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Abstract. We present a calculation of the heavy quark momentum diffusion
coefficients in a strongly magnetized medium, within the Lowest Landau Level
(LLL) approximation. In particular, we use the Hard Thermal Loop (HTL)
resummed effective gluon propagator, generalized for a hot and magnetized
medium. Using this effective HTL gluon propagator along with the LLL quark
propagator we analytically derive the full results for the longitudinal and trans-
verse momentum diffusion coefficients for charm and bottom quarks beyond the
static limit. Going beyond the static limit of the heavy quark, we also show nu-
merical results for these coefficients in two special cases where the heavy quark
is moving either parallel or perpendicular to the external magnetic field.

1 Introduction

Strong external magnetic fields are found to be present in some stellar objects [1] (e.g. neu-
tron stars, anomalous X-ray pulsars) as well as in the non-central heavy ion collisions (HIC),
generated along the perpendicular direction of the reaction plane by the fast-moving and
positively-charged protons of the colliding nuclei. Initial strength of this magnetic field pro-
duced in non-central HIC can be as high as eB ∼ m2

π at RHIC energies and eB ∼ 10m2
π at

LHC energies [2].
The presence of this strong and anisotropic magnetic field can influence the dynamical

evolution of heavy quarks (HQ), which serves as an important probe for the properties of
quark matter. HQs, with their relative large mass, are generated at the early stage of the ini-
tial hard scatterings and subsequently traverse through the fireball experiencing drag forces
as well as random “kicks” from the thermal partons in the bulk medium. Hence Langevin
equations are widely used for describing HQ in-medium evolution where the essential the-
oretical inputs include the HQ momentum diffusion coefficients. In absence of eB, several
efforts have been made to compute these HQ transport coefficients [3–6]. Though working
within the static limit (when HQ is considered to be static because of its much heavier mass)
is simpler, going beyond the static limit is needed in light of the current HIC measurements
where the transverse momentum scale could be much larger than the HQ masses.
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In presence of eB also, HQ dynamics have been explored both within and beyond the
static limit in some recent studies [7, 8]. Most of those studies are done within the Lowest-
Landau-Level (LLL) approximation (i.e. eB ≫ T 2). HQ mass (M) being the largest scale
of the system, the resulting scale hierarchy becomes M ≫

√
eB ≫ T . To neglect the soft

self energy corrections of the LLL quarks and gluons while evaluating the scattering rate, we
also work within a further constraint αseB ≪ T 2, αs being the strong coupling. Because of
the anisotropic nature of the external magnetic field, even when HQ is assumed to be at rest,
there will be two momentum diffusion coefficients, i.e. along the longitudinal and transverse
directions of the magnetic field. Hence beyond the static limit we will have nontrivial inter-
play between the directions of eB and HQ velocity, making the problem even more complex
and challenging, which we address in this proceeding.

The rest of this proceeding is organized as follows. In section 2 we discuss the basic
formalism required to study the HQ dynamics beyond the static limit including the procedure
to compute the scattering rate. The following section (section 3) contains our results and
corresponding discussions. Finally we summarize and conclude in section 4.

2 Formalism

In the present work the HQ is assumed to be relativistic (i.e. beyond the static limit) in pres-
ence of a hot and magnetized medium. We start the current section by discussing the working
formulae for the momentum diffusion coefficients in two different cases and gradually move
to the computation of the corresponding scattering rate.

2.1 HQ dynamics with magnetic field

The interaction of the HQ with the medium can be approximated as multiple uncorrelated
momentum kicks. These uncorrelated momentum kicks can be connected with the scattering
process of thermally populated light quarks (q)/ gluons (g) with the heavy quark (H), i.e. 2↔
2 scattering processes qH → qH and gH → gH. At the leading Order of the strong coupling,
these scatterings are mediated by one-gluon exchange ( Fig. 1), where the participants can
be considered as quasiparticles in thermally equilibrated matter. In the rest frame of the
plasma, both the qH → qH and gH → gH processes predominantly occur only by the t-
channel gluon exchange. Hence the momentum diffusion coefficients are directly related to
the scattering/interaction rate Γ of the t-channel gluon exchange as

κi =

∫
d3q

dΓ
d3q

q2
i , (1)

where i can take various values depending on the system. Considering an external magnetic
field B⃗ and a finite velocity v⃗ = p⃗/E, we now have two anisotropic directions in the pictures
which can be simplified through two cases, as we discuss below.

