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Abstract. Description of nuclear matter in the core of neutron stars eludes the
main tools of investigation of QCD, such as perturbation theory and the lattice
formulation of the theory. Recently, the application of the holographic paradigm
(both via top-down and bottom-up models) to this task has led to many encour-
aging results, both qualitatively and quantitatively. We present our approach to
the description of neutron star cores, relying on a simple model of the (dou-
ble) hard-wall type: we discuss results concerning the nature of homogeneous
nuclear matter at high density emerging from the model including a quarky-
onic phase, the mass-radius relation for neutron stars, as well as the rather stiff
equation of state we have found. We show how, despite the very simple model
employed, for an appropriate calibration we are able to obtain neutron stars that
only slightly fall short of the observational bounds on radius and tidal deforma-
bility.

1 Introduction

Determining the phase diagram of QCD is one of the most important issues in modern theo-
retical physics. Unfortunately, ordinary matter is governed by the low-energy limit of QCD,
where the theory runs into strong coupling and is hard to study theoretically. Numerical
computations of QCD in the lattice formulation are so far the most reliable sources of our
knowledge about the phase diagram of QCD. Unfortunately, lattice QCD works well only for
vanishing or small baryon chemical potentials, due to a technical problem known as the sign
problem [1–3]. In 1997 an alternative toolbox became available to theoretical physicists by
the discovery of the AdS/CFT correspondence by Maldacena [4]. The exciting property about
the duality is that the CFT at strong coupling is mapped to gravity at weak coupling, which
means that perturbation theory in the bulk in a theory with one extra dimension can be used to
study the field theory living on the boundary of AdS at strong coupling. A simple holographic
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setup was considered originally by Polchinski and Strassler where the AdS space is cut off

at a finite value of the radial coordinate [5–8]. Meson and baryons were then subsequently
added to the model, providing the basis of perhaps the simplest possible phenomenologically
viable holographic description of QCD [9–13], which we shall take as basis for our study. In
order to have the possibility of separately adjusting the deconfinement and chiral restoration
transitions in this model, we implement a so-called "double hard-wall" condition, where the
wall for the gluons is kept at the hard-wall, but allowing for the flavor gauge and scalar fields
to end on a second hard-wall. In this work we employ a homogeneous Ansatz, describing the
instantons in the approximation suitable for large densities or equivalently finite/large chemi-
cal potential. The phase diagram we find is rather rich phenomenologically, and is consistent
with common lore for the different phases and their approximate placement in the diagram
[14, 15]. We calculate the equation of state for nuclear matter, which for a range of densities
of order of a few times the saturation density is a difficult region for other types of mod-
els to make predictions for. The equation of state we find in our simple model is rather stiff
compared to other holographic models in the literature [16–18]. Though omitted in these pro-
ceedings, we also use the obtained equation of state to simulate a neutron star merger of two
neutron stars of 1.4 solar masses each at a separation distance of 45 kilometers and calculate
the gravitational wave spectrum using a full-fledged numerical gravity and hydrodynamics
code: for a detailed discussion of the simulation, as well as of all the other aspects of this
work, see [19].

2 The model

Largely following the setup and notation of [20, 21], the background geometry is taken to be
that of a slice of AdS5 ending at bulk coordinate z0 with curvature scale indicated by L:

ds2 =
L2

z2

(
dxµdxµ − dz2

)
. (2.1)

The flavor field content is given by the presence of two U(2) gauge vectors,LM(x, z),RM(x, z)
and a bi-fundamental complex scalar Φ(x, z) dual to the order parameter of chiral symmetry
breaking. The action can be divided into three main contributions: a gauge part containing
Yang-Mills-like terms, a Chern-Simons terms to account for flavor anomalies, and a piece
containing kinetic and interaction terms for the scalar. The minimal action reads [20, 21]:

S = S g + S CS + S Φ, (2.2)

S g = −
M5

2

∫
d4xdz a(z)

[
Tr

(
LMN LMN

)
+

1
2

L̂MN L̂MN + {R↔ L}
]
, (2.3)

S CS =
Nc

16π2

∫
d4xdz

1
4
εMNOPQL̂M

{
Tr

[
LNOLPQ

]
+

1
6

L̂NOL̂PQ − {R↔ L}
}
, (2.4)

S Φ = M5

∫
d4xdz a3(z)

