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Abstract. The polarization of the Λ hyperon has become an important probe
of the Quark-Gluon Plasma produced in relativistic heavy-ion collisions. Re-
cently, it has been found that polarization receives a substantial contribution
from a local equilibrium term proportional to the symmetric derivative of the
four-temperature vector, the thermal shear tensor. We show that, at very high
energies, this term can restore the agreement between the experimental mea-
surements and the predictions of the hydrodynamic model, provided that the
hadronization hypersurface is isothermal. We review the theoretical derivation
of this new term, discuss numerical computations at RHIC and LHC energies,
and compare them with the experimental data. We also present the effect of
feed-down corrections.

1 Introduction
In non-central heavy ion collisions, the Quark-Gluon Plasma (QGP) is produced with a
tremendous orbital angular momentum, which in turn polarizes particles produced in the
hadronization stage. The first quantitative relation for the expectation value of the spin-vector
of Dirac fermions was found to be [1]:

S µϖ(p) = − 1
8m
ϵµνστpτ

∫
Σ

dΣ · p nF(1 − nF)ϖνσ∫
Σ

dΣ · p nF
, (1)

where m is the mass of the particle, nF is the Fermi-Dirac distribution function and the inte-
gration hypersurface Σ is taken to be the decoupling (or freeze-out) hypersurface. Given the
four-temperature vector βµ = uµ/T where uµ is the four-velocity and T the proper tempera-
ture, the antisymmetric thermal vorticity tensor ϖµν reads:

ϖµν = −
1
2

(∂µβν − ∂νβµ). (2)
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The formula (1) was successful in explaining the data concerning the global polarization,
meaning the polarization integrated over all momenta [2, 3] but, unexpectedly, it could not
explain the data of polarization as a function of momentum, the so-called local polarization [4,
5]. This inconsistency between global and local polarization has been known in the literature
as the polarization sign puzzle.

Recently, a new contribution coming from the symmetric derivative of the four-
temperature was found [6–9]. Adopting the results of [6], the additional term reads:

S µξ (p) = − 1
4m
ϵµνστ

pτpρ

ε

∫
Σ

dΣ · p nF(1 − nF)t̂νξσρ∫
Σ

dΣ · p nF
. (3)

In the above formula, ε =
√

m2 + p2 is the particle’s energy, the vector t̂ is given by t̂µ =
(1, 0, 0, 0) in the laboratory frame, and its origin will be briefly commented in the next section,
and the symmetric tensor ξµν is the so-called thermal shear:

ξµν =
1
2

(∂µβν + ∂νβµ). (4)

Equation (3) represents a non-dissipative contribution to spin polarization because it orig-
inates from the local equilibrium statistical operator (see section 2). Nonetheless, it is a non-
equilibrium effect, as in global equilibrium the thermal shear is necessarily vanishing due to
the Killing condition.

To account for both effects, the total spin vector is the sum of equation (1) and (3), that is
S µ(p) = S µϖ(p) + S µξ (p).

2 Polarization in high energy nuclear collisions: isothermal
decoupling

We comment on some noteworthy steps of the theoretical derivation, having in mind appli-
cations to heavy ion collisions at very high energy, e.g

√
sNN ≥ 200 GeV. More details about

the derivation can be found in [6, 7].
The polarization vector is computed using the formula [10]:

S µ(k) =
1
2

∫
Σ

dΣ · k tr
[
γµγ5W+(x, k)

]
∫
Σ

dΣ · k tr [W+(x, k)]
, (5)

where the integration is performed on the decoupling hypersurface. The function W+(x, k)
is the particle component of the so-called Wigner function, to which we can associate a
Wigner operator Ŵ in such a way that the Wigner function is its expectation value, W(x, k) =
Tr
(
ρ̂ Ŵ(x, k)

)
. The particle component of the Wigner operator is:

Ŵ+ab(x, k) = θ(k0)θ(k2)
1

(2π)4

∫
d4s e−ik·s : Ψ̄b(x + s/2)Ψa(x − s/2) : , (6)

For what concerns the density operator ρ̂, it is assumed to be the so-called local equilib-
rium density operator:

ρ̂LE =
1
Z

e−
∫

dΣµT̂ µνβν , (7)

where T̂ µν is the stress-energy tensor operator, the integration hypersurface is the decoupling
hypersurface and we have neglected the presence of conserved charges. It is known that the

2

EPJ Web of Conferences 276, 01026 (2023) https://doi.org/10.1051/epjconf/202327601026
SQM 2022



The formula (1) was successful in explaining the data concerning the global polarization,
meaning the polarization integrated over all momenta [2, 3] but, unexpectedly, it could not
explain the data of polarization as a function of momentum, the so-called local polarization [4,
5]. This inconsistency between global and local polarization has been known in the literature
as the polarization sign puzzle.

