flow, F(r; t), can be defined by replacing the gluon fields
gAµ(x) by the flowed fields Bµ(x; t), where Bµ is defined through the flow equation [25, 26]

∂

∂t
Bµ(x; t) = DνGνµ + λDµ∂νBν, Gµν = ∂µBν − ∂νBµ + [Bµ, Bν], Dµ = ∂µ + [Bµ, ·], (5)

with the initial condition
Bµ(x; t = 0) = gAµ(x). (6)

Here, λ is an arbitrary constant, and the flow time t is a variable of mass dimension −2.
For perturbative calculations of the static force, it is advantageous to first compute the

static potential in gradient flow, V(r; t), by replacing the gluon fields gAµ(x) by the flowed
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fields Bµ(x; t) in the definition of the Wilson loop and choose λ = 1, and then differentiate
with respect to r to obtain F(r; t). Since the contributions from the spatial-direction Wilson
lines at the times ±T/2 vanish in the limit T → ∞ in Feynman gauge [35], we will employ
the Feynman gauge in the calculation of the static potential. The momentum-space potential
Ṽ(q) is related to the position-space counterpart by

V(r) =
∫

d3q
(2π)3 Ṽ(q)eiq·r, (7)

which is also valid for the static potential in gradient flow. We neglect contributions to Ṽ(q)
with support only at vanishing spatial momentum q, such as the heavy quark/antiquark self-
energy diagrams, because they do not contribute to the static force.

It has been shown that the IR divergences cancel in the sum of all Feynman diagrams up
to two loops [6, 36], and the UV divergences can be removed by the renormalization of the
strong coupling. We adopt dimensional regularization with spacetime dimension d = 4 − 2ϵ
and renormalize the strong coupling in the MS scheme.

3 Next-to-leading order results

Figure 1. Feynman diagrams for the static potential at next-to-leading order in αs. The double lines
represent temporal Wilson lines, curly lines are gluons, and solid lines are flow lines. Filled squares
represent the flowed Bµ fields at flow time t, and open circles are flow vertices. The blob in W1 represents
the gluon vacuum polarization.

In Feynman gauge, the Feynman diagrams for the static potential at next-to-leading order
(NLO) in αs are shown in Figure 1. After renormalization of the strong coupling in the MS
scheme, up to order α2

s , we obtain

Ṽ(q; t) = −
4παs(µ)CFe−2q2t

q2

{
1 +
αs(µ)

4π

[
β0 log(µ2/q2) + a1 +CA WF

NLO(t̄)
]}
, (8)

where t̄ ≡ q2t, β0 =
11
3 CA −

2
3 n f , a1 =

31
9 CA −

10
9 n f and WF

NLO(t̄) is finite function of t̄. We are
not able to obtain full analytical expression for WF

NLO(t̄). Here we only show the numerical
results for e−2t̄ WF

NLO(t̄) in Figure 2. (See ref. [37] for integration representation of WF
NLO(t̄).)
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Figure 2. The finite correction term e−2t̄WF
NLO(t̄) as a function of t̄ = q2t.

It is interesting to see the behavior of WF
NLO(t̄) in the limit t̄ → 0. And we obtain

WF
NLO(t̄) = t̄

(
−

22γE

3
+

277
18
−

31 log 2
3

−
22
3

log t̄
)
+ O(t̄2). (9)

The static force in position space is expressed as

F(r; t) =
∂

∂r

∫
d3q

(2π)3 Ṽ(q; t)eiq·r =
1
r2

∫ ∞

0
d|q|q2 |q|r cos(|q|r) − sin(|q|r)

2π2|q|
Ṽ(q; t). (10)

We define the following dimensionless quantities

F0(r; t) = −

∫ ∞

0
d|q|q2 |q|r cos(|q|r) − sin(|q|r)

2π2|q|
4πe−2q2t

q2 , (11)

F L
NLO(r; t; µ) = −

∫ ∞

0
d|q|q2 |q|r cos(|q|r) − sin(|q|r)

2π2|q|
4πe−2q2t

q2 log(µ2/q2), (12)

F F
NLO(r; t) = −

∫ ∞

0
d|q|q2 |q|r cos(|q|r) − sin(|q|r)

2π2|q|
4πe−2q2t

q2 WF
NLO(t̄ = q2t), (13)

so that, up to order-α2
s ,

F(r; t) =
αs(µ)CF

r2

[ (
1 +
αs

4π
a1

)
F0(r; t) +

αs

4π
β0F

L
NLO(r; t; µ) +

αsCA

4π
F F

NLO(r; t)
]
. (14)

