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Abstract.
In this work we interpret the Einstein-Hilbert (EH) Lagrangian of gravitation as

the first term of a low-energy effective theory similar to those considered in the

chiral Lagrangian approach to low-energy hadron physics or the electroweak

chiral Lagragians describing the symmetry breaking sector of the Standard

Model (SM). Starting from the one-loop computation of the elastic graviton-

graviton scattering amplitude by Dunbar and Norridge, we unitarize the IR

regularized partial waves by using the Inverse Amplitude Method (IAM). This

method enlarges the regime of applicability of the perturbative results to higher

energies of the order of the Plank scale MP and allows for the possibility of

poles in the second Riemann which have the natural interpretation of dynamical

resonances. In this work we look for these possible resonances for the ++++

and −−−− helicity channels and the J = 0, 2 and 4 partial waves.

1 Introduction

As it is well known the Einstein-Hilbert (EH) Lagrangian can be considered as the first term

of an effective theory for gravity [1–4], being the expansion parameter the typical energy

of the process considered over the Plank mass scale MP. The situation is similar to that

of the Chiral Perturbation Theory describing low-energy pion dynamics where the role of

MP is played by the pion decay constant fπ. Concerning graviton elastic scattering the EH

term produces an amplitude which is of the order s/M2
P and was first computed by [5–7].

The one-loop corrections were obtained by Dunbar and Norridge by means of string theory

methods [8]. In principle one would expect UV divergences but as far as the only possible

counterterms are proportional to R2, Rμν Rμν or R γδ
αβ R αβ

γδ , and these counterterms vanish

on-shell, the one-loop result is UV finite as it was stated by Hooft and Veltman [9]. However,

due to the fact that gravitons are massless, IR divergences appear.

In [10] the authors considered the possibility of extending the one-loop amplitude to

higher energies by using the IAM unitarization procedure. By defining the initial momenta
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and helicities by p1, λ1, p2, λ2, and the final ones by p3, λ3, p4 and λ4, the helicity amplitude

can be written as:

Tλ1λ2λ3λ4 (s, t, u) = 〈p3, λ3; p4, λ4 | T | p1, λ1; p2, λ2〉 , (1)

where the usual Mandelstam variables s = (p1 + p2)
2, t = (p1 − p3)

2 and u = (p1 − p4)
2 are

used and T is the standard reaction matrix S = I + i(2π)4δ(4)(Pf − Pi)T , with Pi = p1 + p2,

Pf = p3 + p4 and S being the S -matrix. The helicities λi take the values +2 and −2, denoted
by λi = + and − respectively. By using P and T invariance and crossing, all the amplitudes

can be written in terms of

A(s, t, u) = T++++(s, t, u), B(s, t, u) = T+++−(s, t, u), C(s, t, u) = T++−−(s, t, u). (2)

At tree level,

A(0)(s, t, u) =
8π

M2
P

s3

tu
, B(0)(s, t, u) = 0, C(0)(s, t, u) = 0. (3)

The NLO amplitudes A(1)(s, t, u), B(1)(s, t, u) and C(1)(s, t, u), obtained by Dunbar and Nor-

ridge [8], can also be found in [10].

2 Unitarization

In order to perform the unitarization of the amplitude we need to compute the partial waves

which in principle are defined by

aJλ1,λ2,λ3λ4 (s) =
1

64π

∫ 1

−1
d(cos θ)dJ

λ,λ′ (θ)Tλ1λ2λ3λ4 (s, θ), (4)

where λ = λ1 − λ2, λ′ = λ3 − λ4, t = −(s/2)(1 − x), u = −(s/2)(1 + x) and x = cos θ.
However, in the case of graviton-graviton scattering, these integrals are not well defined,

even at the tree level, since the helicity amplitudes diverge for x = cos θ close to ±1. Hence,

we regularize [10] the helicity amplitudes as

T̃ ηλ1λ2λ3λ4 (s, θ) = Tλ1λ2λ3λ4 (s, θ) (5)

if and only if cos θ ∈ (−1 + η, 1 − η), and T̃ ηλ1λ2λ3λ4 = 0 otherwise. With this definition, the

re-defined partial waves are:

aJλ1,λ2,λ3λ4 (s, η) =
1

64π

∫ 1−η

−1+η
d(cos θ)dJ

λ,λ′ (θ)Tλ1λ2λ3λ4 (s, θ), (6)

and the expected elastic scattering unitarity relation would be:

Im T̃ ηλ1λ2λ3λ4 (s, θ) =
1

128π2

∑
λaλb

∫
R
dΩ′T̃ ηλ1λ2λaλb (s, θ

′)T̃ η∗λaλbλ3λ4 (s, θ
′′), (7)

where R is the region of the two-body phase-space defined by s = 4E2
CM > μ

2, with μ being

an IR regulator. The key point of our work [10] is that both η and μ are related. This is

because crossing requires t < −μ2 and by trading cos θ by t:

∫ 1−η

−1+η
d(cos θ) =

s
2

∫ tmax

tmin

dt =
s
2

∫ −μ2

−s+μ2
dt, (8)
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leading to

μ2 = η
s
2
. (9)

By using this relation, one finds for the ++++ and −−−− partial waves:

Im a(1)
0
(s, μ) =

(
a(0)
0
(s, μ)

)2
(10)

to all orders in η, even if we should expect such expression to hold only for small values of

η. For J � 0, this works only up to order η,

Im a(1)
J =

(
a(0)
J

)2
+ O(η). (11)

Finally, for the +−+− case, the equation is fulfilled up to constant terms, only applying for

the divergent terms as η→ 0.

In the following we will focus on the ++++ and −−−− partial waves with η = 2μ2/s.
The NLO partial wave is proportional to s2 and has different contributions with log(s/μ2),
log2(s/μ2) and F(s/μ2) = log(s/μ2) − log(−s/μ2) factors [10]. Hence, our NLO amplitudes

have both right (RC) and left (LC) cuts on the complex plane and, as expected, they break

(elastic) unitarity at high energies s � M2
P. Thus we consider the use of an unitarization pro-

cedure to regularize this behaviour, as it was done in low-energy hadronic physics [11–14].

Unitarization techniques can also be applied to the elastic scattering of the longitudinal com-

ponents of the electroweak bosons. In [15] different unitarization procedures were compared.

Here we use the Inverse Amplitude Method (IAM) [11–14, 16], since it looks more appropri-

ate for the one-loop elastic graviton scattering amplitudes where one starts from an expansion

in powers of s/M2
P, with perturbative elastic unitarity and good analytical properties (RC and

LC cuts).

Thus the IAM partial waves for ++++ and −−−− helicity partial waves are defined as

aIAM
J (s, μ) = a(0)

J (s, μ)
a(0)
J (s, μ)

a(0)
J (s, μ) − a(1)

J (s, μ)
. (12)

One of the interesting properties of these unitarized partial waves is that they can show poles

on the second Riemann sheet of the complex plane under the RC that, according to general S-

matrix theory [17–19], would have an interpretation of dynamical resonances due to graviton-

graviton interaction. The resonance mass MR and width ΓR associated to a pole on position

s0 would be

s0 = M2
R − iMRΓR. (13)

However, if the poles appear on the first Riemann sheet, they are most probably artifacts of

the unitarization procedure (ghosts).

3 Results

Our preliminary results were presented in detail in [10] where we looked for all the poles in

the different Riemann sheets for values of the IR regulator μ ranging from MP to 10−8MP.