Recently, a new contribution coming from the symmetric derivative of the four-
temperature was found [6–9]. Adopting the results of [6], the additional term reads:

S µξ (p) = − 1
4m
ϵµνστ

pτpρ

ε

∫
Σ

dΣ · p nF(1 − nF)t̂νξσρ∫
Σ

dΣ · p nF
. (3)

In the above formula, ε =
√

m2 + p2 is the particle’s energy, the vector t̂ is given by t̂µ =
(1, 0, 0, 0) in the laboratory frame, and its origin will be briefly commented in the next section,
and the symmetric tensor ξµν is the so-called thermal shear:

ξµν =
1
2

(∂µβν + ∂νβµ). (4)

Equation (3) represents a non-dissipative contribution to spin polarization because it orig-
inates from the local equilibrium statistical operator (see section 2). Nonetheless, it is a non-
equilibrium effect, as in global equilibrium the thermal shear is necessarily vanishing due to
the Killing condition.

To account for both effects, the total spin vector is the sum of equation (1) and (3), that is
S µ(p) = S µϖ(p) + S µξ (p).

2 Polarization in high energy nuclear collisions: isothermal
decoupling

We comment on some noteworthy steps of the theoretical derivation, having in mind appli-
cations to heavy ion collisions at very high energy, e.g

√
sNN ≥ 200 GeV. More details about

the derivation can be found in [6, 7].
The polarization vector is computed using the formula [10]:

S µ(k) =
1
2

∫
Σ

dΣ · k tr
[
γµγ5W+(x, k)

]
∫
Σ

dΣ · k tr [W+(x, k)]
, (5)

where the integration is performed on the decoupling hypersurface. The function W+(x, k)
is the particle component of the so-called Wigner function, to which we can associate a
Wigner operator Ŵ in such a way that the Wigner function is its expectation value, W(x, k) =
Tr
(
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density operator (7) describes an ideal fluid out of equilibrium, hence the results obtained
from (7) are non-dissipative [11, 12].

In the hydrodynamic regime, when dealing with expectation values of local operators
such as the Wigner operator Ŵ(x, k), a Taylor expansion of the four-temperature about the
point x is possible, and the density operator is approximated as:

ρ̂LE =
1

ZLE
exp
[
−β(x) · P̂ + 1

2
ϖνλ(x)Ĵνλx −

1
2
ξνλQ̂νλx

]
. (8)

The thermal vorticity couples with the angular momentum operator Ĵλν, whereas the termal
shear couples with the operator Q̂λν:

Ĵλνx =
∫
Σ

dΣµ
[
(y − x)λT̂ µν(y) − (y − x)νT̂ µλ(y)

]
,

Q̂λνx =
∫
Σ

dΣµ
[
(y − x)λT̂ µν(y) + (y − x)νT̂ µλ(y)

]
=

∫
Σ

dΣµ Q̂µ,λν. (9)

The remarkable difference between Ĵλνx and Q̂λνx is that the latter depends on the integration
hypersurface because ∂µQ̂µ,λν � 0. That’s why the vector t̂ appears in (3): t̂ is to be interpreted
as the average normal vector to the decoupling hypersurface.

If we use linear response theory up to first order in gradients with the operator (8), we
obtain the results (1) and (3). For very high energy collisions, however, we can do better. In
fact, if the collision happens at very high energy the chemical potential is negligible, and the
only intensive thermodynamic parameter is the temperature T . It follows that the only possi-
ble parametrization of the freeze-out hypersurface is T = Tdec for some constant decoupling
temperature Tdec. Therefore, since βµ = uµ/T , (7) reduces to the isothermal local equilibrium
density operator:

ρ̂ILE =
1
Z

exp
[
−
∫

T=Tdec

dΣµT̂ µνβν

]
≃ 1

Z
exp
[
− 1

Tdec

∫
T=Tdec

dΣµT̂ µνuν

]
. (10)

Although ρ̂LE and ρ̂ILE are completely equivalent in an isothermal decoupling scenario,
linear response theory leads to different results depending on which operator we use. On
the one hand equation (8) is expanded in terms of gradients of the four-temperature vector
βµ. On the other, for the operator (10), the expansion in gradients would involve only the
gradients of uµ and not of the temperature T . If we could compute polarization exactly, it
would be irrelevant to use (7) or (10) as the density operator for an isothermal decoupling
hypersurface, but having to resort to linear response theory it is paramount to choose the best
density operator before computing the gradient expansion, and in the case of high energy
nuclear collisions, the best choice is (10).

