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Abstract. The stable hadronic bound states in a hidden new non-Abelian
gauge sector provide interesting candidates for strongly-interacting Dark Matter
(DM). A particular example are theories in which DM is made up of dark pions
which set the DM relic abundance through self-annihilation. One of the sim-
plest realizations is Sp(4)c gauge theory with two Dirac fermions. We discuss
its mesonic multiplets for degenerate and non-degenerate fermions, construct
a low-energy effective theory and present lattice results for the pseudoscalar
mesons and vector mesons.

1 Introduction

Non-Abelian, confining, gauge theories with fermions can provide composite Dark Matter
(DM) candidates. For a sufficient number of pseudo-Nambu-Goldstone bosons (pNGBs) π
of chiral symmetry breaking the relic density of Dark Matter in the current universe can be
obtained through a 3→ 2 self-annihilation freeze-out process [1, 2]. These models have been
termed Strongly Interacting Massive Particles (SIMP) models. A minimal model of SIMP
Dark Matter is given by Sp(4)c gauge theory with 2 fundamental, massive fermions. Due to
the pseudo-reality of the fundamental representation of Sp(4)c these theories have exactly 5
pNGBs which is the minimum number needed for the SIMP mechanism. In the language
of chiral perturbation theory, this interaction is provided through the Wess-Zumino-Witten
(WZW) term.

In addition, a mediator to the Standard Model (SM) is required to thermally couple the
dark sector to the SM. Here, we study the case of a dark photon Z′ associated with an addi-
tional U(1)′ gauge theory as mediator. The dark fermions are charged under this interaction
and the Z′ mixes kinetically with the SM model photon. All other Sp(Nc = 2N) theories with
N f = 2 provide the WZW term needed for SIMP DM. However, larger gauge groups than
Sp(2)c = SU(2)c appear to be phenomenologically favoured [2]. Therefore, we study Sp(4)c

as the next-to-minimal case.
The stability of the pNGBs in isolation is provided through the global Sp(4) flavour sym-

metry after chiral symmetry breaking. Initial investigations suggest that this model is sig-
nificantly less constrained if the global symmetry is further broken [2]. We thus investigate
two different sources for such a breaking of the global symmetry: 1) The charge assignments
of the dark fermions under the dark U(1)′ and 2) strong isospin breaking in the dark sector
∗e-mail: fabian.zierler@uni-graz.at
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through non-degenerate fermion masses. In both cases we discuss the remaining global sym-
metries and the multiplet structure of the mesons under them. Since the dark sector is strongly
interacting and confining we need to treat the dark sector non-perturbatively. We make use of
existing Sp(4)c lattice results with two degenerate fermions [3] and extend them with our own
dedicated simulations for non-degenerate masses. Using these results, we construct a con-
sistent low-energy effective theory (EFT) for degenerate masses and non-degenerate masses,
including the WZW term, the spin-1 mesons and pseudoscalar flavour-singlet meson η′. We
extend the EFT in the degenerate case to include the dark U(1)′ and calculate the pNGB
mass-splitting through radiative corrections.

More details and further results can be found in [4, 5].

2 Global symmetries and pNGB multiplets

In isolation the microscopic Lagrangian of Sp(4) gauge theory with N f = 2 fundamental
fermion fields is given by

L = −
1
2

Tr
[
GµνGµν

]
+ ū
(
γµDµ + mu

)
u + d̄

(
γµDµ + md

)
d. (1)

We denote the fermion fields as u and d in analogy to QCD. Both, the gauge bosons and the
dark fermions are singlets under any SM charge. The fundamental representation of symplec-
tic gauge theories is pseudo-real. Hence, fermions and anti-fermions cannot be distinguished
[6]. For vanishing masses the global symmetry is given by SU(4). This symmetry is broken
spontaneously by the fermion condensate and explicitly by degenerate masses md = mu down
to Sp(4). If the fermions have distinct masses then we are left with a global SU(2) × SU(2)
symmetry.

