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Abstract. The paper discusses a recent re-investigation of a large body of heavy-ion fusion cross section data

with the aim of deriving a simple phenomenological model able to describe data from the Coulomb barrier up to

the onset of nuclear multifragmentation. To this end, we adopted two complementary approaches: a first univer-

sal phenomenological model was derived exploiting a novel artificial intelligence tool for the formal modelling

of large datasets. This tool is capable of advanced feature selection and is ideal to drive the discovery process

even using traditional methods. A second phenomenological model was derived using a sum-of-difference ap-

proach and achieved an unprecedented accuracy in describing above-barrier fusion excitation functions data.

Future perspectives and opportunities arising from the present models are also discussed in the text.

1 Introduction

During the past decades, extensive experimental cam-

paigns were performed to measure the cross section of the

fusion between heavy ions at relatively low energies [1–5].

This gave a crucial boost also to many experimental tech-

niques conventionally adopted in nuclear physics (gamma-

ray analysis, time-of-flight and magnetic spectrometers,

charged particle detection with telescope arrays). Data

were collected especially above the Coulomb barrier and

up to the onset of multi-fragmentation phenomena.

Understanding the fusion between heavy ions at en-

ergies above-barrier is anything but trivial. A number of

models, mainly semi-classical, have been developed to at-

tempt to describe large systematics of data [6]. For light-

to-medium-mass systems, i.e. Atot � 20 − 140, the fu-

sion cross section, as a function of the inverse center-of-

mass energy 1/Ecm, exhibits peculiar trends that can be

schematically described in three main regions[2, 7]. Re-

gion I starts approximately at the Coulomb barrier, and

shows a quasi linear increase of the cross section for de-

creasing 1/Ecm values [1, 2, 7–9]. In this region, the fu-

sion mechanisms is in competition with multi-nucleon-

transfer processes [10–12] and quasi-fission (especially

for heavy systems) [13–15]. Region II is instead char-

acterized by an almost stagnant trend of the fusion cross

section. This is due to the competition with deep inelastic

phenomena [16, 17] and quasi-fission. Finally, region III

is the highest energy region, where the fusion cross sec-

tion has a sharp decrease for decreasing values 1/Ecm giv-

ing rise to incomplete fusion phenomena, [18–20], multi-
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fragmentation [21–23], and other complicated reaction

scenarios [5]. At higher energies, the fusion cross section

is negligibly small, due to mechanical and thermodynami-

cal instabilities of the transient system formed in the colli-

sions [22–28]. From a theoretical point of view, the fusion

cross section between heavy ions has been deeply investi-

gated. To interpret experimental data in regions II and III,

where the existence of a limiting angular momentum was

previously suggested [29], two main families of macro-

scopic models have been developed: critical distance mod-

els [7, 30], and models based on limitations to compound

nucleus [31]. In addition to macroscopic models, also mi-

croscopical (as Time-Dependent Hartree-Fock, TDHF, see

e.g. [32, 33]), molecular dynamics (see e.g. [34, 35]), and

phenomenological models (see, e.g., [1, 27, 28, 36–38])

have been proposed. For example, Refs. [28, 36–39] re-

port phenomenological models capable to describe com-

plete fusion data from several collision systems in the I-

II regions, while the model of Ref. [27] is capable to de-

scribe the data in the highest energy region (III). Despite

the relevant experimental and theoretical efforts done so

far, there are yet unanswered questions, especially regard-

ing possible effects of nuclear structure parameters (i.e.

characteristics of projectiles, targets and compound nu-

clei) on fusion cross sections, or the occurrence of shell ef-

fects in the fusion between light-to-medium-mass systems.

To try to contribute in the field, we analyzed a very large

dataset of complete fusion cross section data, with the aim

to derive universal models to describe the entire dataset

and to inspect the correlation of the fusion cross section

on nuclear structure variables. In this paper, we describe

the derivation of new computationally simple models, for

the description of the fusion cross section between heavy
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Figure 1. Results of the models of eq. (1), red dashed line, and

(2), red solid line, for some of the collisions systems analyzed in

this work. The results of the model from Ref. [39] is shown with

the green line.

ions, with two complementary approaches: (1) the first ex-

ploits novel artificial intelligence algorithms for symbolic

regression and advanced feature selection techniques; (2)

the second is a modified sum-of-differences (mSOD) ap-

proach, which exploits the dataset and the variables refined

with the artificial intelligence analysis.