{
Tr

[
(DMΦ)† DMΦ

]
− a2(z)M2

Φ Tr
[
Φ†Φ

]}
, (2.5)
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where a(z) = L
z , LM = La

M
τa

2 and L̂M are the S U(2) and U(1) parts of the U(2) field LM ,

LM = La
M
τa

2
+ L̂M

1

2
; DMΦ = ∂MΦ − iLMΦ + iΦRM , (2.6)

whose field strength is LMN = ∂MLN − ∂NLM − i [LM ,LN]; analogously RMN is the field
strength for the field RM , while DMΦ is the covariant derivative of the scalar field. For
spacetime indices we use the following labels:

M,N, . . . = 0, 1, 2, 3, z, i, j, . . . = 1, 2, 3, µ, ν, . . . = 0, 1, 2, 3. (2.7)

As shown in [22], the deconfinement transition happens via a Hawking-Page transition
from the cutoff thermal AdS geometry to the AdS black hole geometry described by the
metric (not yet continued to Euclidean signature)

ds2 =
L2

z2

(
f (z)dt2 − dx2

i −
dz2

f (z)

)
, f (z) = 1 −

(
z
zh

)4

. (2.8)

The temperature of the dual theory is determined by the periodicity of the euclidean time
coordinate 0 ≤ τ < 1/T , which is unconstrained in the thermal AdS case, but fixed in the
black hole case by the regularity of the near-horizon solution as T = (πzh)−1. For a critical
value zc of the horizon position, and thus for a certain temperature Td, the black hole phase
becomes energetically favored, hence the deconfinement transition. This transition depends
only on the cutoff scale z0 as Td = 21/4(πz0)−1. Here z0 is the cutoff for the geometry: we
labelled it zIR before, as in usual hard-wall models the two concepts are identified and there
is no ambiguity.

One issue with the usual hard wall approach is that the critical value zc of the black
hole horizon location at which the phase transition happens is always lower than the cutoff

z0 = zIR. The horizon of the black hole, as soon as it appears, hides the IR brane on which
the spontaneous breaking of chiral symmetry is realized by ξ: this implies that as soon as
the theory undergoes a deconfining transition, it also unavoidably restores chiral symmetry.
However, in general these phase transitions can be widely separated [23]. To have a richer
phase diagram with separate confined, deconfined, and chiral symmetry restored phases, we
postulate that the geometrical cutoff and the gauge cutoff do not coincide, so we keep the
notation zIR for the cutoff of the flavor gauge fields propagation which we permit to be smaller
than z0 where the geometry ends.

3 Homogeneous baryonic matter

From the holographic point of view baryons are solitonic configurations in the flavor gauge
fields: to build a many-instantons configuration accounting for interactions and minimization
of the energy with respect to the moduli of the solitons is extremely challenging, so usually
an approximation scheme is necessary to extract some qualitative result from the model.
Another possibility is to take the fields to only depend on z to begin with, instead of starting
with single baryons and then performing some averaging. A configuration like this would be
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far from reality when densities are low, but as the density increases the system tends to look
homogeneous up to very short distances in R3. The resulting Ansatz is of the form:

Li = −Ri = −H(z)
τi

2
; L̂0 = R̂0 = â0(z) ; Φ = ω0(z)

1

2
, (3.1)

with all other fields vanishing. The imposition of Ri = −Li is also necessary in order to obtain
a nonvanishing baryon number.

Given the Ansatz, we can extract a one-dimensional effective Lagrangian density from
the model. To include the finite temperature theory we perform a Wick rotation as t = −iτ.
When the geometry undergoes a transition to the black hole background, the effective one-
dimensional Lagrangian (and correspondingly the equations of motion) change, including
additional blackening factors in some terms, so here we present the full effective Lagrangian
in a notation that accounts for both phases, with f (z)→ 1 for T < Td:

LE
g = M5a(z)

[
3H4 + 3 f (z)H

′2 − â
′2
0

]
, (3.2)

LE
CS = −

3Nc

8π2 â0H2H′, (3.3)

LE
Φ = M5a3(z)

[
3
2

H2ω2
0 +

1
2

f (z)ω′20 +
1
2

M2
Φa2(z)ω2

0

]
, (3.4)

From this Lagrangian density we can obtain the grand-canonical potential via the holographic
correspondence as Ω = −V

∫
dz L.