Coupling the theory to an external U(1)′ vector field, Vµ the symmetry breaking depends
on the charge assignment matrix Q of the individual Weyl components of the fermions. On
the level of the Lagrangian this is given by

Lbreak = VµΨ†Q∂µΨ, (2)

where Ψ contains the left- and right-handed projections qT
L/R = (uT

L/R, d
T
L/R) of the Dirac

fermions in the form ΨT =
(
qT

L , (σ2S qR)T
)
. Here, σ2 is the second Pauli matrix that arises

from expressing the gamma matrices in the chiral representation in a block diagonal from
and S is a colour matrix fulfilling (τa)T = S τaS for all generators τa of the gauge theory.
This is always possible for pseudo-real representations. We find that all charge assignments
Q lead to either an unbroken SU(2) × U(1) subgroup of the global symmetry or an unbroken
U(1) × U(1).

Due to the extended global symmetry the hadronic multiplets are enlarged by additional
colour neutral quark-quark and antiquark-antiquark bound states (diquarks). No fermionic
bound states exist and the low-energy degrees of freedom are mesonic. The collection of
mesons, diquarks and antidiquarks appear either in 5-plets, such as the pNGBs π, 10-plets
like the vector mesons ρ, or as singlets [3]. For our purposes the breaking pattern of our DM
candidates – the pNGBs π – are of special interest. For non-degenerate masses the flavour
diagonal pNGB πC is always a flavour-singlet while the other pNGBs form a 4-plet – see
figure 1 [4].

For a charge assignment leading to a preserved U(1) × U(1) the πC is again a singlet
and the other pNGBs form two doublets. Only degenerate fermions with charge assignments
leading to a global SU(2) ×U(1) result in a triplet and a doublet of pNGBs which guarantees
stable DM candidates. In the other cases extra attention has to be paid to the lifetime of the
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non-singlet pNGB. It needs to be sufficiently long-lived to preserve the 3 → 2 interaction
responsible for freeze-out. If they decay after freeze-out the relic density of DM is set by
only the non-singlet pNGBs. [7]

3 EFT construction for Sp(4)c with N f = 2 and a dark photon portal

The pNGBs become massless in the chiral limit and should remain the lightest states in the
mesonic spectrum for non-vanishing moderate fermion masses. Depending on details of the
spectrum, other states need to be included in the construction of an EFT. Initial lattice results
on Sp(4)c with N f = 2 suggests that the pNGBs and the vector mesons ρ are the lightest non-
singlet states [3] and studies of pure Yang-Mills theory indicate heavy glueballs [8, 9]. Even
for heavy fermions they are significantly lighter than the scalar or axial-vector non-singlet
mesons. Lattice results on the singlet pseudoscalar η′ suggest that this state is lighter than
the vector mesons but heavier than the pNGBs for moderately heavy fermions [5]. The same
hierarchy of light vector and pseudoscalar mesons and relatively heavy non-singlet axial-
vector and scalar mesons has been observed in SU(2)c with N f = 2 [10, 11]. In two-flavour
SU(3)c gauge theory the pattern mπ < mη′ ≈ mρ has been observed in the chiral limit [12].

This leads to an EFT that includes the pNGBs π, the corresponding WZW term, the
interactions with the U(1)′ vector field Vµ (including the term responsible for the induced
mass-splitting of the pNGBs) as well as the vector mesons ρ and the pseudoscalar singlet η′.
Schematically, we construct an EFT of the form

LEFT = Lπ +Lη′ +Lρ +L
WZW
π +LWZW

η′ +LWZW
ρ +Lmeson interactions

+LWZW
V +LρV +LπV +L

split
πV . (3)

The first line arises purely from the strong dynamics. It includes the dynamics of the light
mesons, the influence on the WZW interaction and the meson-meson interactions. The cor-
responding low energy constants (LECs) of the EFT can be determined from first-principles
lattice calculations of the strong sector in isolation. At first order the involved LECs are the
meson masses and their decay constants. The included spectrum is sketched in the left panel
of figure 1.