2.1.1 case 1: v⃗ q B⃗

Here the magnetic field and the heavy quark are considered to be moving in similar direction,
i.e. z direction for our case. Hence the HQ transverse and longitudinal momentum diffusion
coefficients are respectively :

κT (p) =
1
2

∫
d3q

d Γ(v)
d3q

q2
⊥, (2a)

κL(p) =
∫

d3q
d Γ(v)
d3q

q2
z . (2b)
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Figure 1. Here we have shown the equivalence of the t-channel scattering of heavy quarks due to
thermally generated light quarks and gluons, qH → qH (left) and gH → gH (right). The scatterings
can also be expressed as the cut (imaginary) part of the HQ self energy.

2.1.2 case 2 : v⃗ ⊥ B⃗

For the second case considered in our present work, the HQ moves perpendicular to (i.e. x
or y) the direction of B⃗ (i.e. z). Because of two anisotropic directions, here we have three
momentum diffusion coefficients (i.e. κ1, κ2, κ3), respectively given as :

κ1(p) =
∫

d3q
d Γ(v)
d3q

q2
x, (3a)

κ2(p) =
∫

d3q
d Γ(v)
d3q

q2
y, (3b)

κ3(p) =
∫

d3q
d Γ(v)
d3q

q2
z . (3c)

2.2 Computation of the Scattering rate (Γ)

As we have seen in the previous subsection that all the momentum diffusion coefficients in
various situations are explicitly dependent on the scattering rate, we now discuss the com-
putation of the same. In this proceeding we will just sketch the basic steps. For the detailed
calculation with explicit expression for each step (both for B = 0 and B , 0 case) interested
readers can look up in Ref [9].

The scattering rate can be effectively expressed in terms of the cut/imaginary part of the
HQ self energy Σ(P) [10] as :

Γ(P ≡ E, v⃗) = −
1

2E
1

1 + e−E/T Tr
[
(/P + M) ImΣ(p0 + iϵ, p⃗)

]
. (4)

The scattering rate Γ(P) has both hard and soft contributions depending on the momentum
Q flowing through the gluon line. The hard contribution of Γ(P) comes from cutting the
two-loop self energy diagrams shown in Fig. 1. The soft contributions are included through
the hard thermal loop corrections to the gluon propagator at leading order in g, incorporating
resummation in the process. So, instead of two separate processes (i.e. qH → qH and gH →

, 04013 (2022) https://doi.org/10.1051/epjconf/202227404013
t h Quark Confinement and the Hadron Spectrum

EPJ Web of Conferences 274
XV

3



≡ + + · · · · · ·

1

Figure 2. Heavy quark self-energy with effective gluon propagator. Resummation takes into account
the diagrams for the hard process (Fig.1) among others.

gH) shown in Fig. 1, we can use an effective resummed gluon propagator (demonstrated in
Fig. 2).

In presence of a finite magnetic field, the scale hierarchy in Hard Thermal Loop (HTL)
technique becomes more complicated due to the new

√
eB scale. In our present study, we

consider {T,
√

eB} as hard scales for the loop momenta and gT as the soft scale for the ex-
ternal momenta. If one looks at the effective gluon propagator (Fig.2): for the quark/gluon
loop there will be the temperature T scale and additionally the

√
eB scale will come in via

the Lowest Landau Level for quarks as the hard scales. The external momentum in gluon
propagator is considered to be soft scale gT as usually done in HTL. These scales respect a
hierarchy of gT ≪ T ≪

√
eB. Hence the effective heavy quark self energy in a magnetized

medium is given by,

Σ(P) = ig2
∫

d4Q
(2π)4D

µν(Q)γµS s
m(P − Q)γν. (5)

Here Dµν(Q) is the gluonic propagator in amganetized medium. On the other hand S s
m(P −

Q ≡ K) is the fermion propagator within the LLL approximation, given as [11, 12],

iS s
m(K) = ie−k2

⊥/|q f B| /Kq + M
K2
q − M2

(1 − iγ1γ2), (6)

with q f being the fermionic charge for flavor f and K ≡ (Kq, k⊥) as the fermionic four
momentum (Details about these notations can be found in Ref [9]).

