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Abstract. We discuss the stochastic gravitational-wave spectrum from dark
confinement and chiral phase transitions in the early Universe. Specifically,
we look at pure Yang-Mills theory for an arbitrary number of colours as well
as SU(3) with quarks in different representations. We utilise thermodynamic
Lattice data and map it to effective models, such as the Polyakov-loop and the
PNJL model. This allows us to compute gravitational-wave parameters and
the corresponding gravitational-wave signal. We compare the signal to future
gravitational-wave observatories such as the Big Bang Observer and DECIGO.

1 Introduction

Very little is known about the dark side of the Universe and it is therefore highly desirable
to be able to test the immense landscape of dark sectors. Here, we discuss the scenario that
the dark side features composite sectors made by non-Abelian Yang-Mills theories. These
theories are physically motivated because the dynamics of the dark sector naturally mimics
the Standard-Model (SM) QCD featuring strong interactions. Furthermore, these theories are
well-behaved at short distances due to asymptotic freedom, meaning that the theories are, per
se, ultraviolet complete and they do not introduce new types of hierarchies beyond the SM
one. These strongly coupled dark sectors have recently received a lot of attention due to their
non-trivial mechanisms to create dark-matter bound states [3–7]. Depending on the portal to
the SM, these types of theories are unfortunately inaccessible to current colliders or direct
searches, limiting our ability to test them and therefore pin down the model underlying the
dark sector. Here we discuss the possibility to test these hidden sectors via the detection of
gravitational waves (GWs). Importantly, the GW signal does not depend on the precise portal
coupling of the dark sector to the SM and we only need to assume the minimal interaction of
gravity between the SM and new strongly-coupled sectors.

In this contribution, we review the results from [1, 2] where the GW signals from a dark
first-order confinement and chiral phase transition were studied. These results include the
pure glue SU(Nc) case as well as the SU(3) case with quarks in the fundamental, adjoint, and
two-index symmetric representation. The strongly coupled nature of the dark sectors requires
a non-perturbative approach. We use effective models such as the Polyakov-Loop model
(PLM) and the Polyakov-Nambu-Jona-Lasinio (PNJL) model fitted to non-perturbative lattice
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data to get an accurate description of the dynamics of the phase transition. The resulting GW
signals are compared to the sensitivity curves of future GW detectors, most prominently
LISA, the Big Bang Observer (BBO), and DECIGO. Further approaches to study the GW
signal of strongly-coupled sectors include the Matrix Model [8], and holography [9–12] and
the Linear-Sigma model [13].

2 Effective Models

2.1 Polyakov Loop

In any SU(Nc) gauge theory, a global ZNc symmetry, called the centre symmetry, naturally
emerges from the associated local gauge symmetry. It is possible to construct several gauge
invariant operators charged under this global ZNc symmetry. Among them, the most notable
one is the Polyakov loop,

` (x) =
1

Nc
Tr

[
P exp

(
i g

∫ 1/T

0
A0(x, τ) dτ

)]
, (1)

where P denotes the path ordering, g is the SU(Nc) gauge coupling, and A0 is the vector po-
tential in the time direction. The symbols x and τ denote the three spatial dimensions and the
Euclidean time, respectively. An important feature of the Polyakov loop is that its expectation
value vanishes below the critical temperature Tc, i.e. 〈`〉T<Tc = 0, while it possesses a finite
expectation value above the critical temperature, i.e. 〈`〉T>Tc > 0 . At very high temperatures,
the vacua exhibit a Nc-fold degeneracy and we have

〈`〉 = exp
(
i
2π j
Nc

)
`0 , j = 0, 1, . . . , (Nc − 1) , (2)

where `0 is defined to be real and `0 → 1 as T → ∞. In summary, the Polyakov loop is a
suitable order parameter in the finite temperature phase transition of the SU(Nc) gauge theory.

