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Abstract. We present an overview of recent theoretical results on fluctuations
of conserved charges in heavy-ion collisions obtained in relativistic hydrody-
namics and molecular dynamics frameworks. In particular, we discuss the con-
straints on the location of the QCD critical point based on comparisons of ex-
perimental data on proton number cumulants with precision calculations of non-
critical contributions. We also cover recent developments on critical fluctuations
in molecular dynamics simulations.

1 Introduction

Fluctuations of conserved charges are sensitive probes of QCD matter. In thermodynamic
equilibrium within the grand-canonical ensemble, the cumulants of a conserved charge dis-
tribution are linked to the susceptibilities, i.e., to the chemical potential derivatives of the
partition function,

κn ∝
∂n(ln Zgce)
∂µn . (1)

Therefore, fluctuations probe the finer details of the equation of state. In particular, the con-
served baryon number plays the role of the order parameter for the hypothetical first-order
QCD phase transition at finite baryon densities, and its fluctuations exhibit singular behavior
near the critical point (CP) of the transition [1, 2]. Critical opalescence is a classical example
of such a phenomenon when a usually transparent substance with respect to laser irradiation
becomes opaque due to large density fluctuations of macroscopic scales near the CP. The lo-
cation (and even existence) of the QCD CP and the associated phase structure of QCD matter
are one of the most important open questions tackled by relativistic heavy-ion collisions at
various energies [3].

In contrast to classical fluids, it is impossible to trap a droplet of hot and dense QCD fluid
to try to observe critical opalescence. The blob of QCD matter created in heavy-ion collisions
quickly expands and hadronises, producing at most a few thousands of (anti)baryons and
typically even less. On the other hand, the relative “smallness” of the number of particles
created in heavy-ion collisions makes it possible to track each particle in each event (modulo
detector efficiency and acceptance limitations), and compute the event-by-event distribution
and the associated fluctuation measures directly. In this regard, the cumulants of the proton
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number – a proxy for the baryon number in the experiment – are sensitive probes of critical
behavior [4], in particular the high-order non-Gaussian cumulants [2, 5]. The cumulants of
proton number are also used to extract other information, and recent works have studied, for
instance, the speed of sound [6] or freeze-out temperature [7].

Measurements of proton number fluctuations are being performed by several experiments,
including ALICE [8], STAR [9–11], NA61/SHINE [12], and HADES [13]. Much attention
is devoted to measuring the net-proton kurtosis κσ2 at RHIC beam energy scan, which in-
dicated a possible non-monotonic collision energy dependence of this quantity [9]. Such a
feature has earlier been predicted as a potential signal of the QCD critical point [14]. It should
be noted, however, that experimental uncertainties are significant, and some of the observed
features could be attributed to baryon conservation as opposed to critical point [15]. More
robust conclusions will become possible once the improved data on κσ2 from BES-II be-
comes available. In the meantime, however, one could explore what can be learned from the
more precise available measurements of the second and third-order proton cumulants. These
analyses, though, require quantitative comparisons between theory and experiment, which for
event-by-event fluctuations involve many caveats (see e.g. [16] for an overview). Addressing
these caveats requires extensive dynamical modeling of heavy-ion collisions.

Several strategies are being considered to tackle the search for the QCD critical point in
heavy-ion collisions within dynamical models:

• Precision calculation of non-critical proton number fluctuations and its deviations from
experimental data.

This approach, recently developed in Ref. [17], incorporates essential non-critical contribu-
tions to proton number fluctuations (conservation laws, hadronic interactions, momentum
cuts) on top of the hydrodynamical background. Recent results are summarized in Sec. 2.

• Molecular dynamics with a critical point.

Molecular dynamics is a microscopic approach that can address many of the caveats associ-
ated with fluctuations. Insights on critical fluctuations using classical molecular dynamics
have recently been explored in Ref. [18] and covered in Sec. 3.

• Hydrodynamics with critical fluctuations.

Ultimately, critical fluctuations should be incorporated into the hydrodynamic framework
for heavy-ion collisions [19] as well the particlization procedure [20], allowing one to
make testable predictions based on the location of the CP. Such a framework has been
under development, for instance, within the BEST Topical Collaboration [21].

2 Hydrodynamics based analysis of (net-)proton fluctuations

One way to search for critical behavior in proton number cumulants is to study deviations of
experimental data from baseline predictions that do not incorporate critical fluctuations. The
simplest baseline corresponds to uncorrelated proton production, which would yield proton
number cumulants consistent with Poisson statistics. However, additional non-critical mech-
anisms such as baryon number conservation and the repulsive core in baryon-baryon inter-
action break this assumption and make the non-critical baseline considerably more involved.
Relativistic hydrodynamics is considered to be the standard model of heavy-ion collisions
and provides a realistic background for calculating the aforementioned non-critical contribu-
tions to proton number cumulants. More specifically, the effects of baryon conservation and
repulsion are implemented at the Cooper-Frye particlization stage, which is performed either
analytically [17, 22] or through Monte Carlo sampling [23]. Baryon repulsion is modeled by
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utilizing the excluded volume model, with baryon excluded volume parameter b = 1 fm3 as
follows from fits to lattice QCD susceptibilities [24].