Coming to the gluonic propagator at finite temperature and in presence of an external
magnetic field, there are several recent studies which construct the general structure of the
two point correlation function and differ in their approach by their choice of the independent
tensor structures. For the present work we have chosen the effective gluon propagator in a
hot and magnetized medium from Ref [13], i.e.,

Dµν(Q) =
ξQµQν

Q4 +
(Q2 − d3)∆µν1

(Q2 − d1)(Q2 − d3) − d2
4

+
∆
µν
2

Q2 − d2

+
(Q2 − d1)∆µν3

(Q2 − d1)(Q2 − d3) − d2
4

+
d4∆

µν
4

(Q2 − d1)(Q2 − d3) − d2
4

, (7)
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with the form factors di(Q) = ∆µνi Πµν(Q) for i = 1, 2, 3 and d4(Q) = 1
2∆
µν
4 Πµν(Q). ∆µνi are the

independent tensor structures, chosen as :

∆
µν
1 =

1
ū2 ūµūν, (8a)

∆
µν
2 = g

µν
⊥ −

Qµ⊥Qν⊥
Q2
⊥

, (8b)

∆
µν
3 =

n̄µn̄ν

n̄2 , (8c)

∆
µν
4 =

ūµn̄ν + ūνn̄µ
√

ū2
√

n̄2
. (8d)

Here uµ is the heat bath velocity and nµ is an anisotropic four vector defined uniquely as the
projection of the electromagnetic field tensor Fµν along uµ. Also Πµν(Q) is the gluon self
energy in a strongly magnetized medium (within LLL and HTL approximation) : a combi-
nation of the eB independent pure glue contribution Πgµν and eB dependent fermionic loop
contribution Πs

µν. Again, for the details about the construction of the tensor structure and the
notations of ūµ, n̄ν, gµν⊥ ,Π

s
µν, Π

g
µν etc., interested readers can look up in Refs [9, 13].

So, using Eqs. (5), (6) and (7) in Eq. (4) and evaluating the following traces, imaginary
contributions and frequency sums one can get the final simplified expression for the scatter-
ing rate Γ(P) for a relativistic HQ moving in a hot magnetized medium. After getting the
expression for the Γ(P), it is fairly straightforward to obtain the corresponding expressions
for the momentum diffusion coefficients κi’s for both the cases v⃗ q B⃗ and v⃗ ⊥ B⃗. The final
expressions for both the cases are given in Ref. [9]. Finally to reach the relatively well known
static limit results for the momentum diffusion coefficients, one can take the v⃗ → 0 limit in
our general expressions.

3 Results

In the following subsections we discuss our findings for different momentum diffusion coef-
ficients (in two different scenarios) for charm and bottom quarks moving through a strongly
magnetized hot medium.

3.1 case 1 : v⃗ q B⃗

In this case we have one anisotropic direction, vis-a-vis two different momentum coefficients :
κL and κT , representating the longitudinal and transverse components respectively. The heavy
quark momentum is only nonzero in the B⃗ direction, i.e. p ≡ pz. The charm and bottom quark
masses are taken to be M = 1.28 GeV and M = 4.18 GeV respectively, moving parallel to
an external magnetic field along the z direction. We have chosen the HQ momentum p to
be 1 GeV to maintain the scale hierarchy of M ≫ p ≫ T which we consistently used to
simplify our expressions. Choosing a relatively high value of 1 GeV for the HQ momentum
also solidifies our claim of going beyond the static limit. We also compare our finite eB
results with the eB = 0 results obtained from Ref. [6]. For the same, we have chosen the
Ultra-Violate (UV) cut-off as qmax = 3.1Tg(T )1/3, as discussed in Ref. [6]. For finite eB
calculations, an UV cut-off like qmax is not necessary because of the presence of the e−k2