2.2 Effective Potential of the Polyakov-Loop Model

We use the PLM [14, 15] as an effective theory to describe the confinement phase transition.
The expectation value of the Polyakov loop (1) plays the role of an order parameter. The
simplest effective potential preserving the ZNc symmetry is given by

VPLM = T 4
(
−

b2(T )
2
|`|2 + b4|`|

4 − b3

(
`Nc + `∗Nc

))
,

b2(T ) = a0 + a1

(Tc

T

)
+ a2

(Tc

T

)2
+ a3

(Tc

T

)3
+ a4

(Tc

T

)4
. (3)

We have chosen the coefficients b3 and b4 to be temperature independent following the treat-
ment in [16, 17], which studied the SU(3) case, and also neglected higher orders in |`|.

The coefficients in (3) are fitted to the thermodynamic lattice data from [18]. In particular,
we are using the energy and entropy density and employ a χ2 analysis. We fit the data for
Nc = 3, 4, 5, 6, 8. For example for Nc = 3, we find the best fit values a0 = 3.72, a1 = −5.73,
a2 = 8.49, a3 = −9.29, a4 = 0.27, b3 = 2.4, and b4 = 4.53. The values for other Nc are
reported in Tab. 1 in [1].
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2.3 Polyakov-Nambu-Jona-Lasinio Model

The PNJL model is used to describe dynamics in dark gauge-fermion sectors [17]. The finite-
temperature grand potential of the PNJL models can be generically written as

VPNJL = VPLM[`, `∗] + Vcond
[
〈ψ̄ψ〉

]
+ Vzero

[
〈ψ̄ψ〉

]
+ Vmedium

[
〈ψ̄ψ〉, `, `∗

]
, (4)

where VPLM, Vcond, and Vzero denotes respectively the Polyakov-loop potential (discussed
above), the condensate energy and the fermion zero-point energy. The medium potential
Vmedium encodes the interactions between the chiral and gauge sector which arises from an
integration over the quark fields coupled to a background gauge field. We employ the PNJL
model for SU(3) gauge theories with N f = 3 fundamental quarks, N f = 1 adjoint quarks, and
N f = 1 two-index symmetric quarks.

The explicit form of these contributions is detailed in [2]. They contain new free param-
eters such as the coupling of the four-fermion interaction GS , the six-fermion interaction GD

from the Kobayashi-Maskawa-’t Hooft determinantal term, and the cutoff scale Λ. These
parameters can be fixed by matching observables such as the constituent quark mass, the
pion-decay constant, and the σ-meson mass. We fix these parameters in two ways: We have
a benchmark point where we use the values from [17, 19] as guidance, rescaled to a confine-
ment temperature Tc = 100 GeV. We furthermore perform a parameter scan and determine
the strongest possible phase transition. The values for all cases and parameters are displayed
in Tab. 3 in [2].

3 First-order Phase Transitions and Gravitational Waves

We compute GW parameters such as the percolation temperature Tp, the energy budget α, and
the inverse duration time β, which describe the dynamics of the bubble-nucleation process.
The wall velocity vw is difficult to access and therefore we leave it as a free input parameter.

3.1 Bubble Nucleation

In the conventional picture of a first-order phase transition, the universe cools down and a
second minimum with a non-zero vacuum expectation value (broken phase) develops at a
critical temperature. This triggers the tunnelling from the false vacuum (unbroken phase)
to the stable vacuum (broken phase) below the critical temperature. In the case of the con-
finement phase transition, the picture is reversed: as the universe cools down, the tunnelling
occurs from the broken phase (deconfinement phase) to the unbroken phase (confinement
phase), since the underlying discrete symmetry ZNc is broken in the deconfinement phase at
high temperature while it is preserved at the confinement phase at low temperature (so-called
symmetry non-restoration).

