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Abstract. Subensemble is a type of statistical ensemble which is the generaliza-
tion of grand canonical and canonical ensembles. The subensemble acceptance
method (SAM) provides general formulas to correct the cumulants of distribu-
tions in heavy-ion collisions for the global conservation of all QCD charges.
The method is applicable for an arbitrary equation of state and sufficiently large
systems, such as those created in central collisions of heavy ions. The new fluc-
tuation measures insensitive to global conservation effects are presented. The
main results are illustrated in the hadron resonance gas and van der Waals fluid
frameworks.

1 Introduction

Fluctuations are essential in studies of the quantum chromodynamics (QCD) phase dia-
gram in first-principle lattice QCD simulations and heavy-ion collision (HIC) experiments.
They are sensitive to fine details of interactions, for example to a phase structure including
searched-for phase transition and a critical point (CP) of QCD matter [1–6]. Fluctuations are
characterized by cumulants κn.

In QCD simulations and statistical models, the grand canonical ensemble (GCE) is mostly
used. In GCE, cumulants of quantity B distribution can be calculated by taking the derivative
of pressure p over the corresponding chemical potentials µB:

κn[B] = VT 3χB
n , χB

n ≡ ∂n(p/T 4)/∂(µB/T )n. (1)

GCE implies that the total system with volume V is separated in the coordinate space into
the observed subsystem with volume V1 and the rest of the system, which is called reservoir
(or thermostat) with volume V2, V = V1 + V2. The subsystem and thermostat can freely
exchange particles (or charge B). In the total system, the charge is fixed, and fluctuations are
absent. However, the charge fluctuates within the subsystem, and we measure fluctuations in
this subsystem.
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For the observed subsystem to be in GCE, the following requirements must be satisfied:
Firstly, V1 must be much larger than the correlation length, V1 ≫ ξ, i.e., thermodynamic limit
is realized. Secondly, the subsystem must be a small part of the total system, V ≫ V1. In this
case, the effects of global charge conservation can be neglected.

The size of the created system in HIC is not large enough to satisfy these two requirements
simultaneously. Thus, the results of experimental measurements of cumulants can’t be com-
pared directly with grand-canonical predictions 1 and the global charge conservation effects
must be taken into account. 2 The developed subensemble acceptance method (AM) [8–10]
allows to account for global conservation effects.

2 Subensemble Acceptance Method

Subensemble is a new type of statistical ensemble, a generalization of GCE. It corresponds
to a finite subsystem in contact with a finite thermostat. We partition a thermal system with
fixed conserved charge B and temperature T into two subsystems. 3 The Hamiltonian H can
be written as H = H1 + H2. Then the canonical partition function of the total system can be
written as

Z(T,V, B) =

B1

Z(T, αV, B1)Z(T, βV, B − B1), α ≡ V1/V, β ≡ 1 − α. (2)

We express cumulants κB
n of fluctuations inside the subsystem through the corresponding

grand canonical susceptibilities, χB
n ≡ ∂n(p/T 4)/∂(µB/T )n. This can be done in the thermo-

dynamic limit [8], yielding:

κ1[B1] = αVT 3 χB
1 , κ2[B1] = αVT 3 βχB

2 , κ3[B1] = αVT 3 β(1 − 2α)χB
3 ,

κ4[B1] = αVT 3 β

 (1 − 3αβ) χB
4 − 3α β

(χB
3 )2

χB
2

 . (3)

The model-independent formulas (3) provide corrections for global charge conservation.
In the case α → 0, the charge conservation effects are absent, and the cumulants κn reduce
to their GCE limit (1). In the opposite case α → 1, cumulants approach the limit of the
canonical ensemble where fluctuations are absent.

See Ref. [8] for results on cumulants up to 6th order, as well as on special cumulant ratios:
scaled variance ω ≡ κ2/κ1, skewness Sσ ≡ κ3/κ2, and kurtosis κσ2 ≡ κ4/κ2.

3 Applications and Extensions

The subensemble acceptance analytic formulas have been checked [9] for a specific exam-
ple of the van der Waals (vdW) mean-field model of interacting particles [11]. The model
contains a first-order liquid-gas phase transition and a CP. Scaled variance and kurtosis of
fluctuations inside the subsystem as functions of α are shown in Fig. (1).