Using the isothermal local equilibrium density operator the mean spin vector reads:

S µILE(k) = − 1
8m
ϵµνστkτ

∫
Σ

dΣ · k nF(1 − nF)
(
ωνσ + 2t̂νΞσρ

pρ

ε

)

Tdec
∫
Σ

dΣ · k nF
, (11)

where we have defined the kinematic vorticity ωµν and the kinematic shear Ξµν:

ωµν = −
1
2

(∂µuν − ∂νuµ), Ξµν =
1
2

(∂µuν + ∂νuµ). (12)

In [7] it was found that for a decoupling temperature Tdec ∼ 155 MeV the predictions
of (11) are in very good agreement with the data, thus solving the polarization sign puzzle.
Such a result confirms that, for high-energy applications, the use of (10) and (11) is more
appropriate.
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3 Feed-down corrections

Hitherto, only the contribution of primary Λs has been considered, whereas feed-down may
have some significance. We report for the first time the effect of feed-down on polarization
including the thermal shear term at

√
sNN = 200 GeV and

√
sNN = 5020 GeV, corresponding

to RHIC and ALICE top energies. The full detail of the simulation will appear in a forthcom-
ing publication [13]. There have been already precious studies on the feed-down correction
to polarization, and we refer the reader to them for a detailed theoretical analysis [14, 15].

Considering only the main channels of production ofΛ hyperons, namely the primaryΛs,
and those produced in the processes Σ∗ → Λ + π and Σ0 → Λ + γ, total spin vector of the Λ
particle in its rest frame is given by:

SΛ,tot(p) =
n(FO)S(FO)(p) + n(Σ∗)S(Σ∗)(p) + n(Σ0)S(Σ0)(p)

n(FO) + n(Σ∗) + n(Σ0) . (13)

where S(X) are the spin vector computed in each production channel, where the primaries
have been denoted by (FO), and the other channels have the label of the mother particle. The
vector S(FO) corresponds to the back-boost of (11) to the rest frame of the Λ, and S(Σ∗) and
S(Σ0) are calculated using the formula (31) of ref. [15].

In equation (13), n(X) represent the fraction of the total Λs produced in the channel X.
An estimation has been given in [15], namely n(FO)

Λ
= 0.243, n(Σ∗)

Λ
= 0.359 and n(Σ0)

Λ
= 0.165.

These fractions are used for both 200 and 5020 GeV calculations.
The hydrodynamic stage of the evolution of the QGP is simulated using the 3+1 D hy-

drodynamical code vHLLE [16]. The initial state has been generated with averaged entropy
density profile from the Monte Carlo Glauber model, generated by GLISSANDO v.2.702
code [17].

In figures 1 and 2, we show the dependence of ⟨Pz sin 2ϕ⟩ as a function of pT and Pz

(z being the beam axis) as a function of ϕ, for
√

sNN = 200 GeV and
√

sNN = 5020 GeV
respectively, using the isothermal decoupling result for the spin vector (11). We remind the
reader that the polarization vector for fermions is defined as Pµ = 2S µ where S µ is the spin
vector.

A good agreement with the data is found for a decoupling temperature of Tdec = 160
MeV. For 200 GeV calculations, the simulation refers to 20 − 60% centrality, and we used
η/s = 0.08 and ζ/s = 0 where η and ζ are the shear and bulk viscosities and s is the entropy
density. The simulation at 5020 GeV, on the other hand, refers to 30 − 50% centrality and
η/s = 0.12. Interestingly, the experimental data cannot be reproduced if we keep ζ/s = 0, so
that a non-vanishing bulk viscosity is used. In fig. 2, the results are reported using ζ/s as in
the parametrization III of ref. [18].

4 Conclusion and outlook

We have studied the polarization of Λ hyperons at local equilibrium, discussing both the
contributions coming from thermal vorticity and from thermal shear. We have argued that
the isothermal local equilibrium density operator should be used when dealing with high-
energy nuclear collisions and we have used it to calculate polarization including the feed-
down correction. The feed-down reduces the signal of about 20% compared to the case of
primary Λs and a good fit with the data is obtained for a decoupling temperature of 160
MeV. We have found that at 5020 GeV a non-vanishing bulk viscosity is needed to explain
the experimental data. The origin of this effect and the importance of bulk viscosity for spin
physics represent an interesting avenue for future research.
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Figure 1. Calculations of the polarization vector at 200 GeV. Left panel: second Fourier harmonic of
Pz. The contribution of each channel is plotted after multiplication for the respective weight n(x). Right
panel: azimuthal dependence of the feed-down corrected Pz compared to the primary-only channel. The
data points are taken from [4], and we used ⟨cos2 θ∗p⟩ = 1/3 and αH = 0.732.

Figure 2. Calculations of the polarization vector at 5020 GeV. Left panel: second Fourier harmonic of
Pz, similar as figure 1. The data points are taken from [19]. Right panel: comparison between Pz before
and after the inclusion of feed down, much like fig. 1. In this simulation, a non-vanishing bulk viscosity
has been used.
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