The tunnelling rate per unit volume due to thermal fluctuations is suppressed by the three-
dimensional Euclidean action S 3(T ) [20, 21],

Γ(T ) = T 4
(

S 3(T )
2πT

)3/2
e−S 3(T )/T . (5)

The three-dimensional Euclidean action for a confinement transition in the Polyakov loop
reads

S 3(T ) = 4πT
∫ ∞

0
dr′ r′2

1
2

(
d`
dr′

)2
+ V ′eff(`,T )

 , (6)
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where V ′eff
(`,T ) ≡ Veff(`,T )/T 4 and r′ = r T are dimensionless. The bubble profile (instanton

solution) is obtained by solving the equation of motion of the action in (6)

d2`(r′)
dr′2

+
2
r′

d`(r′)
dr′

−
∂V ′eff

(`,T )
∂`

= 0 , (7)

with the associated boundary conditions

d`(r′ = 0,T )
dr′

= 0 , lim
r′→0

`(r′,T ) = 0 . (8)

To attain the solutions, we used the method of overshooting/undershooting and employ the
Python package CosmoTransitions [22].

For the chiral phase transition, we use the chiral condensate σ ∝ 〈ψ̄ψ〉 as the order param-
eter for the phase transition. For our models, this applies only to the case with fundamental
quarks. In this case, the tunnelling process is conventional i.e. from the unbroken phase to
the broken phase below the critical temperature. The procedure to obtain the bubble profile
is in straight analogy to the Polyakov-loop case. However, the mass dimensions in (6) and
the boundary conditions (8) adjusted. Furthermore, we include the wave-function renormal-
isation Zσ since σ is not a fundamental field [13], which slightly modifies the equation of
motion (7). For more details see [2].

3.2 Inverse Duration Time of the Phase Transition

An important parameter for the computation of the GW signal is the inverse duration time
β. For sufficiently fast phase transitions, the decay rate can be approximated by Γ(T ) ≈
Γ(t∗)eβ(t−t∗) where t∗ is the characteristic time scale for the production of GWs. The dimen-
sionless inverse duration time then follows as

β̃ =
β

H∗
= T

d
dT

S 3(T )
T

∣∣∣∣∣
T=T∗

, (9)

where we used that dT/dt = −H(T )T with the Hubble parameter H. The phase transition
temperature T∗ is often taken as the nucleation temperature Tn, which is defined as the tem-
perature at which the rate of bubble nucleation per Hubble volume and time is approximately
one, i.e. Γ/H4 ∼ O(1). A more accurate definition is to use the percolation temperature Tp,
which is defined as the temperature at which the probability to have the false vacuum is about
0.7. For very fast phase transitions, as in our case, the nucleation and percolation temperature
are almost identical Tp . Tn. Nonetheless, we use the percolation temperature. We write the
false-vacuum probability as P(T ) = e−I(T ) with the weight function [23]

I(T ) =
4π
3

∫ Tc

T
dT ′

Γ(T ′)
H(T ′)T ′4

(∫ T ′

T
dT ′′

vw(T ′′)
H(T ′′)

)3
. (10)

The percolation temperature is defined by I(Tp) = 0.34, corresponding to P(Tp) = 0.7. Using
T∗ = Tp in (9) yields the dimensionless inverse duration time.

Throughout all models we find rather large values of the inverse duration time, β̃ =

O(104). In the pure glue case, we find β̃ = 1.0 · 105 (Nc = 3), β̃ = 1.3 · 105 (Nc = 4),
β̃ = 1.1 ·105 (Nc = 5), β̃ = 4.2 ·104 (Nc = 6), and β̃ = 4.9 ·104 (Nc = 8). The smallest value is
taken for Nc = 6 and we therefore expect the strongest GW signal in that case1. With quarks

1The efficiency factor to generate the GW from sound-wave contribution is proportional to
√
τSW where τSW is

the sound wave period and τSW ∼
1
β for β >> 1. Thus, the larger β the more suppression of the GW signals.
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Figure 1. GW spectra from the SU(Nc) confinement phase transition without quarks for different values
of Nc and vw = vJ (left) as well as for Nc = 6 and different wall velocities (right). Figures taken from [1].

for SU(3) we find the following results: β̃ = 1.9 ·104 (fundamental, benchmark), β̃ = 6.8 ·103

(fundamental, best case), β̃ = 8.1 ·104 (adjoint, benchmark), β̃ = 7.9 ·104 (adjoint, best case),
β̃ = 5.9 · 104 (two-index symmetric, benchmark), and β̃ = 1.7 · 104 (two-index symmetric,
best case). We observe that the GW signal from the adjoint phase transition is the weakest.