1Other technical issues present in the experiment also hinder the direct comparison. Here we focus only on the
effects of global conservation of QCD charges.

2Note that in HIC, event-by-event fluctuations are measured in momentum space rather than coordinate space.
Therefore, for the method’s applicability, the momentum-space correlations must be substantial due to collective
flow. We claim that the strength of space-momentum correlations is sufficient, at least at high collision energies of
the Large Hadron Collider, LHC. For the estimation of effects of thermal smearing and imperfect space-momentum
correlations, see Ref. [7].

3Assuming the subsystem is large, we neglect surface effects.
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Figure 1. Scaled variance (left) and kurtosis (right) of particle number (conserved charge) fluctuations
as functions of the parameter α. The red lines are obtained from the SAM formulas (3). The black lines
represent the numeric results calculated explicitly from the vdW partition function [12] using Eq. (2)
for different values of the total number of particles in the system N0. The red dots at α = 0 represent
GCE values [13]. Taken from [9].

We see that observed fluctuations strongly depend on α, which displays the influence
of global particle number conservation. One also sees that for a realistic number of baryon
charge B = 400 encountered in HICS, the analytic formulas give a good approximation of the
numeric results even for higher order cumulants, and even in the vicinity of the CP (n = ncrit,
T = 1.2 Tcrit) where the correlation length is large. 4 5

The subensemble acceptance formulas were used to make lattice QCD-based predictions
for baryon number fluctuations in HICs at LHC energies [8]. The rapidity acceptance window
of unity, ∆Yacc ≈ 1, was found to be a sweet spot where at the same time, the measurements
of fluctuations are sensitive to the equation of state of QCD matter, and finite size effects are
small.

The SAM formulas have been generalized to the presence of an arbitrary number of in-
dependent conserved charges [10]. As an example, here the 4th order cumulant of baryon
number fluctuations inside the subsystem is presented in the case when there are two con-
served charges (baryon number B and electric charge Q):

κ4[B1] = αVT 3 β

 (1 − 3αβ) χB
4 − 3α β

(χB
3 )2χQ

2 − 2χBQ
21 χ

BQ
11 χ

B
3 + (χBQ

21 )2χB
2

χB
2χ

Q
2 − (χBQ

11 )2

 . (4)

Formulas are modified compared to the case of a single conserved charge (3), namely,
the mixed (off-diagonal) grand-canonical susceptibilities χBQ appear. For the SAM formulas
in case of arbitrary order of cumulant and number of conserved charges as well as for non-
conserved quantities such as, for example, net proton number, see Ref. [10].

We show [10] that α-dependence cancels out in (i) any ratio of second order cumulants,
(ii) any ratio of third order cumulants (iii) ratios of mixed second order cumulants involving
non-conserved quantities and conserved charge, (iv) ratio Σ/∆ involving so-called strongly

4Also, SAM formulas were recently tested in a similar setting for molecular dynamics simulations of the classical
Lennard-Jones fluid, where similar results were obtained [14].

5The present study does not consider fluctuations in the region below spinodals of the first-order phase transition.
In Ref. [15], fluctuations in GCE below spinodals were addressed with a method similar to SAM. The subensemble
results for the mixed phase region are in preparation [16].
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intensive fluctuation measures [17] Σ and ∆. For example,
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κBQ
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,
κpQ̂ j

κpQ̂i

=
χpQ̂ j

χpQ̂i

,
κpQ̂ j

κkQ̂i

=
χpQ̂ j

χkQ̂i

. (5)

Here S is strangeness, p and k denote respectively net proton and net kaon numbers, and
Q̂i, Q̂ j are arbitrary conserved charges. These ensemble-independent fluctuation measures
are not sensitive to global conservation and are thus particularly convenient for experimental
measurements.

4 Summary

The subensemble acceptance method provides general formulas to correct cumulants of dis-
tributions in heavy-ion collisions for the global conservation of all QCD charges. Explicit
expressions for all diagonal and off-diagonal cumulants measured in the subsystem of the
thermal system that relate them to the grand canonical susceptibilities are obtained for an
arbitrary equation of state with an arbitrary number of different conserved charges. Presented
fluctuation measures are insensitive to global conservation and, thus, can be particularly con-
venient for experimental measurement. The method can be extended for application at inter-
mediate collision energies and supplemented with formulas for higher-order fluctuations of
non-conserved quantities.
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