⊥/|q f B|

factor appearing from the fermion propagator in a magnetized medium.
In Fig. 3 we present two different plots for charm (left panel) and bottom (right panel)

quarks. Each plot shows the coefficients κL (solid lines) and κT (dashed lines) together. For
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Figure 3. Variation of the scaled κL (solid lines) and κT (dashed lines) with temperature for three
different values of external magnetic field, i.e. eB = 0, 15m2

π, 20m2
π and for both charm (left panel) and

bottom (right panel) quarks, considering v⃗ q B⃗. Charm and bottom quark masses M and HQ momentum
p are specified in the text.

increasing magnetic field, one can observe enhancements in both the longitudinal and trans-
verse components of the momentum diffusion coefficients. Although in comparison with the
eB = 0 case, the values for κL and κT appear to be significantly reduced by finite magnetic
fields, for both charm and bottom quarks. We also observe that for finite eB, values of κL
are significantly higher than κT , unlike the eB = 0 case, where κT > κL for charm quark (left
panel) and κL and κT fall on top of each other for bottom quark (right panel).
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Figure 4. Variation of the scaled charm (left panel) and bottom (right panel) quark momentum diffusion
coefficients (i.e. κ1, κ2, κ3 for v⃗ ⊥ B⃗ represented respectively by solid, dashed and dotted lines) with
temperature for two different values of external magnetic fields, i.e. eB = 15m2

π and 20m2
π. Charm and

bottom quark masses M and HQ momentum p are specified in the text.

3.2 case 2 : v⃗ ⊥ B⃗

For our second case, we have two anisotropic directions given by v⃗ and B⃗, which generate
three different momentum coefficients, which we have noted as κ1, κ2 and κ3. One can think
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κ3 as the longitudinal component and {κ1, κ2} as the transverse components. In this case the
heavy quark momenta can be nonzero in x and/or y direction. For our purpose the heavy
quark is chosen to be moving along the x direction, i.e. p ≡ px. Since this scenario is
exclusive for finite eB, we do not compare the eB = 0 result here.

In Fig. 4 we have presented two separate plots for the charm (left panel) and bottom
(right panel) quarks. For both the cases we have shown the variations for scaled transverse
components κ1, κ2 and longitudinal component κ3. From the plots for bottom quarks one
can notice that the longitudinal component κ3 (dotted lines) values are the largest, followed
by the transverse component κ1 (solid lines) values. For charm quarks though, a crossover
is observed between κ1 and κ3, where the former dominates at lower T and the latter at
higher T . As a consequence of our choice of HQ movement along the x direction, values
of κ2 (dashed lines), which is basically transverse to both the magnetic field and the velocity
directions, appear to be the lowest of the plot, almost an order of magnitude lower than κ1/κ3.
Similar to the previous case, here also, with an increasing magnetic field, values for all the
HQ momentum diffusion components have increased.

4 Summary
In summary, the present proceeding highlights our recent study of the momentum diffusion
coefficients for heavy quarks (charm and bottom) moving in a hot and strongly magnetized
quark-gluon plasma. Two specific cases have been discussed, i.e. HQ moving parallel to
the external magnetic field (⃗v q B⃗) and HQ moving perpendicular to the external magnetic
field (⃗v ⊥ B⃗). For these two cases we evaluate the momentum diffusion coefficients within
the HTL approximation. Along with the hard contributions, to incorporate the soft contribu-
tions in our evaluation we have worked with an effective HTL gluon propagator in a hot and
magnetized medium [13]. For v⃗ q B⃗, we have two different momentum diffusion coefficients,
longitudinal κL and transverse κT . On the other hand for v⃗ ⊥ B⃗ we have three different mo-
mentum diffusion coefficients along three spatial directions, i.e. κ1, κ2 and κ3. For all these
κ’s, we explore the temperature variations for different values of eB. Both for charm and
bottom quarks these observations revealed some interesting features. Numerical evaluations
also demonstrate a considerable influence of the strong magnetic field on these coefficients
for eB values accessible in high energy HIC. Going beyond the LLL approximation, adopted
in the present work, would be a natural next step forward. It would also be highly interesting
to explore the phenomenological implications of these theoretical results. More specifically,
there could be nontrivial consequences of the anisotropic momentum diffusion coefficients
due to the magnetic field for experimental observables such as directed and elliptic flow of
the open heavy flavor mesons.
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