3.3 Energy Budget

We define the strength parameter α from the trace of the energy-momentum tensor θ weighted
by the enthalpy w,

α =
1
3

∆θ

w+

=
1
3

∆e − 3∆p
w+

, (11)

where ∆X = X(+) − X(−) for X = (θ, e, p) and (+) denotes the meta-stable phase (outside of
the bubble) while (−) denotes the stable phase (inside of the bubble). The relations between
enthalpy w, pressure p, and energy e are given by w = T∂T p and e = w− p. These are hydro-
dynamic quantities and we work in the approximation where do not solve the hydrodynamic
equations but instead extract them from the effective potential p(±) = −V (±)

eff
. This treatment

should work well for the phase transitions considered here [24, 25]. Then α is given by

α =
1
3

4∆Veff − T ∂∆Veff

∂T

−T ∂V (+)
eff

∂T

. (12)

In the case of the confinement phase transition, we find that the contribution from ∆Veff is
negligible since e+ � p+ and therefore α ≈ 1/3 with at most a 10% deviation. In the case of
the chiral phase transition, i.e., for SU(3) with N f = 3 fundamental quarks, we find smaller
values, α = 2.9 · 10−2 (benchmark) and α = 5.1 · 10−2 (best case). This relates to the fact that
there are more relativistic degrees of freedom participating in the phase transition.

3.4 Gravitational-Wave Spectrum from Sound Waves

With the GW parameters, we can compute the GW spectrum using fit formulas from nu-
merical simulations [26, 27]. In general, there are three contributions to the GW spectrum:
collisions of bubble walls, sound waves in the plasma after bubble collision and magnetohy-
drodynamic turbulence in the plasma. In our case, the contributions from sound waves are
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Figure 2. GW spectrum from the SU(6) confinement phase transition without quarks for the confine-
ment scales Tc = 1 GeV, 1 TeV, and 1 PeV, compared to the power-law integrated sensitivity curves of
different GW detectors. Figure taken from [1].

dominating. The spectrum, peak frequency, and peak amplitude are given by [26, 27]

h2ΩGW( f ) = h2Ω
peak
GW

(
f

fpeak

)3 4
7

+
3
7

(
f

fpeak

)2−
7
2

,

fpeak ' 1.9 · 10−5 Hz
(
g∗

100

)1
6
( T
100 GeV

) (
β̃

vw

)
,

h2Ω
peak
GW ' 2.65 · 10−6

(
vw

β̃

) (
κ α

1 + α

)2 (
100
g∗

)1
3

Ω2
SU(N) . (13)

Here, h = H/(100km/s/Mpc) is the dimensionless Hubble parameter and g∗ is the effective
number of relativistic degrees of freedom including the SM degrees of freedom g∗,SM =

106.75 and the dark sector ones, e.g., g∗,SU(Nc) = 2(N2
c − 1) in the pure gluon case. The factor

ΩSU(Nc) =
ρrad,SU(Nc )

ρrad,tot
accounts for the dilution of the GWs by the visible matter which does not

participate in the phase transition. The efficiency factor κ in (13) describes which fraction of
the energy budget is converted into GWs. We follow the treatment in [28] and also include
the additional suppression due to the length of the sound-wave period [29–31].

4 Gravitational-Wave Spectra

In the previous sections, we presented all the necessary ingredients to compute the GW signal.
We first discuss the pure gluon case and then include quarks.