Due to the analytical structure of the perturbative NLO amplitudes and the IAM, the first

and second Riemann sheets match over the first quadrant and in particular on the positive

real axis when it is approached from above. The first Riemann sheet below the real axis

(negative values of Im s) is a mirror reflection of the amplitude above the real axis due to

Schwartz reflection principle [10, 17–19]. Hence, since the second Riemann sheet is the

analytical continuation of the amplitude across the RC, we can find all the poles, both in first
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Figure 1. Pole positions of J = 0 partial wave. The color scales stand for μ/MP. The Zero points refer
to a zero in the numerator of the Inverse Amplitude Method (mostly over the positive real axis); RS 1,
RS 1b and RS 2, to poles on the quadrants I, II and IV; and Zero, to zeros on the quadrant I. Figure

from our ref. [10].

Figure 2. From top left, clockwise: plots of Im aIAM
0 for μ/MP = 0.40, 0.35, 0.30, 0.20. Notice the

disappearance of the poles on the first Riemann sheet (quadrants I and II). Figure from our ref. [10].
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Figure 3. From top, anticlockwise: plots of Im aIAM
0 for J = 0, J = 2 and J = 4; μ/MP = 0.176.

and second Riemann sheets, by analytical continuation of the perturbative partial waves from

the first quadrant.

There are two ghosts, one pole in the first and another in the second quadrant. The one

in the second (RS 1b on fig. 1) disappears for μ/MP < 0.37 in the J = 0 channel and for

μ/MP < 0.092 in all the channels J = 0, 2, 4. The pole in the first quadrant (RS 1 on fig. 1)

is a bit trickier. In this case there is a zero in the numerator of the IAM formula (eq. 12) and

a zero in the denominator. As it can be seen on fig. 1 for J = 0 (look the zero position, Zero
on the legend) these two zeros converge at the same point as μ goes to zero. In any case, for

μ/MP < 0.05, the pole on the first Riemann sheet disappears for all values J = 0, 2, 4 for the

considered numerical resolution (see in fig. 2 the J = 0 case).

There is also a pole on the second Riemann sheet for low values of μ/MP < 0.05, which

could in principle be considered as a dynamical resonance. However, the pole position shows

a logarithmic dependence on μ/MP such that it tends to the origin in the μ/MP → 0+ limit.

This happens for the J = 0, 2, 4 channels for different μ/MP range of values.

4 Discussion

By using the IAM unitarized one-loop amplitudes for elastic graviton scattering (which de-

pends on the IR regulator μ) we have obtained (for ++++ and −−−− helicities) J = 0, 2, 4
partial waves having the right analytical and unitarity properties. Then we have studied the
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different poles of these partial waves. We found that for low enough μ/MP values the ghosts

(poles in the first and second quadrant) tend to disappear.

We also found a pole in each channel on the fourth quadrant which potentially could

be understood as dynamical resonances. However these poles tend (logarithmically) to the

origin of the complex plane as μ/MP goes to zero. Therefore the physical interpretation of

these poles is doubtful, to say the least, since μ was introduced as an IR regulator.

Starting from the tree level amplitude the authors of [20–23] found a pole in the J = 0

channel at s0 = πxM2
p ≈ (0.22 − i0.63)M2

P with x = 0.07 − i0.2 which they claim is a pure

gravitational resonance (graviball). This particular x value corresponds to some arbitrary

but reasonable choice of an UV cut-off Λ which is needed for their unitarization method (in

fact the position of the pole depends logarithmically on Λ). However notice that the width

associated with this pole would be so large compared with its mass that hardly could it be

considered a physical state in the usual sense.

In any case, it seems to be interesting to check if it is possible to reproduce this pole by

using the IAM unitarized NLO computation considered in this work. Thus we have looked

for the closest pole we can find in our computations by minimizing the distant to their s0
on the complex s plane by varying our μ IR regulator. Thus we have found a pole at s′0 =

(0.23 − i0.45)M2
P corresponding to μ/MP = 0.176. However, for this μ value ghosts are

present in the J = 2 and J = 4 channels (see fig. 3). Also this μ value is too high to be

considered an IR cut-off at all. Further investigations are required to completely clarify this

point.
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