3.1 Strong dynamics

For the pNGBs we utilize the standard construction through the field Σ = eiπ/ fπΣ0eiπT / fπ where
Σ0 gives the orientation of the chiral condensate and the pNGB matrix is spanned by the five
generators of the SU(4)/Sp(4) coset. This leads to kinetic and mass terms

Lπ =
f 2
π

4
Tr
[
∂µΣ∂

µΣ†
]
−
µ3

2
(Tr [MΣ] + h.c.) (4)

where µ is related to the chiral condensate as ⟨ūu + d̄d⟩ = µ3Σ0 and M is the fermionic mass
matrix in the basis of Ψ. The corresponding WZW term can be written as the integral over a
five dimensional disc Q5

LWZW
π =

−iNc

240π2

∫
Q5

Tr
[
(Σ†dΣ)5

]
. (5)

We introduce non-degenerate fermion masses mu , md by introducing an explicit splitting
between the decay constants fπ3 , fπ1,2,4,5 corresponding to diagonal pNGB and the others. We
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also include a splitting between the fermion condensates µ3
u , µ

3
d. This induces a change in

the vacuum alignment of the chiral condensate µ3Σ
deg
0 → µ3

u

(
Σ

deg
0 + ∆Σ0

)
where the induced

difference ∆Σ0 is proportional to (µ3
d − µ

3
u)/µ3

u which leads to a rescaling of LWZW
π in the

presence of fermion mass splittings.
The pseudoscalar flavour-singlet meson is associated with the U(1)A. We include its terms

Lη′ and LWZW
η′ in the EFT by extending the coset space to U(4)/(Sp(4) × U(1)A) and arrive

at Σ = exp(2iπ/ fπ) exp(2iη′T 0/ fη′ )Σ0 where T 0 = I4×4/
√

8. For degenerate masses no con-
tributions to the WZW occur through the inclusions of the η′ at first order. In the case of
non-degenerate fermions both the diagonal pNGB πC and the η′ are flavour-singlets. Kine-
matic mixing occurs which modifies LWZW

π and leads to an extra term involving the η′.
For the spin-1 interactions – both the vector mesons ρ and the U(1)′ field Vµ – we only

considered the case of degenerate fermion masses.
For the vector mesons we use hidden local symmetry as our construction principle which

introduces a local SU(4) symmetry and requires local invariance of the EFT leading to the
15 spin 1 states ρµ =

∑15
a=1 ρ

a
µT

a. These 15 states consist of the 10-plet of vector mesons ρ
and the 5-plet of axial-vector mesons a1 which are known to be substantially heavier than the
vector mesons from lattice investigations [3, 10]. We arrive at

Lρ = −
1
2

Tr
[
ρµνρ

µν
]
+

m2
ρ

2
Tr
[
ρµρ

µ
]
, (6)

where ρµν = ∂µρν − ∂νρµ − igρ[ρµ, ρν]. We include the interactions with the pNGB by a
construction analogous to the covariant derivative as ∂µΣ→ ∂µΣ + igρ

(
ρµΣ + Σρ

T
µ

)
where gρ

is a LEC. This construction leads to non-diagonal kinetic terms for the axial vectors which
ensures their higher masses m2

a1
/m2
ρ =
(
1 − g2

ρ f 2
π /(2m2

ρ)
)−1

. We also include the effect on the
WZW term which was already worked out for the general SU(2N f )/Sp(2N f ) coset [13].

3.2 Dark photon portal

The inclusion of the dark photon requires that we construct our EFT so that it is invariant
under all local U(1)′ transformations. We restrict ourselves to diagonal charge assignment
matrices Q. By examining the transformation properties of Σ under U(1)′ we can determine
the covariant derivative

Dµ = Σ = ∂µΣ + ieDVµ
(
QΣ + ΣQT

)
(7)

Depending on the exact charge assignment a subset of the pNGB couple to the dark photon
and break the global Sp(4). Specifically, we can couple pairs of off-diagonal pNGBs. For one
such assignment the Vµ − π-interaction for the charged pNGBs πA and πB is given by

LVπ = −2ieDVµ
(
πA∂µπ

B − πB∂µπ
A
)
+ e2

DVµVµπAπB (8)

and the interaction between the vector mesons and the dark photon is given by

LρV = −
eD

gρ
VµνTr

[
Qρµν
]

(9)

which preserves gauge invariance. Due to the presence of a global U(1) symmetry after
charge assignment the WZW term generically allows decays involving 3 particles such as
π→ VV [13]. However, the interaction

LWZW
V ⊃

40iCe2
D

f 2
π

ϵµναβVµ∂νVαTr
[
Q2∂βπ

]
(10)
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Figure 1. (left) Meson multiplets of the pseudoscalar and vector mesons of the strong theory in
isolation. The additional states compared to QCD are diquark states. (right) Constraints on the
U(1)′ breaking parameter κ from data taken from [3]. The value of mρ/ fπ = 6.48(1) corresponds to
an ensemble with heavy fermions far away from the chiral limit and mρ/ fπ = 8.34(2) corresponds to the
chiral extrapolation. We further provide the experimentally measured ratio of mρ/ fπ from SM QCD.