2 Dataset and Modeling

The data used to derive the models were originally ex-

tracted from the Nuclear Reaction Video Project (NRV)

database [40, 41], taking into account the results of

Ref. [27]. We gathered about 4500 data points for 124

light-to-medium-mass collision systems (Zp · Zt < 250),

and additional data from 63 medium-mass systems (Zp ·
Zt > 250). We considered systems with Zp,t ≥ 6, and

with Atot ≤ 130, thus excluding from the dataset too heavy

systems, for which fusion-fission and quasi-fission can

be the dominant reaction modes, and also too light sys-

tems, where the presence of break-up and transfer reac-

tions complicates the analysis. In addition, we included

in the dataset only fusion data at incident energies from

approximately 1.2 times the Coulomb barrier [2].

2.1 Modeling with advanced artificial intelligence
tools

The models derived using artificial intelligence techniques

exploited a novel hybridization of genetic programming

and artificial neural networks for the formal modelling of

data called Brain Project (BP) [42, 43]. BP was previously

used in a number of investigations involving different re-

search fields (see, e.g., [44–47]) and adopts a well-known

programming scheme inspired by the natural selection in

biological systems [48, 49]. In the scheme implemented

by BP, analytical models for the description of a set of ex-

perimental data points form a population of individuals.

Each individual is associated with a fitness value, which

measures the degree to which an individual is a good so-

lution for the modelling problem to solve. At each itera-

tion, new individuals are generated by a suitable crossover

of other existing individuals, and the new individuals are

inserted into the population replacing previous individu-

als. Individual selection and replacement criteria usually

account for the individual fitness, simulating natural selec-

tion rules. In a similar scheme, the average fitness of the

population is typically improved at each iteration. In the

end, after a suitably large number of iterations, the best in-

dividual of the population is taken to represent the model

to reproduce the experimental data.

A crucial point of BP is the feature selection, i.e. the

automatic selection of the variables required to describe

the data, neglecting poorly relevant variables. This is typ-

ically a complicated task with traditional statistical analy-

ses, especially in the presence of a large number of vari-

ables. In the present application, in order to inspect pos-

sible dependencies of the fusion cross section on nuclear

structure variables, we used 31 variables, described in

Ref. [50], to represent colliding nuclei, their structure, and

the collision energy of each given data point to model. Fol-

lowing the procedure discussed in detail in Ref. [50], we

derived two models for the description of the fusion cross

section between heavy ions, with different trade-offs be-

tween accuracy and complexity:

σ
(simple)

f us (Ecm) = 1103 · exp

⎡⎢⎢⎢⎢⎢⎣−
(
1.387−0.468 · Z2 · Z1

Ecm

)2⎤⎥⎥⎥⎥⎥⎦
(1)

σ
(complex)

f us (Ecm) = 1116·

· exp

[
− sinh2

(
−1.359 + erf

(
S 2n

Ecm

)
+ 0.061 · A1 · A2

Ecm

)]

(2)

The simplest model, eq. (1), is found to exploit exclu-

sively 3 variables, namely the center-of-mass energy, and

the charges of projectile and target. This is a very im-

portant fact, because it indicates that, given the presently

published experimental data, Ecm, Z1, and Z2 suitably con-

tain the whole informative content of the entire set of 31

variables required for their description. The most complex

model, eq. (2), foresees 4 variables, namely Ecm, A1, A2,

and the two-neutron separation energy of the compound

system S 2n. In this case, a fourth variable is needed to

slightly enhance the accuracy. It is found that further en-

hancing the complexity of the model does not help to fur-

ther improve the accuracy in a statistically significant way.

The newly derived models help to improve the descrip-

tion of the entire set of fusion cross section data compared

to former phenomenological models. Fig. 1 shows the re-

sults of our models (red lines) against some typical data,

alongside the results of the phenomenological model from

Ref. [39] (green line). Compared to the previously pub-

lished model, our new models crucially improve the de-
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Figure 2. Phenomenological model descriptions of the 16O+27 Al
fusion cross section and critical angular momentum (red lines).

For comparisons, analogous results obtained with models of

Refs. [39] (blue) and [38] (green) are reported.

scription of the data in the vicinity of the Coulomb barrier.