In the left panel of Fig. 1, we display the GW spectrum for different Nc and with Tc =

1 GeV and vw = vJ where vJ is the Chapman-Jouguet detonation velocity. We compare the
GW spectra to the power-law integrated sensitivity curves of LISA, BBO, and DECIGO. For
a better visibility, we do not include the error on the GW signal in this plot. We observe the
largest GW signal for Nc = 6, 8 and a slightly smaller GW signal for Nc = 3, 4, 5. The reason
for this difference is two-fold: firstly, the GW signals for small Nc are more suppressed by
the dilution factor ΩSU(Nc) in (13) since the SM degrees of freedom dominate over the dark
degrees of freedom. Secondly, we observe the smallest value of β̃ for Nc = 6, see Sec. 3.2,
which makes it the strongest phase transition in the pure glue case.

In the right panel of Fig. 1, we show the GW spectrum for Nc = 6 and Tc = 1 GeV but
vary the wall velocity vw, which we treat as an input parameter. As expected, we observe the
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Figure 3. GW spectra of the chiral/confinement phase transition of SU(3) with N f = 3 fundamental
quarks (left), N f = 1 adjoint quarks (middle), and N f = 1 two-index symmetric quarks (right) for a
benchmark scenario and the best-case scenario in the parameter space. Figures taken from [2].

largest GW signal for the Chapman-Jouguet detonation velocity. For wall velocities smaller
than the speed of sound vw ≤ cs = 1/

√
3, the GWs become suppressed due to the rapidly

decreasing efficiency factor κ in (13), see [32]. This is exemplified in Fig. 1 with vw = 0.2.
Furthermore, we also include the errors of the GW signal, which are directly inferred from the
fitted lattice data but enhanced with a generous factor of 10 to encompass potential systematic
errors from the fitting procedure and the choice of the effective model.

In Fig.2, we display the dependence of the GW spectrum on the confinement temperature
Tc. We use Nc = 6 and vw = vJ . The confinement temperature shifts the peak frequency and
is thereby one of the key parameters when it comes to the detectability of the GW signal.
While the sensitivities of LISA, ET, and CE are not sufficient to test the GW signal, BBO and
DECIGO will test dark sectors from roughly Tc = 5 GeV up to Tc = 100 GeV.

We now include quarks to SU(3) with the PNJL model, specifically, we include N f = 3
fundamental, N f = 1 adjoint, and N f = 1 two-index symmetric quarks. The results are
displayed in Fig.3 for the benchmark case and the best-case scenario in the parameter space,
see Sec. 2.3. Note that with fundamental quarks, the centre symmetry is broken and it is
the first-order chiral phase transition that generates the GWs. With adjoint and two-index
symmetric quarks, the centre symmetry is preserved2 and it is the first-order confinement
phase transition that generates the GWs. Compared to the pure gluon case, adjoint quarks
suppress the GW signal while two-index symmetric quarks enhance it. The chiral phase
transition with fundamental quarks is stronger than the pure gluon case, of similar strength as
the two-index symmetric case.

5 Conclusions and Outlook

In this contribution, we discussed the prospects of measuring a stochastic GW signal from
a first-order chiral or confinement phase transition from a dark sector. We investigated the
pure glue SU(Nc) confinement phase transition for arbitrary Nc as well as at the SU(3) phase
transition with N f = 3 fundamental quarks (chiral phase transition), with N f = 1 adjoint
quarks and N f = 1 two-index symmetric quarks (both confinement phase transition). We
observe that all GW signals are strongly suppressed due to the large parameter β = O(104).
Observationally, this implies that DECIGO or BBO will be able to test these dark sectors
for confinement temperatures around Tc ∼ O(10) GeV. Beyond the results presented here,
there is a large unexplored dark confined landscape and it will be exciting to see if this trend
continues for other strongly coupled dark sectors.

2Two-index symmetric quarks break the centre symmetry softly and it is thus almost preserved.
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