is vanishing if the anomaly-cancellation condition Q2 ∝ I is implemented. Choosing the
charge assignment such that all pNGBs transform non-trivially under the global symmetry
group ensures that such interactions are vanishing to all orders. The induced mass splitting
of the charged and uncharged Goldstones under the U(1)′ can be described by including the
additional term

L
split
πV = κTr

[
QΣQΣ†

]
(11)

which introduces a new LEC κ parameterizing this effect. The splitting takes the form ∆m2
π =

κe2
D/ f 2

π . Assuming vector meson dominance yields

∆m2
π =

6e2
D

(2π)2

m4
ρ

m2
V − m2

ρ

log
m2

V

m2
ρ

 . (12)

This expression is exact in the chiral limit. It is independent of the hierarchy of the dark
photon V and the vector meson ρ and continuos at mV = mρ. Using this we can relate the
LECs κ, fπ and mρ. The latter two are not independent and their ratio is determined by the
underlying UV complete theory. By using dimensionless ratio we can then constrain κ/m4

ρ as
a function of fπ/mρ from available lattice data from [3] as depicted in figure 1.

4 Low Energy Constants from the Lattice

The LECs cannot be determined from the EFT itself but must be obtained from the underly-
ing, microscopic UV theory. For strongly-interacting, confining theories lattice field theory
provides the tools to calculate the LECs from first principle. At leading order we are inter-
ested in the meson masses and their decay constant. For SU(2)c and Sp(4)c dedicated studies
for two degenerate fermions have already been performed [3, 5, 10, 11]. We supplement the
results for Sp(4)c with additional simulations at non-degenerate fermion masses.
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Figure 2. Masses and decay constants of the non-singlet pseudoscalar and vector mesons in lattice
units. The unflavoured mesons are always lighter and the corresponding decay constants are smaller.
This pattern holds for all other masses and inverse couplings β studied so far.

We use the unimproved Wilson plaquette action and include two unimproved Wilson
fermions using the Rational Hybrid Monte Carlo (RHMC) algorithm. We monitor the lowest
eigenvalue of the fermion determinants and do not see any hints of a sign problem for the
fermion masses studied here. At each lattice spacing we choose three different degenerate
ensembles corresponding to different values of mπ/mρ. We then keep one fermion mass
fixed and increase the other. We do this for three different inverse couplings β. The masses
and decay are extracted from the large Euclidean t behaviour of the meson correlator. We
determine the renormalization factors for the decay constants using lattice perturbation theory
at one loop as in [3]. Furthermore, we determine the scheme-dependent quark mass through
the partially conserved axial current (PCAC).

We find that in all cases the unflavoured mesons to be lighter than their flavoured coun-
terpart. The unflavoured pNGB πC is the lightest mesonic state of the theory. As we increase
one fermion mass the unflavoured vector mesons get lighter than the flavoured pseudoscalars.
Eventually, at large mass differences, the system resembles a heavy-light system. We show
the results for on set of ensembles in figure 2. We only see finite volume effects in the lightest
ensembles on the finest lattices (i.e. at β = 7.2 and mbare

q ≤ −0.78) [4]. For the meson masses
and the pseudoscalar decay constant we estimate our finite spacing effects to be smaller than
10%. For the vector decay constant they can be as large as 20%. Our results, together with
those of [3], suggest that the chiral effective theory should be applicable for mρC/mπC > 1.4
and md/mu < 1.5 [4].

5 Summary

We presented Sp(4)c gauge theory with two fundamental fermions connected to SM via a
U(1)′ dark photon as a candidate DM theory. We discussed the multiplet structure under a
global Sp(4) and its breaking due to either non-degenerate fermions or U(1)′ charge assign-
ments. We constructed an EFT for the strong theory in isolation including strong isospin
breaking for the pNGBs πand the η′ meson. We further constructed an EFT for degenerate
fermions including the vector mesons ρ and the dark photon. We supplement existing lattice
data for degenerate fermions by our own non-degenerate simulations. These results constrain
the LECs in the EFTs presented here.
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