LHC. Net-proton number cumulants have been measured up to third order by the ALICE
Collaboration at the LHC [8, 25]. Although fluctuations at the LHC are not expected to be
sensitive to the possible presence of the QCD critical point in the baryon-rich regime, the
available measurements of a normalized net-proton number variance κ2[p− p̄]/⟨p+ p̄⟩ appear
to establish the relevance of non-critical effects, in particular, that of baryon number conser-
vation [8, 26]. Recently, the authors of Ref. [27] pointed out that precision measurements of
κ2[p − p̄]/⟨p + p̄⟩ at the LHC are also sensitive both to the range of baryon conservation as
well as to baryon annihilation in the hadronic phase. Namely, a surplus of annihilation over
regeneration leads to an increase of κ2[p− p̄]/⟨p+ p̄⟩ while reducing the range of correlations
associated with baryon conservation brings this quantity down. The data can be described
equally well by employing either (1) global baryon conservation and no baryon annihilation
or (2) local baryon conservation across ∆ycor ∼ 3 units of rapidity and baryon annihilation
without regeneration modeled by UrQMD afterburner. The two effects can be constrained
experimentally by a combined measurement of κ2[p− p̄]/⟨p+ p̄⟩ and κ2[p+ p̄]/⟨p+ p̄⟩, while
additional constrains can come from fluctuation measurements involving light nuclei [28].

Figure 1. Dependence of proton cumulant ratios κ2[p− p̄]/⟨p+ p̄⟩ (left) and κ2[p+ p̄]/⟨p+ p̄⟩ (right) on
the pseudorapidity acceptance in 2.76 TeV Pb-Pb collisions calculated in different scenarios regarding
the treatment of baryon annihilation and the range of baryon conservation. Taken from [27].

RHIC-BES. Proton number cumulants at RHIC-BES energies (
√

sNN = 7.7 − 200 GeV)
have been measured by the STAR Collaboration [9, 10]. The non-critical contributions were
calculated in Ref. [17] based on hydrodynamic simulations of 0-5% central Au-Au collisions
within the MUSIC code [29], where both the ordinary as well as factorial cumulants [30]
of (net-)proton number distribution were analyzed. It was shown that multi-proton (n > 3)
correlations are small in the non-critical scenario. Thus, the behavior of all the cumulants is
driven by two-proton correlations, which are found to be negative. This behavior contrasts
critical fluctuations, which would generate sizeable multi-particle correlations [31].

The experimental data of the STAR Collaboration is quantitatively consistent with simul-
taneous effects of baryon conservation and repulsion at

√
sNN ≳ 20 GeV (Fig. 2), i.e. with

non-critical physics. At lower collision energies, however, the data indicate an excess proton
correlation over the non-critical baseline. This excess becomes even more prominent when
new data from STAR fixed target programme at

√
sNN = 3 GeV [11] and HADES experiment

at GSI at
√

sNN = 2.4 GeV [13] is considered.
Additional non-critical contributions such as volume fluctuations and electric charge con-

servation can influence proton number cumulants. In particular, adding volume fluctuations
via an additional parameter can improve the data description at lower collision energies, but
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Figure 2. Scaled variance κ2/κ1 of the proton number distribution in central Au-Au collisions as a
function of (left panel) collision energy and (right panel) acceptance in rapidity at

√
sNN = 2.4 GeV,

incorporating various non-critical contributions. Adapted from [23, 32].

it will spoil the agreement at higher collision energies. The effect of exact conservation of
electric charge was explored in Ref. [23] and did not yield any improvement in the description
of the data at

√
sNN ≲ 20 GeV.

Lower energies. One can conclude that it is challenging to understand the data at
√

sNN ≲
20 GeV in terms of non-critical physics. In particular, the HADES data point shows a large
proton scaled variance of κ2/κ1 > 2, warranting a closer look at these data. Proton number
cumulants in Au-Au collisions at

√
sNN = 2.4 GeV have recently been analysed in [32] in

the framework of Siemens-Rasmussen-like fireball model, with freeze-out parameters based
on Refs. [33, 34]. In contrast to the non-critical baseline calculation, this analysis requires no
assumptions on baryon number susceptibilities characterizing the emitting source. Instead,
one extracts their values from the data by fitting the first four proton cumulants at different
rapidity acceptance cuts. In order to minimize the effects of baryon conservation, the cuts
were considered up to ycut ≤ 0.2.

The experimental data of HADES Collaboration is described by assuming a thermal emis-
sion of nucleons from a grand-canonical heat bath (Fig. 2), provided that the corresponding
baryon number susceptibilities of QCD matter are highly non-Gaussian and exhibit the fol-
lowing hierarchy: χB

4 ≫ −χB
3 ≫ χB

2 ≫ χB
1 . This kind of hierarchy of conserved charge

susceptibilities can appear in the vicinity of a critical point [2, 35]. Therefore, naively, this
observation could point to a presence of the QCD critical point close to the HADES chemical
freeze-out at T ∼ 70 MeV and µB ∼ 850 − 900 MeV.