The boundary conditions to impose on the matter fields are related to quantities on the
field theory side: in particular, the UV boundary condition on â0(z) is related to the baryon
chemical potential, and the IR boundary conditions on H(z) andω0(z) are related to the baryon
density and the chiral condensate as follows:

H(zIR) =
(
4π2d

) 1
3 , â0(zUV ) = µ, ω0(zIR) = ξ. (3.5)

Following [24] the parameter ξ can be thought of as originating from a variational principle,
by minimizing the energy with the addition of an IR localized boundary term:

SIR =
√

f (zIR)
m2

b

2
ξ2 − λξ4. (3.6)

4 Phase Diagram

Here we analyze the phase diagram of the model. There are in principle a large variety of
phases related to turning on and off different parameters: the chiral condensate ξ, the baryon
density d, and also the quark density k that we will see arising in the deconfined phase. All
these quantities are (directly or indirectly) functions of the temperature T and the chemical
potential µ: in fact the presence of couplings between the scalar field and H(z) implies that a
finite density (whose value depends on µ) can indeed introduce corrections to the stable value
of ξ. However the resulting picture is not as complicated as it could be, since the free energy
has local minima only along the directions d = 0 and ξ = 0: this statement holds true within
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Figure 1: Left: Phase diagrams of holographic QCD from the double hard-wall model with
blue and red colors representing respectively the choices of "Fit A" or "Fit B" (the purple
lines representing overlap in lines of the two choices). The green line represents a(n arbitrary
in our setup) deconfining transition, below which every transition line is perfectly vertical
(there is no temperature dependence). The solid lines represent the corresponding first order
transitions, while the dotted lines mark crossovers. The horizontal dashed red and blue lines
represent a second-order transition to chiral restoration within the mesonic phase, with the
colored regions identifying phases with broken chiral symmetry. Above the critical temper-
ature, a phase of quark-gluon plasma exists, while for large enough chemical potentials, and
as a function of temperature, baryons also appear in this phase, realizing a quarkyonic phase
of a fundamentally different nature than the one below Tc with coexistence of deconfined
quarks and baryons. Right: Squared speed of sound in the baryonic phase as a function of the
chemical potential µ in adimensional units. From µ, µB is obtained as µB = 1

2 NcµL−1. The
dashed sections represent unstable branches, never realized since at those chemical potentials
the mesonic phase is energetically favored. While for the stars obtained through "Fit A" the
highest chemical potential reached at the center of stable stars is µ = 6.2, while the peak of
the speed of sound happens at µ = 7.5, for the phenomenologically relevant fit ("Fit B") the
chemical potential reached at the center of the heaviest stable stars is µ = 10.5, so that the
peak value of the squared speed of sound is accessible at least inside the heaviest exemplars.

all the range of T, µ analyzed numerically, so that the search for the favored phase translates
into the search for the global minimum between two local minima for every µ,T . Moreover,
for every T < Td, the system shows no T -dependence.

To be able to draw the phase diagrams we need to fix some constants of the model. The
two sets of choices for the free parameters we employed here (and that we will employ in the
next section) are the following:

Fit A: L−1 = 186MeV ; λ = 2 × 10−3 ; ξ0 = 1.05, (4.1)

Fit B: L−1 = 150MeV ; λξ4
0 = 1.024, (4.2)
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where the fit A indicates one that correctly reproduces the baryon mass and the critical chem-
ical potential for the baryon onset, and the fit B is chosen as an example of a fit that produces
an equation of state which lies as much as possible within the constraints from observational
data on neutron stars. For fit A the values of ξ0 and λ are independently relevant, while for fit
B only the value λξ4

0 enters the calculations.

We introduce temperature dependence by employing the deconfining geometry of the
AdS black hole. Naively chiral symmetry is automatically restored as soon as the horizon of
the black hole reaches zh = zIR = 1 and hides the boundary conditions for the scalar field
Φ(zIR) = ξ1. However, before this happens, the true minimum of the energy can in principle
be realized for ξ = 0 even at lower temperatures, depending on the µ and T dependence of
the energy density and because of the f (z) factor in (3.6). We find that this is indeed the
case, and as previously mentioned the chiral restoration transition coincides with a baryonic
onset. However, if T > Td, the critical chemical potential for the baryon onset µon(T ) is a
strictly decreasing function of the temperature. Interestingly, for T = Tc, the curve ends at
a finite value of µon(Tc): this way our phase diagram shows a triple point as expected for
large-Nc QCD. However, depending on the choice of the parameters, the equilibrium value
of ξ reaches zero for temperatures lower than Tc in a second order phase transition.