We obtain the behavior of r2F(r; t) near t = 0 as

r2F(r; t) ≈ r2F(r; t = 0) +
α2

sCF

4π
[
−12β0 − 6CAcL

] t
r2 , (15)

where cL = −22/3 is the coefficient of t̄ log t̄ in Eq. (9) and F(r; t = 0) is the usual QCD
order-α2

s result for the static force

F(r; t = 0) =
αs(µ)CF

r2

{
1 +
αs

4π

[
a1 + 2β0 log(µreγE−1)

]}
. (16)
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Surprisingly, the coefficient of the t/r2 term is
[
−12β0 − 6CAcL

]
= 8n f , which vanishes in the

pure SU(3) gauge theory (n f = 0).
We show F L

NLO(r; t; µ)/F0(r; t) as a function of r/
√

t in Figure 3 with different choices of
renormalization scales. We find that the scale choice µ = (r2 + 8t)−1/2 makes the logarithmic
correction factor F L

NLO(r; t; µ)/F0(r; t) of order 1 for all values of r/
√

t. Therefore, we will
use µ = (r2 + 8t)−1/2 here and below for numerical analysis.

0 5 10 15 20
-2

-1

0

1

2

3

4

5

Figure 3. The logarithmic correction factor F L
NLO(r; t; µ)/F0(r; t) for µ = (r2 + 8t)−1/2, µ = 1/r, and

µ = 1/
√

8t shown as a function of r/
√

t.

Computing αs in the MS scheme at the scale µ = (r2 + 8t)−1/2 by using RunDec [38] at
four loops, and setting n f = 4, we show the numerical results for the static force in gradient
flow, r2F(r; t), at NLO in αs in Figure 4. In the left panel of Figure 4 , we show r2F(r; t) as
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Figure 4. Left panel: numerical results for r2F(r; t) for fixed values of
√

8t as functions of r. Right
panel: numerical results for r2F(r; t) for fixed values of r as functions of

√
8t; the black dashed lines are

approximate results based on Eq. (15), which is valid at small flow time. We have set µ = (r2 + 8t)−1/2

and n f = 4.

a function of r for several fixed values of
√

8t. We can see that r2F(r; t) vanishes for r → 0,
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while we recover the QCD result r2F(r; t = 0) (black dashed line) for r ≫
√

8t. In the right
panel of Figure 4, we show r2F(r; t) as a function of t for several fixed values of r. As t
decreases, r2F(r; t) approaches to the QCD result as expected. We compare the exact NLO
result for r2F(r; t) at small t with the expression given in Eq. (15) (black dashed lines) in the
right panel of Figure 4.
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Figure 5. Left panel: numerical results for r2F(r; t) in the pure SU(3) gauge theory (n f = 0) for fixed
values of

√
8t as functions of r. Right panel: numerical results for r2F(r; t) in the pure SU(3) gauge

theory (n f = 0) for fixed values of r as functions of
√

8t; the black dashed lines are the QCD results for
r2F(r; t = 0). We have set µ = (r2 + 8t)−1/2.

We also show r2F(r; t) in the pure SU(3) gauge theory (n f = 0, quenched case) in Figure 5
as a function of r for fixed values of

√
8t, and as a function of

√
8t for fixed values of r. We

have computed αs in the pure SU(3) gauge theory by using RunDec [38] at four loops, based
on the value r0ΛQCD = 0.637+0.032

−0.030 in ref. [39], with r0 = 0.5 fm [17]. Due to the vanishing
of the term linear in t in Eq. (15), the expression in Eq. (15) is equal to the QCD result
r2F(r; t = 0), which we show in the right panel of Figure 5 as horizontal black dashed lines.

4 Summary

In this proceeding, we review our recent study on QCD static force in gradient flow at NLO
in the strong coupling. As we have anticipated in the motivation, the gradient flow indeed
makes the Fourier transform of the static force in momentum space better converging. Thus
we expect that the use of gradient flow may also improve the convergence towards the con-
tinuum limit of the lattice QCD simulation of static force done at finite flow time, which is
also supported by the results in ref. [32]. Our analytic results of the static force in the limit
t → 0 will also be useful when extrapolating to QCD from lattice calculations done in gradi-
ent flow. Similar analyses could be extended to a vast range of nonperturbative quarkonium
observables in the factorization framework provided by nonrelativistic effective field theo-
ries [40]. For instance, one could study in gradient flow the quarkonium potential at higher
orders in 1/m [33, 41–48], where m is the heavy quark mass, static hybrid potentials [49–51],
hybrid potentials at higher orders in 1/m [52–54], gluonic correlators entering the expressions
of quarkonium inclusive widths and cross sections [55–59].
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