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Abstract. In these proceedings, I will discuss collisions of poles in the complex
plane as a signature of phase transitions for theories relevant to the quark gluon
plasma. I will begin with an illustrative example, namely the chiral phase transi-
tion, which can be characterized by colliding poles as a function of temperature.
Then, recognizing the interplay between weak and strong coupling sectors in a
typical collision, I will introduce a hybrid model with a weakly broken symme-
try, which has a rich quasi-hydrodynamic phenomenological description where
hydrodynamic and non-hydrodynamic poles are unified by a common disper-
sion relation. I will show that energy is transferred initially from the soft to the
hard sector before irreversibly transferring back to the soft sector at late times,
and that the model reproduces many features common to dissipative systems
with a weakly broken symmetry including the k-gap.

1 Introduction

In the wake of heavy ion collisions, performed in experiments in the LHC at CERN and
RHIC at BNL, a state of matter of liberated quarks and gluons, known as the quark-gluon
plasma (QGP), is formed [1]. There are three common effective descriptions used to study
the QGP, which have different regions of applicability within the evolution of a typical heavy
ion collision. At early times, kinetic theory captures the weakly coupled dynamics [2]. At
later times, as the system undergoes hydrodynamization, strongly coupled holography [3]
and relativistic hydrodynamics [4] become increasingly more relevant.

Following the discussion in [5], we can examine the analytic structure of the mentioned
theories. Each theory mentioned has in common a hydrodynamic pole, but other non-analytic
structures are radically different. For instance, kinetic theory in the relaxation time approxi-
mation typically has a branch cut between −k and k at −i/τ where τ is the relaxation time [6].
Holographic theories exhibit a so-called "Christmas tree" structure of an infinite number of
poles with increasing real and imaginary values in the lower half plane [7]. Hydrodynamic
theories such as Müller-Israel-Stewart (MIS) [8, 9] have a non-propagating dissipative pole.
One is left naturally to ask the question: what is the analytic structure and, ultimately, the
microscopic structure of the QGP?

Here, we will aim to partly answer the above question by first underlining in Sec. 2 that
the chiral phase transition in the O(4) model [10–12], a characteristic feature present in a
typical heavy ion collision, can be understood via a collision of poles in the complex plane,
as the system moves from diffusive to propagating degrees of freedom. Then in Sec. 3, we
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will demonstrate a similar collision of poles in a theory with weak/strong coupling dynamics
via a quasinormal mode analysis of a semiholographic model with a boundary scalar field.

2 Colliding poles near the O(4) critical point

Here, we will discuss reinterpret the chiral phase transition, explored via the O(4) model in
[13–16], as a collision of poles in the complex plane. We describe the O(4) physics via the
effective Hamiltonian

H =

∫
x
p(T ) +

χ0

4
µ2

ab −
1
2
∆µνDµϕaDνϕa +

1
2

m2
0(T − Tc)ϕaϕa +

λ

4
(ϕaϕa)2 − Haϕa (1)

where we denote the O(4) vector via ϕa = (σ, φi), ∆µν = uµuν + gµν, µab is the O(4) chemical
potential, χ0 is the static susceptibility and Ha is the explicit symmetry breaking term. Note
that the mass term, m2 = m2

0(T − Tc), changes sign in the vicinity of the critical tempera-
ture. Choosing Ha = (H, 0, 0, 0), we will work in the mean field limit, which is found by
minimizing the potential in (1) to find

m2
0(T − Tc)σ + λσ3 − H = 0, (2)

which determines the mean field value of the condensate as a function of temperature, σ(T ),
with its behavior shown in Fig. 1.

Figure 1. Comparison of mean field order parameter to the lattice in [17, 18].