We also find a crossover to another phase: as we increase the density, we observe a con-
tinuous deformation of the baryon number density distribution in the holographic direction,
as it changes from being peaked on the infrared brane to a configuration where it develops a
second peak at a finite distance from the hard-wall. It was argued that the distribution in the
holographic direction should be related to a spectrum of energies for the condensed baryons
[25] and that this transition then indicates the onset of a quarkyonic phase for cold and dense
nuclear matter [26]. The nuclear homogeneous matter in our model exhibits the same feature,
performing a (continuous, hence this transition being a crossover) “popcorn transition”. Af-
ter this analysis, we can draw (fig. 1) the following phase diagram for our holographic QCD
model: see the caption for details on the order of the transitions and the identification of the
parameter sets used. Moreover, we present the result for the speed of sound, which develops
a peak value as high as roughly 0.66, signaling a rather stiff equation of state.

5 Neutron Stars

Unlike the holographic studies reviewed in [27, 28] we refrain from matching to realistic
equation of states for conventional nuclear matter at moderate densities, thereby completely
neglecting any effects from the crust of a neutron star. Neutron stars are described by the
Tolman-Oppenheimer-Volkov (TOV) equations, which read:

dP
dr

= −G(ε + P)
m + 4πr3P
r(r − 2Gm)

,
dm
dr

= 4πr2ε. (5.1)

The equations are solved by using as a boundary condition P(r = 0) = P0 for a range of
values of P0, and the radius of the neutron star obtained is defined as the value of R for which
P(R) = 0. Different values of P0 will produce results of R,m that define a curve in the m-R
plot to be compared with observational data. The holographic dictionary identifies the grand
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potential with (minus) the on-shell action:

PV = −Ω = V
∫

dzLon−shell , ε =
E
V

= −P + µ
∂P
∂µ

= −P + Nc
µ

2
d. (5.2)

In fig.2 we show the equation of state of our holographic nuclear matter, together with the
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Figure 2: Equations of state (left) and radius-mass relations for neutron stars with the usual
two choices of parameters (same color coding as previous figure). The dashed sections of the
equations of state indicate values of central pressure that lead to unstable neutron stars. In
the mass-radius plot, these stars lie beyond the turning point (corresponding to the maximum
mass) of the respective curves.

characteristic m − R curve of neutron stars built from it. The gray interval represents obser-
vational bounds for stars of mass 1.4M�. While "Fit A" leads to unrealistic stars, for "Fit
B" all parameters are instead chosen to obtain a good compromise between highest mass,
radius for stars of 1.4M�, and tidal deformability (see Fig.8 of [19]). We see that in both
cases the measured radius is not completely compatible with our predictions: however, the
effect of a crust is expected to increase the radius of neutron stars, refining the precision of
the “phenomenological” set of parameters. Moreover, in [29] it is argued that proton frac-
tions obtained with the same homogeneous Ansatz approach tend to be in the ballpark of the
correct order of magnitude in this model at least for densities around saturation.

6 Conclusions

We studied the phase diagram of a holographic “hard-wall” model of QCD with a nontrivial
temperature dependence arising from a generalization to separate infrared walls for gluonic
and quark degrees of freedom ("double hard-wall"). In the low-temperature phases, we have
evaluated the resulting equation of state with a view towards modelling cold nuclear matter
at high densities. Independently of the fit chosen for the free parameters in our model, the
resulting speed of sound at zero temperature in this baryonic matter turned out to be rather
high before monotonically decreasing with further increases of the chemical potential.

We used the equation of state of the model to solve the TOV equations and build neutron
stars: the resulting neutron stars turn out to be quite compact, with maximum masses higher
than what is expected, with the radius for stars of mass 1.4M� being slightly smaller than the
bound, and with tidal deformability for the same star exactly on the lower bound allowed. The
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effects of the presence of a crust are expected to be an increase in the radius of stars (at fixed
mass), and an increase in the tidal deformability: this would open up the possibility to obtain a
better phenomenological fit in order to obtain a lower maximum mass. Should the symmetry
energy (and thus the proton fraction) also be lowered in this process, we would obtain a
significant refinement towards realistic neutron stars completely built within holography (as
done in [17] with a top-down approach).
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