Close to the maximum of the cross section, our models

achieve a reasonable description of data, comparably to

the results of Ref. [39].

2.2 The improved SOD model

The artificial intelligence analysis described in the previ-

ous section helps to suggest the relevant variables required

to describe the complete systematics of fusion cross sec-

tion data, and to improve the dataset itself by identifying

mislabelled data. Guided by these suggestions, and ex-

ploiting the improved dataset, we derived a phenomeno-

logical model starting from a sum-of-difference (SOD) ap-

proach.

In the SOD approach, the fusion cross section can be

simplified as σ f ≈ 2π
∫ π
θ f
σR(θ)sinθdθ, which gives:

σ f = π
(
η

k

)2
cot2
θ f

2
=
π

k2
(kD)2

(
1 − 2η

kD

)
(3)

where η is the Sommerfeld parameter, k the wave number,

and D the distance of closest approach of the Coulomb

trajectory linked to θ f . By factorizing D as D = d( 3
√

A1 +
3
√

A2), d being dependent on the energy and other char-

acteristics of the collision, as discussed in Ref. [51], and

introducing the quantity F(ε) = kd
Atot

, ε ≡ E
Atot

, one obtains:

σ f =
C1

E
F(ε)

[
C2F(ε) − C3√

E

]
(4)

where the constants C1,C2,C3 depends only on the mass

and atomic numbers of the reagents, as discussed in [50].

By inverting eq. (4), one finds an expression for kd as a

function of σ f . This allowed to build (kd)exp values for

all data points in the dataset. The modeling procedure,

described in detail in Ref. [51], consisted thus in finding

the proper expression of kd to describe (kd)exp values for

the entire dataset. We find the following expression for
kd
Atot

:

kd
Atot
= F(ε,Δ, n) = a · fA(Δ, n) · gv(ε) · hC(ε) (5)

where fA = 1 − Δ3 · n is a factor related to the neutron

richness of the total system formed by fusion, being n ≡
Nf in/Ntot, and Nf in = 1.072 ·Z+2.32 ·10−3Z2 [52]; gv(ε) =
1 − e−bε is a term related to friction-like forces occurring

during the collision (b = 2.26 ± 0.01MeV−1 [39]); and

hC(ε) = 1 + κ1e−κ2ε is used to reproduce the trend of data

in the proximity of the Coulomb barrier. κ1 = 4.22 ± 0.04

and κ2 = 9.40 ± 0.04 are free parameters, whose value is

determined from a fit to the experimental data.

The improved SOD model described in the present

section achieves an unprecedented accuracy in describing

previously published fusion cross section data. Fig. 2 (left

panel) shows the results of the model (red line) compared

to the experimental points for one of the collisions sys-

tems, alongside the results of the phenomenological mod-

els from Refs. [38, 39]. An interesting feature of the newly

derived model is the presence of limiting values of the crit-

ical angular momentum �c, as visible in the right panel of

Fig. 2, where we show the excitation energy versus an-

gular momentum as derived from data in the sharp cut-
off approximation [2, 53] (black dots) and from our model

(red lines). This is a feature not commonly shown by phe-

nomenological models (see, e.g. the dashed green line,

obtained with the model of Ref. [38]). The present model

leads to a saturation of �c values that is, at least for not too

heavy systems (Atot < 90), in reasonable agreement with

the trend of experimental data and also with the prediction

of the liquid drop model [29].

3 Conclusions and Perspectives

In this manuscript, we describe recent efforts to model the

fusion cross section between heavy ions from the Coulomb

barrier to the onset of multifragmentation phenomena.

Universal data-driven models, with different trade-offs

between complexity and accuracy, have been derived us-

ing a novel hybridization of genetic programming and arti-

ficial neural networks, with advanced feature selection ca-

pabilities. The underlying analysis shows that a few vari-

ables allow to describe the entire dataset with analytically

simple formulas.

A more refined model is derived with a SOD approach,

exploiting the entire dataset. The new SOD model is ca-

pable to improve the state-of-the-art and shows saturation

of the critical angular momentum in agreement with the

liquid drop model.

The present analysis evidences the need for new accu-

rate experiments in the regions II and III of the fusion cross

section. These studies could benefit from the availability

of modern arrays for charged particles being developed in

the past decades [55–62].
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