Computing the ideal equations of motion from (1), including dissipation and lineariz-
ing around mean field leads to the following coupled equations for the pions and chemical
potential:

∂tφ = −µA + Γ(∇2 − m2)φ (3)

∂tµA = v
2(−∇2 + m2)φ + D0∇

2µA (4)

We do not consider the dynamics of the condensate, which decouple from the pions and the
chemical potential in the linearized limit. From the above, we can determine the symmetrized
propagators Gsym = T (GR −GA)/(iω). Here, we will focus on the the spectral density for the
axial charge density-density correlator, which is related to the φφ symmetrized propagator
via

ρAA =
ω

T (χ0ωk)2 Gφφsym, (5)
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where ω2
k = v

2(k2 + m2). The behavior of this propagator is best understood by considering
Fig. 2. In the left panel, reproduced from [14], the spectral function is plotted as a function of
frequency for various z ∼ (T − Tc)/Tc. At high temperatures, the system is in the unbroken
phase, characterized by a diffusive peak that we can interpret as the diffusion of quarks in the
QGP. As the temperature decreases, the system eventually goes through the phase transition,
with the spectral function exhibiting two well-separated peaks that we can interpret as pions.

The right panel presents another way to view the same information in the left panel, but
from the perspective of the pole structure of the spectral function. Starting from the green
diffusive poles, representing the unbroken phase with T ≫ Tc, the direction of decreasing
temperature is indicated by the black arrows. Eventually the diffusive from the two poles
collide, indicating that the system is undergoing a phase transition. From the collision point,
further decreasing the temperature leads to two well separated poles, namely the pion modes.

In this way, the collision of poles as a function of temperature in the complex plane
indicates a phase transition, a feature that should be studied in understanding the analytic
structure of the QGP.
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Figure 2. Two different ways to see the O(4) phase transition via the spectral density. Left: The spectral
density over frequency for different z ∼ T − Tc. For the choice of parameters used in this plot, see the
discussion in [14]. The diffusive peak in the unbroken phase z ≫ 0 melts to two peaks in the broken
phase, z ≪ 0, representing the propagating pions. Right: the pole structure of the spectral density as a
function of temperature. The green points represent z = 16, i.e. the high temperature, unbroken phase,
while the arrows indicate the decrease in temperature until the red point z = −16. Like in the left plot,
the diffusive poles on the imaginary axis melt down to two propagating poles.

3 Colliding poles in holography

We now turn our attention to understanding the analytic structure of the QGP from another
perspective. Although strong and weak coupling dynamics are often studied separately, a
complete description of the QGP would entail understanding the interplay between the two
sectors. One approach in this line of reasoning is known as semiholography [19–26], a frame-
work which self-consistently mixes holography in the infrared with perturbative degrees of
freedom in the ultraviolet via dynamical boundary fields.

As a quick recap we first discuss a simple example of quasinormal modes (QNMs) found
in holography, before moving onto the example of semiholography. QNMs describe dissipa-
tion of linearized perturbations around equilibrium solutions, i.e. the ring down of modes.
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As an example, consider the equation of motion for a bulk massless scalar field:

∇M∇
MΦ = 0, (6)

living in the Eddington-Finkelstein Schwarzschild-AdS4 background:

ds2 = −
L2

r2 (1 − Mr3)dt2 − 2
L2

r2 dtdr +
L2

r2 (dx2 + dy2). (7)

We can decompose the scalar field into Fourier modes Φ(r, xµ) → e−ix·k f (r, kµ), which leads
to the linear equation

0 = (Mr3 − 1) f ′′ +
Mr3 + 2 − 2irω

r
f ′ +

k2r + 2iω
r

f (8)

Computing the poles gives rise to the typical "Christmas tree" structure found in holography
[27–29], see the red points of Fig. 3.

We now add an additional dynamic scalar field at the boundary of the holographic theory
described above and follow the discussion in [30]. The semiholographic action reads

S = WCFT[h(x) = −βχ] −
1
2

∫
d3x ∂µχ∂µχ, (9)

where WCFT is the generating functional of the conformal field theory (dual to the gravita-
tional theory), sourced by the boundary scalar, χ, with β governing the coupling between the
two sectors. The equation of motion for the scalar field is

ηµν∂µ∂νχ = β
δWCFT

δh
= βH , (10)

whereH is the vacuum expectation value of the bulk scalar field, Φ. The equations of motion
of the dual gravity theory to the CFT are

RMN −
1
2

RGMN − 3GMN = κ(∇MΦ∇NΦ −
1
2

GMN(∇PΦ)2), (11)