However, the behavior of proton cumulants at ycut > 0.2 is challenging to describe even
qualitatively when one incorporates the effect of exact baryon conservation into the calcula-
tions (dashed red line). The above statement applies for κ2 shown in Fig. 2 as well as for κ3
and κ4 not shown here, indicating that more theoretical and experimental effort is required
to reach a firm conclusion. We emphasize that the challenge in understanding the results in
the context of baryon conservation persists already at the second-order, κ2/κ1, and should be
resolved at this level before turning to third- and fourth-order cumulants.

3 Critical point particle number fluctuations from molecular
dynamics

Molecular dynamics (MD) is a microscopic approach to studying (non-)equilibrium evolution
of dynamical systems and provides an alternative approach to model heavy-ion collisions.
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3 Critical point particle number fluctuations from molecular
dynamics

Molecular dynamics (MD) is a microscopic approach to studying (non-)equilibrium evolution
of dynamical systems and provides an alternative approach to model heavy-ion collisions.

Most MD codes such as UrQMD or SMASH are purely hadronic, given that it is challenging
to implement both hadron and quark degrees of freedom. Nevertheless, such an approach is
better suited to describe non-equilibrium evolution and is arguably preferable for intermediate
collision energies. MD simulations already provide useful insights into various non-critical
contributions to particle number fluctuations [11, 36, 37].

Critical fluctuations can also be studied in MD simulations, as long as one uses an appro-
priate interaction potential that leads to the presence of a first-order phase transition and a CP.
One famous and well-studied example of such a potential is the Lennard-Jones (LJ) potential,
which describes fluids exhibiting a liquid-gas type transition. The LJ fluid corresponds to a
system of non-relativistic particles with attractive and repulsive interactions. This system is
quite different from QCD matter, as QCD contains different degrees of freedom – hadron and
partons – on the different sides of the QCD transition. Nevertheless, due to the universality of
critical behavior, simulations of the LJ fluid can provide helpful insight into the microscopic
development of critical fluctuations.

Recent work [18] used MD simulations of the LJ fluid to study the behavior of particle
number fluctuations near and away from the CP through a numerical solution of Newton’s
equations of motion (classical N-body problem). Simulations were performed in a box with
periodic boundary conditions and within the microcanonical ensemble. Since the total parti-
cle number N is conserved, fluctuations were studied in subsystems by performing cuts either
in longitudinal coordinate z or longitudinal velocity vz.

1.06 ,
g.c.e.

1.06

Figure 3. Dependence of the scaled variance of particle number corrected for global particle number
conservation on the subvolume fraction α in coordinate (left panel) and momentum (right panel) space
calculated using molecular dynamics simulations of the Lennard-Jones fluid near the critical point.
Adapted from [18].

The left panel of Fig. 3 depicts the results for the scaled variance ω̃ = ω/(1−α) of particle
number fluctuations corrected for total particle number conservation by 1 − α factor [38], as
function of acceptance fraction α along the z-coordinate. The calculations were performed
near the critical point (T ≃ 1.06Tc, n ≃ nc), and for different values of the total particle
number N. The results are consistent with an approach toward the grand-canonical scaled
variance of ωgce ∼ 7 as the particle number (system size) is increased. These observations
indicate that the presence of the CP manifests itself in large particle number fluctuations and
finite system-size effects, as expected.

However, when one studies the fluctuations in the momentum subspace instead, via a cut
|vz| < vcut

z in longitudinal velocity (right panel of Fig. 3), the effect of critical fluctuations is
completely washed out. This observation reflects that coordinates and momenta in uniform
LJ fluid are uncorrelated. Thus, the significant correlations in coordinate space due to CP
do not translate into the momentum space. The situation may be different in expanding
systems encountered in heavy-ion collisions, where collective velocities generate correlations
between coordinates and momenta of emitted particles and may preserve CP signals even in
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momentum space which is accessible experimentally. Extensions of MD simulations with
critical fluctuations to expanding systems will be the subject of future works.

4 Summary

?

Critical point 
disfavored

neutron stars

Figure 4. The figure shows the disfavored region for the QCP CP location on the QCD phase diagram
based on the analysis of proton number cumulants in heavy-ion collisions. Modified from [3].

The analysis of (net-)proton number cumulants at different collision energies indicates
that experimental data are consistent with non-critical physics such as baryon number con-
servation and short-range repulsion at

√
sNN ≳ 20 GeV. In contrast, the data at lower energies

indicate significant excess proton correlations over various non-critical baselines, which re-
quire further analysis. These observations thus disfavor the existence of QCD CP at small
baryon densities, µB/T < 2 − 3, consistent with observations from lattice QCD [39–41].
They also indicate that the CP, if it exists, is located in the baryon-rich matter probed by
heavy-ion collisions at intermediate energies

√
sNN ≲ 20 GeV, see Fig. 4 for the summary of

the available CP constraints. Future efforts in the search for the CP at intermediate collision
energies will require improved modeling of CP effects in baryon-rich matter, and new devel-
opments in molecular dynamics simulations of critical fluctuations will play a valuable role
there.
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