∇M∇
MΦ = 0. (12)

The bulk scalar field, Φ, has the near boundary expansion:

Φ = −βχ+ . . . +
3
κ
Hr3 + . . .. (13)

Note that Φ is sourced by the dynamical boundary field, χ.
The individual subsector Ward identities are

∂µt
µν
χ = −H∂

νh, ∂µT µν = H∂νh,

where tµνχ is the boundary scalar stress tensor and T µν is the holographic stress tensor The
energy momentum tensor of the full system is conserved, ∂µT µν = ∂µ(t

µν
χ + T

µν) = 0.
We now study hybrid fluctuations of bulk dilaton Φ and the boundary scalar field χ. In

the case of homogeneous QNM, we see in Fig. 3 that varying the coupling β
√

T → ∞ moves
the "Christmas tree" structure down into the complex plane and in the limit β

√
T → ∞,

the system exhibits emergent conformality. Moreover, as we vary the coupling, there is a
similar collision of poles on the imaginary axis as in the previous section. In this case, the
diffusion-like poles become aligned on the "Christmas tree" structure for large coupling.
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Figure 3. Homogeneous quasinormal modes with arrows indicating the direction of increasing cou-
pling, β. Red points denote the β = 0 case, which is the typical "Christmas tree" pattern of the QNMs.
A collision of poles indicates the breaking of the softly broken global symmetry.

In Fig. 3, there is also a conspicious unstable mode in the upper half plane. However,
the full nonlinear simulations show that the apparently unstable mode indicates that energy
is driven from the holographic sector to the boundary scalar at early times, as can be seen in
Fig. 4. Eventually the irreversible transfer of energy back to the holographic sector at later
times is driven by the quasi-hydro mode. As such, the total system has no instability!

We now turn our attention to the inhomogeneous case. In particular, we examine the
motion of the lowest lying poles for a demonstrative value of coupling, as can be seen in
Fig. 5. The first and last plot represent small and large k behavior. The figures in between
indicate the two collisions of poles that occur for intermediate momenta. All collisions occur
on the imaginary axis, with the poles acquiring a real part after the collision. The first collision
occurs between the diffusion pole and the quasi-hydro pole for k ∼ 0.554π, followed by a
collision of the transient unstable mode (discussed above) and the semiholographic pole for
k ∼ 2.433π. The two typical holographic poles (and the rest of the "Christmas tree" poles
deeper in the complex plane) do not appreciably change as a function of momentum.

Finally, we also point out that in our model, we observe the formation of a k-gap as seen
in Fig. 6, which is characteristic of systems with a diffusive to propagating mode crossover.
This has been observed in quasi-hydrodynamic frameworks [31], where the k−gap can be
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Figure 4. Evolution of the black hole energy and the kinetic energy in the left and right panel, respec-
tively, for a variety of couplings.
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Figure 5. The first 6 poles in the complex plane for k = {0, 0.554π, 0.6π, 2.4π, 2.4334π, 2.54π} (from
top left to bottom right), for β

√
T = 0.35. We distinguish the different poles via the following colors

diffusion pole, quasi-hydro pole, transient unstable mode, semiholographic pole and holographic QNM.

related to a softly broken global symmetry. Here, global shift symmetry of the theory is

χ→ χ + χ0, Φ→ Φ − βχ0 (14)

The k-gap has been observed experimentally in the dispersion of transverse sound-like exci-
tations of gallium [32].

4 Outlook

The analytic structure of the QGP is rich. Due to the presence of phase transitions, such as the
chiral phase transition and the one due to strong/weak coupling dynamics, we should expect
to see colliding poles in the complex plane of theories relevant to the QGP. In the hybrid
model outlined Sec. 3, an immediate follow-up includes understanding the interaction of the
quasinormal mode spectrum of a holographic theory with Israel-Stewart hydrodynamics [33].
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Figure 6. The formation of the k-gap, shown for the particular case β
√

T = 0.15.

Another important direction is to see the interplay of QNM poles with branch cuts typical to
kinetic theory, especially in the vicinity of a phase transition.
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